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ABSTRACT
T h is  work i s  concerned w ith  th e  design  o f  a p itc h -ra te -c o m m a n d -  
a t t i tu d e -h o ld  Command and S t a b i l i t y  Augm entation System in  o rd e r th a t  
th e  augmented a i r c r a f t  meets th e  Gibson dropback c r i t e r io n ,  th e  Gibson 
phase—r a te  c r i t e r io n  and M IL -F—8785C re q u ire m e n ts . The work shows two 
methods o f  d e s ig n , p o le -p la c e m e n t and o p tim a l c o n t r o l ,  and d iscusses  
th e  design  p ro ced u res , th e  advantages and d isad van tag es  o f  each 
method. The work i s  a ls o  concerned w ith  th e  redundancy a s p e c t o f  th e  
c o n tro l law  d e s ig n , and so n o t o n ly  a sensor based design  b u t a ls o  an 
o bserver-b ased  design  a re  in v e s t ig a te d .  In  o rd e r to  design  th e  
o b server-b ased  c o n tro l la w , a D oyle—S te in  o b server was im plem ented . 
Two methods showing how to  design  th e  o b server a re  d iscussed  and 
p re s e n te d , and th e  s p e c ia l c h a r a c te r is t ic s  o f  t h is  k in d  o f  o b serve r  
a re  a ls o  c o n s id e re d . The perform ance o f  th e  o b server-b ased  c o n tro l  
law  was compared w ith  t h a t  o f  th e  sensor-based  c o n tro l la w . The 
f a i l u r e  t r a n s ie n ts  and c h a r a c te r is t ic s  o f  th e  c o n tro l law  a re  a ls o  
s tu d ie d  and p re s e n te d . F in a l ly  an e v a lu a t io n  o f  th e  c o n tro l law  was 
c a r r ie d  o u t w ith  a n o n - l in e a r  model o f  th e  B—747 a i r c r a f t ,  and a 
s im p le  a l t i t u d e - h o ld  a u to p i lo t  was designed to  work to g e th e r  w ith  th e  
s t a b i l i t y  augm entation  c o n tro l la w .
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5 .1  c o n tro l law  s tru c tu re  im plem ented w ith  w and q sensors
5 .2  p itc h  r a te  tim e  response o f  th e  a i r c r a f t  w ith  o p tim a l 
design  a t  20000 f t  mach 0 .7 0  w ith  w feedback f a i l e d
5.3  p itc h  ra te  tim e  response o f  th e  a i r c r a f t  w ith  p o le  
placem ent design  a t  20000 f t  mach 0 .7 0  w ith  w feedback  
f a i l e d .
5.4 c o n tro l law  s tru c tu re  im plem ented w ith  w q , and Q 
sensors
f ig u re
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u re
6 .5  p itc h  r a te  tim e  response o f  th e  a i r c r a f t  w ith  o p tim a l 
design  a t  1000 f t  mach 0 .6 0  w ith  q feedback f a i l e d
6 .6  p itc h  r a te  tim e  response o f  th e  a i r c r a f t  w ith  p o le
p lacem ent design  a t  20000 f t  mach 0 .7 0  w ith  q feedback  
f a i l e d .
6 .7  p itc h  r a te  freq u en cy  response o f  th e  a i r c r a f t  w ith
o p tim a l design  a t  1000 f t  mach 0 .6 0  w ith  g a in  v a r ia t io n s
6 .8  p itc h  ra te  tim e  response o f  th e  a i r c r a f t  w ith  o p tim a l 
design  a t  1000 f t  mach 0 .6 0  w ith  ga in  v a r ia t io n s
6 .9  p itc h  r a te  tim e  response o f  th e  a i r c r a f t  w ith  p o le
p lacem ent design  a t  1000 f t  mach 0 .6 0  w ith  g a in
v a r ia t io n s
6 .1 0  sequence o f  even ts  in  th e  s tead y  s ta te  f l i g h t  f a i l u r e
c o n d itio n s
6 .1 1  p rim a ry  f a i l u r e  a l te r n a t iv e s
6 .1 2  secondary f a i l u r e  a l t e r n a t iv e s
6 .1 3  sequence o f  even ts  in  th e  manoeuvering f l i g h t  f a i l u r e
c o n d itio n s
6 .1 4  suggested o rd e r o f  re c o n f ig u ra t io n  in  th e  e v e n t o f
sensor f a i lu r e s
7 .1  tim e  h is to r ie s  fo llo w in g  an i n i t i a l  p e r tu rb a t io n  o f  5 °
fo r  th e  a i r c r a f t  w ith  o p tim a l c o n tro l law  design  and
w ith  p o le  p lacem ent c o n tro l law  design  a t  20000 f t  mach
0 .7 0
7 .2  tim e  h is to r ie s  fo llo w in g  an i n i t i a l  a lp h a  p e r tu rb a t io n  
o f  5° fo r  th e  a i r c r a f t  w ith  o b server based o p tim a l
c o n tro l law  design  CL_0B_w a t  20000 f t  mach 0 .7 0
7 .3  tim e  h is to r ie s  fo llo w in g  an i n i t i a l  a lp h a  p e r tu rb a t io n  
o f  5° fo r  th e  a i r c r a f t  w ith  o b server based o p tim a l
c o n tro l law  design  CL__0B_q a t  20000 f t  mach 0 .7 0
r .4  tim e  h is to r ie s  fo llo w in g  an i n i t i a l  a lp h a  p e r tu rb a t io n  
o f  5° fo r  th e  a i r c r a f t  w ith  o b server based o p tim a l
c o n tro l law  design  CL_OB_0 a t  20000 f t  mach 0 .7 0
r .5  tim e  h is to r ie s  o b ta in e d  w ith  th e  a i r c r a f t  w ork ing  w ith
th e  sensor based po le  p lacem ent c o n tro l law  design  and
f u l l  non l in e a r  a i r c r a f t  model a t  20000 f t  mach 0 .7 0
f ig u re
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f ig u r e
f ig u r e
f ig u r e
f ig u r e
f ig u r e
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7 .6  tim e  h is to r ie s  o b ta in ed  w ith  th e  a i r c r a f t  w orking w ith
th e  sensor based o p tim a l c o n tro l law  design  and f u l l  non 
l in e a r  a i r c r a f t  model a t  20000 f t  mach 0 .7 0
7 .7  tim e  h is to r ie s  o b ta in ed  w ith  th e  a i r c r a f t  w orking  w ith
th e  observer based p o le  p lacem ent c o n tro l law  d e s ig n , 
CL_0B_w and f u l l  non l in e a r  a i r c r a f t  model a t  20000 f t  
mach 0 .7 0 .
7 .8  tim e  h is to r ie s  o b ta in ed  w ith  th e  a i r c r a f t  w orking  w ith
th e  ob server based o p tim a l c o n tro l law  d e s ig n , CL_0Bmw, 
and f u l l  non l in e a r  a i r c r a f t  model a t  20000 f t  mach 0 .7 0
7 .S  tim e  h is to r ie s  o b ta in ed  w ith  th e  a i r c r a f t  w orking  w ith
th e  observer based o p tim a l c o n tro l law  d e s ig n , CL_0B_q, 
and f u l l  non l in e a r  a i r c r a f t  model a t  20000 f t  mach 0 .7 0
7 .1 0  tim e  h is t o r ie s  o b ta in ed  w ith  th e  a i r c r a f t  w orking  w ith
th e  observer based o p tim a l c o n tro l law  d e s ig n , CLJDB_0, 
and f u l l  non l in e a r  a i r c r a f t  model a t  20000 f t  mach 0 .7 0
8 .1  augmented a i r c r a f t  cons idered  in  th e  a u to p i lo t  design
8 .2  re p re s e n ta t io n  o f  th e  augmented a i r c r a f t  and a u to p i lo t  
c o n tro l la w .
8 .3  tim e  response o f  th e  a u to p i lo t  designed in  P ow ell fo r  
th e  B—747 a t  20000 f t  mach 0 .8 0
8 .4  a l t i t u d e  freq u en cy  response o f  th e  a u to p i lo t  a t  20000 f t  
mach 0 .7 0
8 .5  a l t i t u d e  freq u en cy  response o f  th e  a u to p i lo t  a t  20000 f t  
mach 0 .7 0
8 .6  a l t i t u d e  tim e  response o f  th e  a i r c r a f t  fo r  a re fe re n c e  
step  in p u t  a t  20000 f t  mach 0 .7 0
8 .7  c o n tro l e f f o r t  response o f  th e  a u t o p i lo t  fo r  a re fe re n c e  
step  in p u t  a t  20000 f t  mach 0 .7 0
8 .8  c o n tro l r a te  e f f o r t  response o f  th e  a u to p i lo t  fo r  a 
re fe re n c e  s tep  in p u t  a t  20000 f t  mach 0 .7 0
8 .S  tim e  h is to r ie s  o f  th e  a i r c r a f t  w ith  o p tim a l in n e r  loop
c o n tro l law  and a u to p i lo t  a t  20000 f t  mach 0 .7 0  w ith  a 
step  in p u t  o f  100 f t  in  h
ref
f ig u re
f ig u r e
f ig u r e
f ig u r e
f ig u r e
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f ig u r e
8 .1 4  a l t i t u d e  freq u en cy  response o f  th e  a u to p i lo t  a t  20000 f t  
mach 0 .7 0  w ith  in n e r  loop  c o n tro l law  CL_0B_q
8 .1 5  a l t i t u d e  freq u en cy  response o f  th e  a u to p i lo t  a t  20000 f t  
mach 0 .7 0  w ith  in n e r  loop  c o n tro l law  CL_0B_q
8 .1 6  a l t i t u d e  tim e  response o f  th e  a i r c r a f t  f o r  a s tep
re fe re n c e  in p u t  a t  20000 f t  mach 0 .7 0  w ith  in n e r  loop
c o n tro l law  CL_0B_q
8 .1 7  tim e  h is to r ie s  o f  th e  a i r c r a f t  w ith  o p tim a l in n e r  loop
c o n tro l law  CL_0B_q and a u to p i lo t  a t  20000 f t  mach 0 .7 0
w ith  a s tep  in p u t  o f  100 f t .
8 .1 8  a l t i t u d e  freq u en cy  response o f  th e  a u to p i lo t  a t  20000 f t  
mach 0 .7 0  w ith  in n e r  loop  c o n tro l law  CL_0BJ9
8 .1 9  a l t i t u d e  freq u en cy  response o f  th e  a u to p i lo t  a t  20000 f t  
mach 0 .7 0  w ith  in n e r  loop  c o n tro l law  CL_0BJ?
8 .2 0  a l t i t u d e  tim e  response o f  th e  a i r c r a f t  fo r  a s te p
re fe re n c e  in p u t  a t  20000 f t  mach 0 .7 0  w ith  in n e r  loop
c o n tro l law  CLJDB_0
3 .21  tim e  h is to r ie s  o f  th e  a i r c r a f t  w ith  o p tim a l in n e r  loop
c o n tro l law  CL_OB_0 and a u to p i lo t  a t  20000 f t  mach 0 .7 0
w ith  a s tep  in p u t  o f  100 f t .
NOTATION
a i r c r a f t  s ta te  m a tr ix
a i r c r a f t  s ta te  m a tr ix  o f  th e  reduced s h o r t  p e r io d  
lo n g itu d in a l  model
a i r c r a f t  s ta te  m a tr ix  o f  th e  com plete lo n g itu d in a l  m odel.
d is tu rb a n c e  model s ta te  m a tr ix
re fe re n c e  model s ta te  m a tr ix
exogenous in p u ts  model s ta te  m a tr ix
c losed  loop  system s ta te  m a tr ix
S ta te  m a tr ix  o f  th e  a c tu a to r  s ta te  space m odel.
S u b -m a trix  o f  th e  s ta te  m a tr ix  o f  th e  a i r c r a f t .
S u b -m a trix  o f  th e  s ta te  m a tr ix  o f  th e  a i r c r a f t .
S u b -m a trix  o f  th e  s ta te  m a tr ix  o f  th e  a i r c r a f t .
S u b -m a trix  o f  th e  s ta te -m a t r ix  o f  th e  a i r c r a f t .
Param eter o f  th e  s ta te -s p a c e  model o f  th e  le a d  f i l t e r .
S ta te  m a tr ix  o f  th e  augmented a i r c r a f t  w ith  a u to p i lo t  
a i r c r a f t  norm al a c c e le ra t io n  p a r a l l e l  to  th e  z body a x is  
a i r c r a f t  l i f t  curve s lo p e
param eter o f  th e  t r a n s fe r  fu n c tio n  o f  a g e n e ra l phase le a d  
c o n t r o l le r .
h o r iz o n ta l t a i l  l i f t  curve s lo p e  
C o n tro l m a tr ix  o f  th e  a i r c r a f t .
C o n tro l m a tr ix  o f  th e  a i r c r a f t  s h o r t  p e r io d  reduced o rd e r  
lo n g itu d in a l  m odel.
C o n tro l m a tr ix  o f  th e  a i r c r a f t  com plete lo n g itu d in a l  m odel.
m a tr ix  r e la te d  to  th e  fe e d fo rw a rd  g a in  o f  th e  p o le
p lacem ent design  method.
m a tr ix  r e la te d  to  th e  fe e d fo rw a rd  g a in  o f  th e
o p tim a l c o n tro l law  design m ethod.
C o n tro l m a tr ix  o f  th e  a c tu a to r .
S u b -m atrix  o f  th e  c o n tro l m a tr ix  o f  th e  a i r c r a f t
S u b -m a trix  o f  th e  c o n tro l m a tr ix  o f  th e  a i r c r a f t
P aram eter o f  th e  s ta te -s p a c e  model o f  th e  le a d  f i l t e r .
E?Ap C o n tro l m a tr ix  o f  th e  augmented a i r c r a f t  w ith  a u to p i lo t
BIBO bounded in p u t  bounded o u tp u t system
c mean aerodynam ic chord
C O utput m a tr ix  o f  th e  a i r c r a f t .
O utput m a tr ix  o f  th e  d is tu rb a n c e  model
C O utput m a tr ix  o f  th e  e r r o r
e
C O utput m a tr ix  o f  th e  re fe re n c e  model
r
CAP C o n tro l a n t ic ip a t io n  p a ra m e te r.
C  ^ O utput m a tr ix  o f  th e  a i r c r a f t  r e la t iv e  to  th e  sensed s ta te
x .
l
c Param eter o f  th e  s ta te -s p a c e  model o f  th e  le a d  f i l t e r .
LF
CL_SB Sensor-based c o n tro l la w , t h a t  means, C o n tro l Law_Sensor
Based.
CL__OB_w O bserver-based c o n tro l law  w ith  a lp h a  sen so r, t h a t  means,
C o n tro l Law__Observer Based__w
d„O B _q O bserver-based c o n tro l law  w ith  q sen so r, t h a t  means,
C o n tro l Law_Observer Based__q.
CL_OB_0 O bserver-based c o n tro l law  w ith  Q sen so r, t h a t  means,
C o n tro l Law__Observer Based__0.
DB Dropback p a ra m e te r.
d Param eter o f  th e  s ta te -s p a c e  model o f  th e  le a d  f i l t e r .
LF
dB d e c ib e ls ,
deg d egrees .
e e r r o r  w ith  re s p e c t to  th e  demanded re fe re n c e  s t a t e .
e e r r o r  r e la t iv e  to  th e  sensed s ta te  x
1 l
e e r r o r  r e la t iv e  to  th e  observed s ta te  x
2 2
E m a tr ix  o f  th e  s ta te -s p a c e  model o f  th e  a i r c r a f t  when th e re
is  a re fe re n c e  in p u t
in p u t  to  a g e n e ra l phase le a d  c o n t r o l le r  
E^ o u tp u t to  a g e n e ra l phase le a d  c o n t r o l le r
S ta te  m a tr ix  o f  th e  o b s e rv e r.
a i r c r a f t  c o n tro l m a tr ix  r e la t iv e  to  th e  d is tu rb a n c e  v e c to r  
f e e t .
F l ig h t  c o n d it io n ,  
a c c e le ra t io n  due to  g r a v i ty
v e c to r  o f  th e  feedback g a in s  o f  th e  c o n tro l la w .
O ptim al c o n tro l law  g a in  o b ta in e d  by th e  LQR method
m a tr ix  used in  th e  O bserver s ta te  space model r e la t iv e  to  
th e  system o u tp u t
v e c to r  o f  th e  feedback g a in s  o f  th e  c o n tro l law  w ith  some 
feedback chanel f a i l e d .
fe e d fo rw a rd  g a in  o f  th e  c o n tro l la w , o r fe e d fo rw a rd  g a in  
v e c to r  r e la t iv e  to  th e  exogenous in p u ts
fe e d fo rw a rd  g a in  v e c to r  r e la t iv e  to  th e  re fe re n c e  in p u t
fe e d fo rw a rd  g a in  v e c to r  r e la t iv e  to  th e  d is tu rb a n c e  in p u t
s u b -v e c to r  o f  th e  v e c to r  o f  feedback g a in s  
r e la t iv e  to  th e  measured s ta te s .
s u b -v e c to r  o f  th e  v e c to r  o f  feedback g a in s  
r e la t iv e  to  th e  es tim a te d  s ta te s .
v e c to r  o f  th e  feedback g a in s  o f  th e  a u t o p i lo t .
feedback g a in  o f  th e u feedback path  o f th e a u t o p i lo t
feedback g a in  o f  th e w feedback path  o f th e a u to p i lo t
feedback g a in  o f  th e q feedback path  o f th e a u t o p i lo t
feedback g a in  o f  th e e feedback path  o f th e a u to p i lo t
feedback g a in  o f  th e h feedback p ath  o f th e a u to p i lo t
feedback g a in  o f  th e £h feedback p ath  o f th e a u to p i lo t
a u x i l ia r y  m a tr ix  used in  th e  a u to p i lo t
m ath em atica l model
a u x i l ia r y  m a tr ix  used in  th e  a u to p i lo t
m ath em atica l model
s u b -v e c to r  o f  th e  v e c to r  o f  feedback g a in s  o f  
th e  a u to p i lo t  r e la t iv e  to  th e  measured s ta te s ,  
s u b -v e c to r  o f  th e  v e c to r  o f  feedback g a in s  o f  
th e  a u t o p i lo t  r e la t iv e  to  th e  e s tim a te d  s ta te s .
Gain m arg in .
m a tr ix  used in  th e  o b server s ta te  space model r e la t iv e  to  
th e  c o n tro l in p u t
H e rtz  ( c y c le s  p e r second ) .
\
a l t i t u d e  above th e  e a r th ,  
re fe re n c e  a l t i t u d e .
lo n g itu d in a l  manoeuvre m argin c o n tro ls  f ix e d
c losed  loop t r a n s fe r  fu n c t io n  w ith  f u l l  s ta te  feedback
Id e n t i t y  m a tr ix
Moment o f  i n e r t i a  r e fe r r e d  to  x body a x is
Moment o f  i n e r t i a  r e fe r r e d  to  y  body a x is
Moment o f  i n e r t i a  r e fe r r e d  to  z body a x is
P roduct o f  i n e r t i a  r e fe r r e d  to  body a x is
feedback g a in  o f  th e  w feedback path  o f  th e  c o n tro l law
feedback g a in  o f  th e  q feedback p ath  o f  th e  c o n tro l law
feedback g a in  o f  th e  feedback path  o f  th e  c o n tro l law
c o n s ta n t used in  th e  p o le  p lacem ent c o n tro l law  design  to  
reco ver th e  ze ro  s te a d y  s ta te  p itc h  r a te  e r r o r  w ith  
re s p e c t to  th e  re fe re n c e  p itc h  r a te
observer g a in  v e c to r  fo r  a f u l l  o rd e r ob server
i =  1 to  7 , i n e r t i a l  param eters  used in  th e  non l in e a r  
a i r c r a f t  model
i n e r t i a l  param eter used in  th e  non l in e a r  a i r c r a f t  model 
observer g a in  v e c to r  fo r  a reduced o rd e r o b server
o b server ga in  v e c to r  fo r  a reduced o rd e r ob server
g a in  c o n s ta n t o f  th e  t r a n s fe r  fu n c tio n  ( q/77 ) o b ta in ed
from  th e  reduced o rd e r s h o rt  p e r io d  model
lo n g itu d in a l  s t a t i c  s t a b i l i t y  m argin
Gain m a tr ix  o f  th e  o b s e rv e r.
aerodynam ic fo rc e  ( l i f t  ) p e rp e n d ic u la r  to  th e  t o t a l  
v e lo c i t y  v e c to r  in  th e  a i r c r a f t ' s  p lan e  o f  s im e try
d is ta n c e  between th e  a i r c r a f t  c e n tre  o f  g r a v i t y  and th e
aerodynam ic c e n tre  o f  th e  h o r iz o n ta l t a i l
d e r iv a t iv e  o f  th e  r o l l in g  moment in  x body a x is  w ith
re s p e c t to  s id e s l ip
d e r iv a t iv e  o f  th e  r o l l in g  moment in  x body a x is  w ith
re s p e c t to  yaw r a te  in  z body a x is
d e r iv a t iv e  o f  th e  r o l l in g  moment in  x body a x is  w ith
re s p e c t to  r o l l  r a te  in  x body a x is
d e r iv a t iv e  o f  th e  r o l l in g  moment in  x body a x is  w ith
re s p e c t to  a i le r o n  d e f le c t io n
d e r iv a t iv e  o f  th e  r o l l in g  moment in  x body a x is  w ith
re s p e c t to  rudder d e f le c t io n
R ic c a t i  m a tr ix  o b ta in e d  from  th e  s o lu t io n  o f  th e  R ic c a t i  
d i f e r e n t i a l  e q u a tio n  in  th e  s o lu t io n  o f  th e  LQR prob lem .
A lg e b ra ic  R ic c a t i  m a tr ix  o b ta in e d  from  th e  s o lu t io n  o f  th e  
a lg e b ra ic  R ic c a t i  e q u a tio n  in  th e  LQR problem
subm atrix  o f  M
subm atrix  o f  M
su b m atrix  o f  M
subm atrix  o f  M
subm atrix  o f  M
su b m atrix  o f  M
d e r iv a t iv e  o f  th e  p itc h  moment in  y  body a x is  w ith  re s p e c t  












d e r iv a t iv e  o f  p itc h  moment in  y body a x is  w ith  re s p e c t to  
norm al v e lo c i t y  in  z body a x is
d e r iv a t iv e  o f  p itc h  moment in  y  body a x is  w ith  re s p e c t to  
norm al v e lo c i t y  a c c e le ra t io n  in  z body a x is .
d e r iv a t iv e  o f  p itc h  moment in  y body a x is  w ith  re s p e c t to  
p itc h  ra te  in  y  body a x is
d e r iv a t iv e  o f  p itc h  moment in  y body a x is  w ith  re s p e c t to  
e le v a to r  d e f le c t io n
Gain m a tr ix  o f  th e  o b s e rv e r, o b ta in e d  as a su b m atrix  o f
th e  P"1 m a tr ix  in  th e  o b server d e s ig n .
a i r c r a f t  mass
mach number
reso n an t peak.
non d im en sio n a l d e r iv a t iv e
Oe
non d im en sio n a l M d e r iv a t iv e  
q
m u lt ip le  in p u t  m u lt ip le  o u tp u t system
Gain m a tr ix  o f  th e  o b s e rv e r, o b ta in e d  as a su b m atrix  o f  
-  1th e  m a tr ix  P in  th e  o b server d e s ig n .
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1 INTRODUCTION
1 .1  PROBLEM DEFINITION AND OBJECTIVE OF THE RESEARCH
The problem  s tu d ie d  i s  how redundancy w ith  re s p e c t to  sensor f a i lu r e s  
can be o b ta in e d  in  a f l i g h t  c o n tro l system w ith o u t  in tro d u c in g  changes 
in  th e  s t a b i l i t y  le v e l  o f  th e  augmented a i r c r a f t  o r changes in  i t s  
l e v e l  o f  f ly in g  q u a l i t i e s .  The main o b je c t iv e  o f  t h is  work i s  to  
e x p lo re  th e  use o f  o b servers  in  f l i g h t  c o n tro l system s. S p e c i f ic a l ly ,  
th e  s tu d y  was d ire c te d  to  in v e s t ig a te  th e  use o f  o b servers  in  
redundant f l i g h t  c o n tro l system design  w ith  re s p e c t to  sensor 
f a i lu r e s .  The research  was seek ing  to  design  o b servers  t h a t  d o n 't  
a f f e c t  th e  f ly in g  q u a l i t ie s  and s t a b i l i t y  o f  th e  augmented a i r c r a f t .  
Although a f l i g h t  c o n tro l system designed s p e c i f i c a l ly  to  m eet th e  
Gibson dropback c r i t e r i o n 1 and p h a s e -ra te  c r i t e r i o n 2 was used, th e  
research  can a ls o  be a p p lie d  to  a f l i g h t  c o n tro l system designed to  
meet o th e r  c r i t e r i a .  S ince  th e  main o b je c t iv e  o f  t h is  work i s  n o t an 
e v a lu a tio n  o f  th e  c r i t e r i a  th em selves , th e  G ibson1,2 c r i t e r i a  were  
used as an example because th e y  c o r r e la te  v e ry  c lo s e ly  w ith  fe a tu re s  
found in  o th e r  advanced dynamic h a n d lin g  c r i t e r i a .  A lso r e f e r r in g  to  
a re c e n t s tu d y  perform ed by B lagg3 th e y  have been co n s id ered  as 
a c c e p ta b le  c r i t e r i a  f o r  guidance in  f l i g h t  c o n tro l system d e s ig n .
I t  i s  a ls o  an o b je c t iv e  o f  t h is  research  to  use methods t h a t  a re  n o t  
o n ly  a p p lic a b le  to  SISO systems b u t a ls o  to  MIMO system s. So, 
a lth o u g h  a SISO system has been s tu d ie d  in  t h is  w ork, th e  methods used 
in  th e  f l i g h t  c o n tro l system design and o b serve r design  a re  a ls o  
a p p lic a b le  to  a MIMO system . In  t h is  research  th e  a i r c r a f t  model used 
i s  th e  Boeing 747 s in c e  a t  th e  tim e  o f  th e  work t h is  was th e  o n ly  
a i r c r a f t  f o r  which a reasonab le  aerodynam ic d a ta  bank was a v a i la b le .  
I t  a ls o  must be taken  in to  account t h a t  t h is  f a c t  does n o t in v a l id a t e  
th e  f in d in g s  o f  t h is  research  program when a p p lie d  to  a more advanced  
c i v i l  a i r c r a f t .
1
1 .2  POSSIBLE PROBLEMS AND SOLUTIONS
In  g e n e ra l in  th e  design  o f  a redundant f l i g h t  c o n tro l system th e  
d es ig n er uses tw o, th re e  o r even fo u r  sen so rs . For exam ple, th e  same 
fo r  a c tu a to rs , computers and o th e r  system s, in  a p a r a l l e l  redundant 
c o n f ig u ra t io n . T h is  f a c t  causes many prob lem s, l i k e  fo r  exam ple, 
adding e x tr a  w e ig h t to  th e  system , lo c a t io n  problem s w ith  re s p e c t to  
th e  sensors and redundancy management. F ig u re  1 .1  i s  an example o f  
a duplex redundant c o n f ig u ra t io n  showing th e  system la n e s . F ig u re  
1 . 1 . shows a system t h a t  uses th re e  sen so rs , t h a t  i s ,  an a n g le  o f  
a t ta c k  sensor ( a  ) ,  a p i t c h - r a t e  ( q ) sen so r, and a p i t c h - a t t i t u d e  


















f i gure 1.1 example of parallel lanes
To m a in ta in  th e  h ig h e s t p o s s ib le  system in t e g r i t y  th ese  p a r a l l e l  la n e s  
should id e a l l y  be p h y s ic a lly  and e l e c t r i c a l l y  is o la te d  from  one 
an o th er in  e v e ry  re s p e c t, which i s  a n o th er problem  to  d e a l w ith  in  th e
2
d e s ig n . I t  i s  d e s ira b le  to  o b ta in  t o t a l  la n e  independence because in  
t h is  way f a u l t  p ro p ag a tio n  across th e  la n e s  i s  avo id ed . T h is  research  
i s  focussed o n ly  o n t h e  redundancy a s p e c t o f  th e  sen so rs , n o t  
a c tu a to rs  o r com puters. In  m i l i t a r y  a p p lic a t io n s  th e  sensors must be 
d is t r ib u te d  in  th e  a ir fra m e  to  reduce th e  r is k  o f  p h y s ic a l damage and 
as m entioned t h is  i s  an e x tra  prob lem . I t  must a ls o  be p o in te d  o u t  
t h a t  th e  use o f  two d i f f e r e n t  computing a lg o rith m s  f o r  th e  o b servers  
was used in  th e  d e s ig n , a f a c t  t h a t  a ls o  c o n tr ib u te s  to  th e  redundancy  
i f  th e  computer a s p e c t i s  c o n s id e re d . In  a d d it io n ,  redundant sensors  
need to  sense th e  same s ig n a l and t h e i r  o u tp u ts  should id e a ly  be 
id e n t ic a l .  I t  i s  th e r e fo r e  u s u a ly  necessary  t h a t  th e y  be p laced  
to g e th e r  in  c lo s e  p h y s ic a l p ro x im ity  thus  in c re a s in g  th e  p o s s ib i l i t y  
f o r  a common mode p h y s ic a l f a u l t .
1 .3  INTENDED APPROACH
The approach to  th e  problem  in  t h is  work is  to  use o b servers  in  o rd e r  
to  o b ta in  redundancy w ith  re s p e c t to  sen so rs . So th e  n e c e s s ity  to  use 
tw o, th re e  o r fo u r  sensors w i l l  be e l im in a te d . The design  i s  c a r r ie d  
o u t by using  o b servers  t h a t  m a in ta in  th e  f ly in g  q u a l i t ie s  o f  th e  
augmented a i r c r a f t .  H ere , o b servers  a re  in v e s t ig a te d  fo r  th e  purpose  
o f  e s t im a tin g  s ta te  v a r ia b le s  in  cases where th e  a p p ro p r ia te  sensor 
has f a i l e d .  The observer uses in p u ts  from  th e  " h e a lth y "  sensors and 
c o n tro l s u rfa c e  demands and a ls o  means few er sensors in  th e  f l i g h t  
c o n tro l system . F ig u re  1 .2  i s  an example o f  th e  in te n d e d  approach  
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As can be seen in  f ig u r e  1 .2 ,  redundancy w ith  re s p e c t to  sensor 
f a i lu r e s  is  in tro d u c e d  a n a ly t ic a l ly  in  th e  f l i g h t  c o n tro l system  
com puter.
The work w i l l  be d ire c te d  to  design  a f l i g h t  c o n tro l system t h a t  
s a t is f ie s  th e  Gibson c r i t e r i a ?'2 M IL -F -8785C 4 , and a ls o  to  o b ta in  
redundancy w ith  re s p e c t to  sensor f a i lu r e s .  The o b servers  must n o t  
d e s tro y  th e  good f ly in g  q u a l i t ie s  and s t a b i l i t y  le v e l  o b ta in e d  f o r  th e  
augmented a i r c r a f t .  The o bservers  must a ls o  be a b le  to  work n o t o n ly  
w ith  th e  s t a b i l i t y  agm entation  system b u t w ith  o th e r  systems l i k e ,  fo r  
exam ple, an a u t o p i lo t .  D i f f e r e n t  a lg o rith m s  to  im plem ent th e  
o b servers  a re  a ls o  in v e s t ig a te d  in  o rd e r t h a t  redundancy in  t h is  
as p e c t can a ls o  be in tro d u c e d . The approach w i l l  a ls o  focus on th e  
f a i l u r e  a s p e c ts , t h a t  i s ,  how th e  designed system  responds to  a 
f a i l u r e  c o n d it io n . The work i s  n o t concerned w ith  f a u l t y  e lem en t 
i d e n t i f i c a t io n ,  is o la t io n  and rep lacem e n t. A ls o , redundancy
management i s  n o t c o n s id e re d , s in c e  i t  i s  n o t th e  o b je c t iv e  o f  t h is  
w ork. As th e  c o n tro l law  would be im plem ented in  a d i g i t a l  computer 
i t  i s  v e ry  d i f f i c u l t  to  reco g n ise  a l l  p o te n t ia l  f a i l u r e  modes and so 
o n ly  th e  sensor f a i l u r e  modes a re  a n a ly ze d .
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1 .4  AN OVERVIEW OF THE PERFORMED WORK
In  o rd e r to  o b ta in  good f ly in g  q u a l i t ie s  and s t a b i l i t y  a 
p i t c h - r a t e  command a t t i tu d e -h o ld  system  was designed by two m ethods, 
th e  p o le -p la c e m e n t method and an o p tim a l c o n tro l method. Modern id e a s  
concern ing  th e  f ly in g  and h a n d lin g  q u a l i t ie s  o f  h igh  perform ance  
a i r c r a f t  have shown t h a t  a c o n t r o l le r  w ith  t h is  s tru c tu re  can g iv e  an 
a i r c r a f t  e x c e l le n t  h a n d lin g  q u a l i t ie s  The design  was t a i lo r e d  to  
s a t is f y  th e  req u irem en ts  o f  M IL -F -8785C 4 , th e  req u irem en ts  o f  th e  
Gibson dropback c r i t e r i o n 1 , and a ls o  th e  req u irem en ts  o f  th e  Gibson 
p h a s e -ra te  c r i t e r io n 2 . W ith  th e  design  com pleted , to  im plem ent th e  
c o n tro l law  i t  i s  necessary  to  have th e  re q u ire d  complement o f  m otion  
sensors a v a i la b le .  I f  f o r  some reason th e  a i r c r a f t  lo s e s  one ,o r  
more o f  th e  necessary  sen so rs , th e  f l y in g  and h an d lin g  q u a l i t i e s ,  and 
a ls o  th e  le v e l  o f  s t a b i l i t y  may be s e r io u s ly  degraded. In  o rd e r to  
o b ta in  a degree o f  redundancy ob server-b ased  c o n tro l law s have been 
designed to  o p e ra te  on a s in g le  o u tp u t v a r ia b le  in  o rd e r to  a c h ieve  
th e  same le v e l  o f  s t a b i l i t y  and f ly in g  q u a l i t ie s  as o b ta in e d  w ith  th e  
f u l l  sensor-based  c o n tro l law  d e s ig n . To perfo rm  t h is  design  ta s k  th e
C
method proposed by Rynaski has been fo llo w e d , and th e  th e o ry  o f
c
ro b u s t o bservers  as developed by J .C .D o y le  and G .S te in  has been 
a p p lie d . The o b server—based c o n tro l law  designed in  t h is  way i s  a b le  
to  m a in ta in  th e  same phase and g a in  m argins as th e  sensor—based 
c o n tro l la w , and i t  p reserve s  th e  o r ig in a l  robustness o f  th e  system  in  
th e  e v e n t o f  a sensor f a i l u r e .  The p r in c ip a l  b e n e f f i t  o f  th e  
Doyle—S te in  ob server design is  t h a t  i t  does n o t in tro d u c e  phase la g s  
t h a t  degrade f l y in g  q u a l i t ie s  as most o bservers  in  g e n e ra l do. 
Another adavantage o f  th e  D o y le -S te in  o b server i s  t h a t  i t  i s  n o t  
necessary , in  some cases , to  measure th e  c o n tro l s u rfa c e  d e f le c t io n s .  
W ith  t h is  d e s ig n , i t  i s  p o s s ib le  to  in tro d u c e  a n a ly t ic a l  redundancy  
in to  th e  f l i g h t  c o n tro l system .
T h is  work has a ls o  e v a lu a te d  two methods o f  design  fo r  th e  c o n tro l  
la w , th e  p o le  p lacem ent method and an o p tim a l c o n tro l m ethod, in  o rd e r  
to  assess which i s  most f l e x i b l e  w ith  re s p e c t to  subsequent 
m o d if ic a t io n  w h i ls t  s t i l l  s a t is fy in g  th e  s t a b i l i t y  req u irem en ts  and 
th e  h a n d lin g  c r i t e r i a .  The ob server c o n tro l law  was designed u s ing
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two methods and th e  advantages and d isad van tag es  o f  each a re  compared 
and d iscu ssed . The problem s t h a t  occur in  th e  design  o f  o bservers  
w ith  a p i t c h - r a t e  sensor o r a p i t c h - a t t i t u d e  sensor a re  s tu d ie d  and 
th e  r e s u lts  re p o rte d . F in a l ly ,  th e  a i r c r a f t  was e v a lu a te d  w ith  a 
sensor-based c o n tro l law  and th re e  o b server-b ased  c o n tro l la w s , and 
th e  b e s t o rd e r o f  c o n tro l law  re c o n f ig u ra t io n  in  th e  e v e n t o f  sensor 
f a i lu r e s  i s  suggested . The method used to  design  th e  observer-b ased  
c o n tro l law  can be c a l le d  e c le t lc  c o n tro l , as suggested by P o w e ll7 
because i t  uses th e  b e s t fe a tu re s  o f  c la s s ic a l  c o n tro l and o f  modern 
c o n t r o l .  The work a ls o  co n s id ers  some asp ects  o f  c o n tro l law  
im p le m e n ta tio n , such as numbers o f  g a in  p aram eters  to  be schedu led .
In  th e  e x e c u tio n  o f  t h is  work th e  fo llo w in g  computer s o ftw a re  packages
g Q 4Q
have been used, CODAS , MATLAB , and ACSL . The a i r c r a f t  example
used to  e v a lu a te  th e  c o n tro l law  designs was th e  B -747 and th e
\  1aerodynam ic d a ta  used was o b ta in ed  from  H e f f le y  . The ACSL computer 
s im u la tio n  used in  t h is  work i s  f u l l y  d e scrib ed  in  th e  re p o r t  by O liv a  
and Cook12. In  th e  developm ent o f  t h is  work each c o n tro l law  design  
s t a r t s  w ith  th e  reduced o rd e r s h o rt  p e r io d  lo n g itu d in a l  model o f  th e  
a i r c r a f t .  Subsequent developm ents make use o f  th e  com plete a i r c r a f t  
model and a c tu a to rs . F in a l ly  th e  observer and th e  a u to p i lo t  a re  
in c lu d e d  in  th e  model f o r  t o t a l  system e v a lu a t io n s .
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2 CRITERIA AND DESIGN TECHNIQUES USED
2 .1  BACKGROUND MATERIAL AND LITERATURE SURVEY
2 .1 .1  BACKGROUND MATERIAL
The fo u n d a tio n s  o f  t h is  research  a re  based on th e  work o f  R yn ask i5 
concern ing  th e  use o f  o bservers  to  o b ta in  redundancy in  th e  f l i g h t  
c o n tro l system . I t  should be noted t h a t  th e  work o f  Rynaski was 
b a s ic a l ly  founded on th e  o b server th e o ry  developed by D o y le -S te in 6 
which has developed a ro b u s t o b s e rv e r. W ith  re s p e c t to  f ly in g  
q u a l i t ie s  th e  work r e fe r s  to  th e  Gibson dropback c r i t e r i o n 1 and th e  
Gibson p h a s e -ra te  c r i t e r io n 2 . Concerning s t a b i l i t y  req u irem en ts  th e  
p r in c ip a l  re fe re n c e  used was M IL -F -8785C 4 . The c o n tro l law  design  was 
based, on th e  use o f  p o le -p la c e m e n t methods, d escrib ed  by 
F r ie d la n d 13 ,P o w e ll7 , Chen14 ,P a t to n 15 ,S h a p iro 16 and many o th e r  
re fe re n c e s  and a ls o  was based on O ptim al c o n tro l methods found in
4 Q <| *7 4 O A Q
F r ie d la n d  , Anderson and Moore , Lewis—Stevens , and Lewis . The 
observer design  method was based on Chen14 ,F r ie d la n d 13 ,D o y le -S te in 6 
,and P o w e ll-F ra n k lin -N a e in i
2 .1 .2  LITERATURE SURVEY
Some u s e fu l re fe re n c e s  r e la te d  to  th e  s u b je c ts  t r e a te d  in  t h is  work 
w i l l  be g iven  a lthough  th e y  have n o t n e c e s s a r ily  been used d i r e c t l y  in
t h is  w ork. W ith  re s p e c t to  a s im i la r  d e s ig n ,
20M onahem i-B arlow -0 ' Leary d e s c rib e s  a v e ry  u s e fu l p ro ced u re , t h a t  i s ,  
i t  uses re d u ced -o rd er o b servers  to  o b ta in  p re c is e  loop  t r a n s fe r  
re c o v e ry . Now, w ith  re s p e c t to  o b servers
P h il l ip s -W ils o n -G r a f -S ta r k s 21 show th e  ob server as a n o ise  f i l t e r ,
14 22 23a ls o  d iscussed in  Chen . Sobel-Banda and Andry-C hung-Shapiro  both  
discuss  th e  design o f  modal o b s e rv e rs , a ls o  m entioned by Chen14, and 
both a p p lie d  to  f l i g h t  c o n tro l system d e s ig n . Another in te r e s t in g  
a p p lic a t io n  i s  g iven  by P anossian24 w ith  re s p e c t to  s e rv o a c tu a to r  
s ta te s  and param eter e s t im a t io n . An a p p lic a t io n  to  systems w ith
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25u n c e r ta in t ie s  i s  g iven  by W a lc o tt-Z a k  . Examples o f  o b servers
26a p p lie d  to  d is tu rb a n c e  e s t im a tio n  a re  g iven  by Bossi—Bryson and
27L e v in -K re in d le r  . The problem  o f  e r ro rs  in  r e a l iz a t io n  a re  s tu d ie d
28by S te fa n i . The case when th e  in p u t  i s  n o t a v a i la b le  i s  s tu d ie d  by
29 30W ang-Davidson-Dorato and Y ang-W ilde . Comparison o f  a lg o rith m s  a re
31 32g iven  in  T s u i and T s u i . The problem  o f  ob server design  f o r  tim e
33v a ry in g  l in e a r  systems is  s tu d ie d  in  C a r r o l l -S h a fa i  and 
Nguyen-Lee3 4 .
W ith  re s p e c t to  c o n tro l law  s y n th e s is , in  p a r t ic u la r  w ith  o p tim a l  
c o n tro l methods th e  works o f  B lig h t-G a n g s a a s -R ic h a rd s o n35 and
36G an g s a a s -B ru c e -B lig h t-L y  a re  v e ry  i l l u s t r a t i v e .  A gain , w ith  re s p e c t  
to  p o le -p la c e m e n t th e  work o f  S o b e l-Y u37 i s  a ls o  v e ry  u s e fu l .  
C la s s ic a l re fe re n c e s  w ith  re s p e c t to  f ly in g  q u a l i t ie s  in c lu d e , f o r  
example McRuer-Graham38 , Ashkenas39 , P h i l l i p s 40 , and H arp er-C o o p er41 . 
W ith  re s p e c t to  th e  a p p lic a t io n  o f  c r i t e r i a  th e  works o f  S te n g e l42 and 
M o o ij-G o o l43 a re  im p o rta n t. Examples o f  f l i g h t  c o n tro l systems design  
can a ls o  be o b ta in ed  from  G o v in d a ra j-R y n a s k i4 4 , which compares two 
design methods based on o p tim a l c o n tro l th e o ry , Cunningham-Pope45 , 
which d iscusses modern c o n tro l a n a ly s is  and s y n th e s is  tech n iq u es  and
A 6
in  p a r t ic u la r  S te v e n s -L e w is -A l Sunni , which develops an approach to  
design  c o n tro l law s fo r  shaping th e  c lo sed  loop  s tep  response t h a t  
uses l in e a r  q u a d ra tic  o u tp u t feedback te c h n iq u e s . Robustness i s  
considered  in  F ran k lin -A ckerm a n n 47, H orow itz-G o lubev-K opelm an48 ,
49 60 51 62A shkenazi-B ryson , Schaechter ,Yanushevsky ,O k a d a -K ih a ra -Ik e d a  , 
and B u rro w s -P a tto n 15. In  p a r t ic u la r  th e  work o f  C h a lk53 i s  r e la te d  to  
th e  f l i g h t  c o n tro l system s tru c tu re  used in  t h is  re s e a rc h . A ls o , 
a l t e r n a t iv e  methods, such as th e  low  o rd e r approach is  s tu d ie d  in  th e  
works o f  M itc h e ll-H o h 54 ,B is c h o f f5 5 , and S h a fe r5 6 . W ith  re s p e c t to  th e  
s e le c t io n  o f  w e ig h tin g  m a tr ic e s  fo r  use in  o p tim a l c o n tro l s tu d ie s  th e
6 7work o f  H a rv e y -S te in  can be a p lie d  to  more complex prob lem s. 
F in a l ly  ,w ith  re s p e c t to  s t a b i l i t y  and c o n tro l th e  work o f  Roskam58 i s  
v e ry  in te r e s t in g  and re le v a n t .
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2 .2  CONTROL ANTICIPATION PARAMETER ( CAP )
2 .2 .1  INTRODUCTION
The CAP is  i m p l i c i t  in  th e  F ly in g  Q u a l i t ie s  Requirem ents M IL -F -8785C 4 
and d e fin e s  th e  upper and lo w er freq u en cy  l i m i t  requ irem ents  on th e  
s h o r t-p e r io d  p itc h in g  o s c i l l a t io n .  The CAP i s  much more s p e c if ic  than  
damping r a t io  o r freq u en cy  in  th e  d e s c r ip t io n  o f  w hat i t  i s  t h a t  a 
p i l o t  i s  p a r t ic u la r ly  aware o f  in  th e  s h o rt  p e r io d  m otion param eters  
i m p l i c i t  in  th e  h an d lin g  c h a r a c te r is t ic s  o f  an a i r c r a f t .
2 .2 .2  DEFINITION
When a p i l o t  a p p lie s  a p itc h  command to  th e  a i r c r a f t  th e re  i s  a f i n i t e  
tim e  la p s e  b e fo re  th e  s te a d y  s ta te  c o n d it io n  i s  reached and d u rin g  th e  
f i n i t e  tim e  la p s e  th e  t r a n s ie n t  s h o rt  p e r io d  response dynamics a re  
seen. To have good h a n d lin g  th e  p i l o t  needs some e a r l i e r  in d ic a t io n  
o f  th e  l i k e l y  s te a d y  s ta te  response. Speaking more g e n e r a l ly ,  i t  i s  
p o s s ib le  to  say t h a t  th e  i n i t i a l  t r a n s ie n t  response and th e  f i n a l  
s tead y  s ta te  response must n o t be to o  s e n s it iv e  to  o r too  in s e n s it iv e  
to  th e  commanded f l i g h t  path  change. So CAP i s  d e fin e d  as
t r a n s ie n t  peak p itc h  a c c e le ra t io n  
CAP =    ( 2.1 )
s tead y  s ta te  norm al a c c e le ra t io n
In  term s o f  th e  usu a l a i r c r a f t  response param eters  CAP is  d e fin e d  in  
th e  f ly in g  q u a l i t ie s  requ irem ents  documents as th e  r a t io  o f  th e  
i n i t i a l  p itc h  a c c e le ra t io n  to  th e  f i n a l  s te a d y  norm al lo a d  fa c to r  in  
response to  c o n tro ls .  Using th e  reduced o rd e r p i t c h - r a t e  t r a n s fe r  
fu n c tio n
q(s)  kq (1+sT02)
  =    ( 2.2 )
T ] ( s )  A (s )
9




The p itc h -a c c e le r a t io n  response to  a u n i t  s te p  in p u t  o f  e le v a to r  an g le  
i s ,
q (s )  =
V 1+sTe2>
A ( s )
( 2 . 4  )
A pply ing  th e  i n i t i a l  v a lu e  theorem
q (0 )  =  k T__ G) =  m q 62 sp 77 ( 2.5 )
The norm al lo a d  fa c to r  i s  d e r iv e d  from  norm al a c c e le ra t io n  r e fe r r e d  to  
th e  C .G . o f  th e  a i r c r a f t  as fo l lo w s ,
( 2.6 )
e.g.
and i t  i s  p o s s ib le  to  show t h a t
m z V n (s )
/ x  n w en (s )  =  -  —'■------ ----------------
g % p A(s)
( 2.7 )
A pply ing  th e  f i n a l  v a lu e  theorem , assuming a u n i t  s te p  in p u t
nz (oo)
m z V 
77 w e
2g tos sp





9 “ sp 762
( 2.9 )
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s in c e ,
( 2 . 1 0  )
a 9 JQ2
i t  i s  p o s s ib le  to  o b ta in  an a l t e r n a t iv e  exp ress ion  f o r  CAP as
(0
CAP sp ( 2.11 )
a
2 .2 .3  INTERPRETATION
CAP can be in te r p r e te d  in  term s o f  th e  c la s s ic a l  d e s c r ip t io n  o f  s t a t i c  
and manoeuvre s t a b i l i t y  m arg in s . In  manoeuvering f l i g h t  th e  l i f t  o f  
an a i r c r a f t  i s  g iven  by,
p V S a a
L = ( 2.12  )
and n =  z m g
0 .5  p V S a of
m g
( 2.13 )
So i t  can be w r i t te n
a
0 .5  p V S a
m g
( 2 . 1 3 . a )
A llo w in g  p e r tu rb a tio n s  to  be s m a ll, in  l i m i t  i t  i s  p o s s ib le  to  w r i t e  
t h a t  V ^  Ve
p o s s ib le  to  use,
c* and from  th e  reduced o rd e r lo n g itu d in a l  model i s
(0sp





w ith  Z , M and M d im en s io n a l s t a b i l i t y  d e r iv a t iv e s  g iven
w q w




p V S c2 a„K e I T  ----- ( 2.16 )
M =  w p V S c a K H e n ( 2.17 )
w here, k^ i s  th e  lo n g itu d in a l  s t a t i c  s t a b i l i t y  m argin, 
Then i t  i s  p o s s ib le  to  w r i t e :
co2 =  a c ( 0 .5  p V S)2 sp K e '
a V 1 I T  T
m I 0 . 5  p S I
( 2.18 )
S u b t itu t in g  eq u a tio n  ( 2 .1 3 .a )  and (2 .1 8 )  in to  e q u a tio n  ( 2 .1 1 )  i t  i s  
p o s s ib le  to  w r i t e  :
m g c
CAP =
c p S m
k -  — -------3
*  2 m
( 2.19 )















H =  k -  ------—— ( 2.22 )
m "  2 ^
i s  th e  lo n g itu d in a l  manoeuvre m argin c o n tro ls  f ix e d .
2 .2 .4  REQUIREMENTS ON CAP
In  MIL—F—8785C4 a re q u irem en t fo r  a c c e p ta b le  v a lu e s  o f  CAP i s  n o t  
quoted e x p l i c i t l y  b u t i t  i s  i m p l i c i t  in  th e  l im i t in g  req u irem en ts  f o r  
s h o rt  p e rio d  mode fre q u e n c y . The l im i t s  on s h o r t  p e r io d  fre q u e n c y  a re  
quoted as a fu n c tio n  o f  n ^ /a  fo r  each o f  th e  f l i g h t  phase c a te g o r ie s .  
S ince th e  v a lu e s  o f  CAP a re  g iven  in  M IL -F -8785C 4 th ese  may be read  
o f f  and used as a c o n s tr a in t  in  th e  f l i g h t  c o n tro l system d e s ig n . For 
le v e l  1 f ly in g  q u a l i t ie s  th e  l im i t in g  v a lu e s  o f  CAP may be summarised 
as fo l lo w s ,
CAT A 0 .2 8 £ CAP £ 3 .6
CAT B 0 .0 8 5 £ CAP £ 3 .6
CAT C 0 .1 6 £ CAP 3 .6
2 .3  GIBSON CRITERIA
2 .3 .1  INTRODUCTION
Although th e  m iss ion  o f  a c i v i l  a i r c r a f t  d i f f e r s  from  t h a t  o f  an 
advanced f ig h t e r ,  th e re  a re  ta s k s , o r f l i g h t  phases, where th e  
h a n d lin g  q u a l i t ie s  requ irem ents  may be e q u iv a le n t  and where th e  
m i l i t a r y  c r i t e r i a  can be a p p lie d  to  th e  c i v i l  case . W ith  t h is  i s  mind 
t h is  work has used th e  Gibson c r i t e r i a .  The c r i t e r io n  comes from  th e  
n e c e s s ity  to  know w hat k in d  o f  approach must be taken  when d es ig n in g  a
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s t a b i l i t y  augm entation  system  in  o rd e r t h a t  th e  r e s u lt in g  augmented 
a i r c r a f t  p re s e n ts  good f ly in g  and h an d lin g  q u a l i t i e s .  The b a s is  fo r  
th e  c r i t e r io n  comes from  a v e ry  e x te n s iv e  a n a ly t ic a l  s tu d y  o f  th e  
lo n g itu d in a l  response c h a r a c te r is t ic s  o f  many a i r c r a f t  whose f ly in g  
and h an d lin g  q u a l i t ie s  were known. Gibson was a b le  to  id e n t i f y  th e  
param eters which a re  im p o rta n t in  d e te rm in in g  th e  h a n d lin g  
c h a r a c te r is t ic s  to  which p i lo t s  a re  most s e n s it iv e .  W ith  th e  
d e te rm in a tio n  o f  l im i t s  on th e  system param eters i t  i s  then  p o s s ib le  
to  design f l i g h t  c o n tro l systems w ith  an improved p r o b a b i l i t y  o f  
p ro v id in g  a c c e p ta b le  f ly in g  and h a n d lin g  q u a l i t i e s .  Some o f  th e  
fe a tu re s  found w ith in  th e  Gibson c r i t e r io n  c o r r e la te  v e ry  c lo s e ly  w ith  
fe a tu re s  found in  o th e r  advanced dynamic h a n d lin g  c r i t e r i a .
2 .3 .2  IN IT IA L  CONSIDERATIONS
In  common w ith  s e v e ra l o th e r  c r i t e r i a  th e  Gibson c r i t e r io n  is  
p r im a r i ly  concerned w ith  th e  lo n g itu d in a l  t ra c k in g  response o f  th e  
a i r c r a f t  s in c e  t h is  i s  an as p e c t o f  h an d lin g  q u a l i t ie s  a s s o c ia te d  w ith  
some o f  th e  more c r i t i c a l  p i lo t in g  ta s k s . T r a d i t io n a l  measures o f  
f ly in g  and h an d lin g  q u a l i t ie s  a re  based on th e  assum ption t h a t  th e  
s h o rt  term  response b eh av io u r o f  th e  a i r c r a f t  i s  b a s ic a l ly  second 
o rd e r and so m a in ly  governed by th e  s h o r t  p e r io d  dynam ics. In  such 
a i r c r a f t  th e  p ro v is io n  o f  c o r re c t  s h o rt  p e r io d  mode damping and 
freq u en cy  c h a r a c te r is t ic s  e f f e c t iv e ly  g uaran tees  a c c e p ta b le  norm al 
a c c e le ra t io n  n^ , p itc h in g  a c c e le ra t io n  q and p itc h  r a te  q responses  
which a r e ,  in  g e n e ra l s u f f i c i e n t  to  ensure good h an d lin g  q u a l i t i e s .  
As a r e s u l t  i t  fo llo w s  t h a t  th e  p itc h  a t t i t u d e  0 and f l i g h t  p ath  an g le  
y responses a re  a ls o  w e l l  behaved due to  th e  second o rd e r b eh av io u r o f  
th e  a i r c r a f t .  C onsequently l i t t l e  d i r e c t  a t te n t io n  has been p a id  to  
th e  r o le  o f  0 and y in  th e  d e te rm in a tio n  o f  h a n d lin g  q u a l i t i e s ,  b u t i t  
i s  known t h a t  both p itc h  a t t i t u d e  0 and f l i g h t  path  an g le  y a re  v e ry  
im p o rta n t responses w ith  re s p e c t to  th e  p e rc e p tio n  o f  h a n d lin g  
q u a l i t ie s  by th e  p i l o t .  W ith  th e  in c re a s in g  c o m p le x ity  o f  th e  
a i r c r a f t  and i t s  f l i g h t  c o n tro l system th e  dynamic b eh av io u r i s  to d ay  
more and more le s s  second o rd e r l i k e  and, even i f  i t s  b a s ic  s h o r t  
p e rio d  mode s t a b i l i t y  c h a r a c te r is t ic s  may be c o r r e c t ly  designed i t  i s
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q u ite  p o s s ib le  fo r  i t s  p itc h  a t t i t u d e  and f l i g h t  path  a n g le  b eh av io u r  
to  be u n s a t is fa c to r y .  The main reasons fo r  t h is  a re  :
-  F l ig h t  c o n tro l system dynamics may in tro d u c e  a d d it io n a l
modes w ith  fre q u e n c ie s  c lo s e  to  th e  s h o rt  p e r io d  mode.
-  I t  i s  easy to  in a d v e r te n t ly  m o d ify  a t t i t u d e  response
c h a r a c te r is t ic s  s in c e  in  th e  design  o f  th e  s t a b i l i t y
augm entation system to  m eet th e  t r a d i t io n a l  req u irem en ts  no
emphasis i s  p laced  on a t t i t u d e  response d i r e c t l y .
From th e  a i r c r a f t  model i t  i s  p o s s ib le  to  e s ta b lis h  some s im p le , b u t  
im p o rta n t, response param eters as m ig h t a p p ly  to  th e  p itc h  t ra c k in g  




Typical pitch tracking response characteristics 
and useful parameters to the criterion.
figure 2.1
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W ith  re s p e c t to  f ig u r e  ( 2 .1 )  th e  in p u t  to  th e  a i r c r a f t  i s  a u n i t  s te p  
o f  e le v a to r  an g le  which is  h e ld  f o r  a few  seconds and then  re tu rn e d  to  
z e ro , which corresponds to  th e  t r im  datum v a lu e . The p itc h  ra te  and 
p itc h  a t t i t u d e  responses t h a t  fo l lo w  a re  shown and th e  param eters  
r e la te d  w ith  h a n d lin g  q u a l i t ie s  im p o rta n t to  th e  p i l o t  a re  id e n t i f i e d  
as fo l lo w s ,
-  p itc h  r a te  oversh o o t r a t io ^m
^ss
-  p itc h  a t t i t u d e  dropback o r o versh o o t
I f ,  as u s u a l, B > A ( i n  f ig u r e  2 .1  ) ,  th e  p itc h  a t t i t u d e  drops back 
to  a f i n a l  v a lu e  which i s  le s s  than  th e  v a lu e  a t  th e  tim e  when th e  
p itc h  demand was removed. I f ,  A > B ( in  f ig u r e  2 .1  ) ,  then  th e  
re v e rs e  b ehav iour i s  seen and t h is  i s  r e fe r r e d  to  as o ve rs h o o t. In  
g e n e ra l dropback i s  most common in  t y p ic a l  a i r c r a f t  p itc h  a t t i t u d e  
responses. I t  i s  p o s s ib le  to  see from  f ig u r e  ( 2 .1 )  t h a t  th e  v a lu e  o f  
p itc h  a t t i t u d e  dropback, o r o versh o o t, i s  g iven  by th e  in te r c e p t  o f  
th e  p ro je c t io n  o f  th e  response p lo t  on to  th e  0 a x is  a t  t  =  0 , o r i t  
i s  o b ta in ed  by th e  d isp lacem e nt o f  th e  l in e a r  p a r t  o f  th e  response  
p lo t  from  th e  l i n e  d e fin e d  by th e  eq u a tio n  0 =  t  q^^, as shown on 
f ig u r e  2 . 1 .
2 .3 .3  THE DROPBACK CRITERION
The dropback c r i t e r io n ,  G ibson1 , was o r ig in a ly  d e fin e d  in  term s o f  
l im i t in g  v a lu e s  on p itc h  ra te  overshoot r a t io  and on th e  r a t io  o f
a t t i t u d e  dropback ( overshoot ) to  s te a d y  s ta te  p itc h  r a t e ,  (DB/q )
s s
th e  req u irem en ts  on these  param eters a re  shown on f ig u r e  ( 2 . 2 ) .  A 
re c e n t s tu d y  perform ed by B lagg3 has concluded t h a t  th e  c r i t e r io n
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cou ld  be used as a h a n d lin g  q u a l i t ie s  c r i t e r io n  f o r  t r a n s p o r t  
a i r c r a f t ,  i f  th e  upper l i m i t  o f  (DB/q ) =  0 .3  sec in  f ig u r e  ( 2 .2 )  is
s s
in c re a s e d  to  a llo w  lo w er v a lu e s  o f  T necessary  fo r  q u ick  f l i g h t  path  
response. However, t h is  m o d if ic a t io n  has n o t been v a l id a te d  or 
te s te d .
C ON T IN U OU S  B OBBLING
ss
AB RUPT BOBBLE 
T EN D EN C YSLUGG I SH
SA TI S F A C T O R Y







Gibson dropback cri t er i on  ev a lu a ti o n chart
I t  i s  necessary  to  say t h a t :
-  I f  th e  p itc h  r a te  oversh o o t r a t io  (qm / q ss) < 1 then  dropback
is  n o t p o s s ib le  and th e  lo w er p a r t  o f  th e  s a t is fa c to r y  re g io n  
cannot be a t ta in e d .
-  Subsequently  Gibson re d e fin e d  th e  c r i t e r io n  such t h a t  ze ro  
dropback o n ly  i s  a c c e p ta b le . The s a t is fa c to r y  re g io n  then  
c o lla p s e s  to  th e  ( q m / q ss) a x is  and in  th e  e v e n t t h a t  t h is  
cannot be o b ta in ed  then  i t  i s  b e t te r  to  l i e  on th e  s id e  o f  
a t t i t u d e  dropback r a th e r  than o v e rs h o o t.
-  The a c c e p ta b le  v a lu e  o f  p itc h  r a te  oversh o o t l i e s  in  th e  range  
1 .0  £  ( qm/  qss ) < 3 .0 .
2 .3 .4  THE PHASE-RATE CRITERION
Even when th e  f ly in g  and h an d lin g  q u a l i t ie s  o f  a h igh  o rd e r a i r c r a f t  
a re  a c c e p ta b le  i t  i s  p o s s ib le  th a t  th e  c lo sed  loop  g a in  and phase 
c h a r a c te r is t ic s  may be such t h a t  th e  a d d it io n  o f  th e  p i l o t  in  th e  loop
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le a d s  to  th e  p ro p ag a tio n  o f  p i l o t  induced o s c i l la t io n  ( PIO ) a t  
c e r ta in  c o n d it io n s . The p h a s e -ra te  c r i t e r io n  may be a p p lie d  a t  th e  
design p o in t  a f t e r  th e  feedback loop  has been d eve loped , in  o rd e r to  
reduce th e  l ik e l ih o o d  o f  PIO o c u rre n c e , t h a t  i s ,  a f t e r  th e  b a s ic  
s t a b i l i t y  c h a r a c te r is t ic s  s a t is f y  c o m p le te ly  th e  M IL -F -8785C  
re q u ire m e n ts . The p r o b a b i l i t y  o f  PIO ocurrence  i s  determ ined  by th e  
degree o f  g a in  and phase com pensation in s t in c t i v e ly  in tro d u c e d  by th e  
p i l o t  when c o n t r o l l in g  th e  a i r c r a f t .  The re q u ire d  com pensation, in  
g e n e ra l, i s  determ ined  by th e  c losed  loop  g a in  and phase 
c h a r a c te r is t ic s  o f  th e  a i r c r a f t  a t  fre q u e n c ie s  c lo s e  to  th e  reso n an t 
freq u en cy  o f  th e  human p i l o t .  Gibson s tu d ie d  th e  problem  o f  PIO 
occurrence in  s a t is fa c to r y  a i r c r a f t  and id e n t i f i e d  th e  d e s ira b le  g a in  
and phase c h a r a c te r is t ic s  f o r  th e  c lo sed  loop h igh  o rd e r a i r c r a f t  i f  
PIO is  to  be a v o id e d . The Gibson p h a s e -ra te  c r i t e r io n  has an 
advantage w ith  re s p e c t to  o th e r  PIO c r i t e r i a ,  in  t h a t  a p i l o t  model i s  
n o t n ecessary . The c r i t e r io n  i s  b a s ic a l ly  concerned w ith  th e  c losed  
loop  a t t i t u d e  freq u en cy  response in  th e  re g io n  o f  —180° phase and is  
e v a lu a te d  from  a p lo t  o f  th e  c losed  loop a t t i t u d e  freq u en cy  response  






Closed loop attitude freq u en c y response on 
Nichols chart as required by Gibson cri t er i on
figure 2.3
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R e fe r r in g  to  f ig u r e  ( 2 . 3 ) ,  th e  p o in t  o f  i n t e r e s t  i s  th e  cross  over  
p o in t ,  where th e  phase f i r s t  passes th rough -1 8 0 °  , th e  freq u en cy  
correspond ing  w ith  t h is  p o in t  and th e  r a te  o f  change o f  phase w ith  
freq u en cy  a t  c ro ss  o v e r . Again w ith  re fe re n c e  to  f ig u r e  ( 2 .3 )  th e  
p h a s e -ra te  i s  s im p ly  d e fin e d  as :
<t>2 ~
p h a s e -ra te  =  P .R . *  --------------------  ( 2.23 )
G)_ — CO.
2 1
and, id e a l l y ,  Gibson has e s ta b lis h e d  t h a t ,
P .R . s; 100° /  Hz C 2 . 2 4  )
i s  d e s ira b le  in  o rd e r to  a v o id  PIO w ith  a reaso n ab le  s a fe  m a rg in .






TRENDS OF HIGH ORDER 
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0.2 0-4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.00
180 phase lag frequecy ( Hz )
figure 2.4 - Chart for evaluation of the Gibson
phase rate criterion.
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In  g e n e ra l,  i t  i s  re q u ire d  t h a t  th e  c ro s s -o v e r p o in t  should occur a t  a 
freq u en cy  o f  1 Hz and t h a t  th e  p h a s e -ra te  should  be le s s  than  100° p e r  
Hz. I f  an a i r c r a f t  does n o t m eet th e  c r i t e r io n ,  then  a s u ita b le  g a in  
and phase com pensation can be in tro d u c e d  in t o  th e  command p ath  w ith  
th e  h e lp  o f  a s u ita b le  p re  f i l t e r  r e s u lt in g  in  a f l i g h t  c o n tro l system  
s tr u c tu r e  shown on f ig u r e  ( 2 . 5 ) .
FILTER





figure 2.5 - Flight control system w i th  pre-filter
Ulhen command p a th  compensation is  re q u ire d  i t  i s  a ls o  necessary  to  
in c lu d e  some h igh  freq u en cy  g a in  com pensation in  o rd e r to  m a in ta in  th e  
s lo p e  o f  th e  c losed  loop  a t t i t u d e  freq u en cy  response p lo t  to  a 
reasonab le  v a lu e  a t  cross o v e r.
2 .4  THE POLE-PLACEMENT TECHNIQUE
2 .4 .1  INTRODUCTION
In  th e  c o n tro l law  design th e  p o le -p la c e m e n t te ch n iq u e  w i l l  be used as 
th e  f i r s t  m ethod. There a re  so many re fe re n c e s  in  th e  l i t e r a t u r e  
about p o le -p la c e m e n t t h a t  i s  im p o s s ib le  to  r e f e r  to  a l l  h e re .  
However, i t  i s  p o s s ib le  J:o r e f e r  to  some u s e fu l design  tech n iq u es  as 
p resen ted  in  P a tto n 13! D 'A zzo5 9 , S h a p iro 16, and F r ie d la n d 13 f o r  
exam ple. O b vio u s ly  th e  p o le -p la c e m e n t te ch n iq u e  is  a s ta te -s p a c e  
m ethod. In  a c o n t r o l la b le  system , w ith  a l l  th e  s ta te  v a r ia b le s
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a c c e s s ib le  f o r  measurement and feed b ack , i t  i s  p o s s ib le  to  p la c e  th e  
c losed  loop  p o les  anywhere in  th e  complex s -p la n e . T h is  means t h a t  in  
p r in c ip le  i t  i s  p o s s ib le  to  c o m p le te ly  s p e c ify  th e  c lo sed  loop  dynamic 
perform ance o f  th e  system , as f o r  example M IL -F -8785C 4 req u irem en ts  ( 
CAP ) ,  and Gibson dropback c r i t e r io n .  So in  p r in c ip le  i t  i s  
p o s s ib le  to  s a t is f y  any c r i t e r i a ,  b u t in  p r a t ic e  i t  i s  a lso ^ n ece ssary  
to  ensure t h a t  la rg e  c o n tro l s ig n a ls  a re  n o t re q u ire d . I f  so , s ig n a l  
l im i t in g  as a r e s u l t  o f  s a tu ra t io n  on th e  a c tu a to r  m ig h t be p o s s ib le ,  
t h a t  i s ,  th e  a c tu a to r  w i l l  n o t be a b le  to  d e l iv e r  la rg e  c o n tro l
s ig n a ls . So i t  i s  necessary  to  n o t o n ly  focus on s a t is f a c t o r y  
h a n d lin g  c r i t e r io n  and s t a b i l i t y  c r i t e r io n  b u t a ls o  on fe a s ib le  
feedback g a in s . The f i r s t  s te p  in  th e  p o le -p la c e m e n t design  approach  
i s  to  d ec ide  th e  d e s ire d  c lo s e d -lo o p  p o le  lo c a t io n s .  Ulhen s e le c t in g  
p o le  lo c a t io n s ,  i t  i s  necessary  to  keep in  mind t h a t  th e  c o n tro l
e f f o r t  re q u ire d  i s  r e la te d  to  how f a r  th e  open loop  p o les  a re  moved by
feed b ack . F u rth erm o re , open-loop  zero s  a t t r a c t  p o le s , so c o n s id e ra b le  
c o n tro l e f f o r t  i s  re q u ire d  to  move a p o le  away from  a nearby z e ro .  
T h e re fo re  a p o le -p la c e m e n t p h ilo so p h y  t h a t  aims to  f i x  o n ly  th e  
u n d e s ira b le  aspects  o f  th e  open-loop  response w i l l  t y p ic a l l y  a llo w  
s m a lle r  c o n tro l a c tu a to rs  than  one t h a t  a r b i t r a r i l y  p ic k s  a l l  th e  
po les  in  some lo c a t io n  w ith o u t reg ard  to  th e  o r ig in a l  open-loop  p o le s . 
In  a i r c r a f t  f ly in g  q u a l i t ie s  s p e c if ic a t io n s ,  such as MIL—F—8785C4 , 
c losed—loop  p o le  lo c a t io n s  a re  im p lie d . I t  i s  a ls o  p o s s ib le  to  use 
th e  te ch n iq u e  o f  a p ro to ty p e  d e s ig n , such as th e  ITAE o r B essel 
responses, fo r  h ig h e r o rd e r system s. However i t  i s  e s s e n t ia l  to  
recogn ise  t h a t  th ese  tech n iq u es  d e a l w ith  p o le  s e le c t io n  w ith o u t
e x p l i c i t  reg ard  f o r  t h e i r  e f f e c t  on c o n tro l e f f o r t .
2 .4 .2  FLIGHT CONTROL SYSTEM DESIGN
To use th e  p o le -p la c e m e n t te ch n iq u e  on problems in  which th e re  a re  
re fe re n c e  in p u ts  a n d /o r d is tu rb a n c e s , i t  i s  f r e q u e n t ly  d e s ira b le  to  
re p re s e n t these  in p u ts  and d is tu rb a n c e s  by a d d it io n a l  s ta te  v a r ia b le s .  
The p a r t ic u la r  dynamic process to  be c o n tro lle d  may be d e s c rib e d  by 
th e  fo llo w in g  s ta te  e q u a tio n .
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X = A x  +  B u  + F X . ( 2.25 )a
where x . i s  a d is tu rb a n c e  v e c to r ,  which may o r may n o t be s u b je c t  to  d
d i r e c t  measurement and u i s  th e  c o n tro l in p u t  to  th e  a i r c r a f t .  In  
a d d it io n  i t  i s  a ls o  d e s ira b le  t h a t  th e  s ta te  x t ra c k  a re fe re n c e  s ta te  
x^ . F ig u re  ( 2 .6 )  i s  th e  s ta te -s p a c e  re p re s e n ta t io n  o f  a system w ith  

















figure 2.6 - Sta te - sp a ce  r ep r es e n t a t i o n  of a system w it h 
distur ba n ce  and reference input.
To fo rm u la te  th e  problem  in  term s o f  s ta te  v a r ia b le s ,  i t  i s  o f te n  
e x p e d ie n t  
eq u a tio n s
to  assume t h a t  x^ and x^ s a t is f y  known d i f f e r e n t i a l
Xd =  Ad Xd ( 2 26 J
x =  A X ( 2.27 )r  r  r
22
These supp lem entary s ta te s  a re  s u re ly  n o t s u b je c t  to  c o n tro l by th e  
d e s ig n e r , so t h a t  th ese  a re  un forced  d i f f e r e n t i a l  e q u a tio n s . The 
system com pris ing  x , x^ , and x^ i s  n e c e s s a r ily  u n c o n tro lla b le .  In  
g e n e ra l th e  o b je c t iv e  i s  concerned w ith  th e  e r r o r  d e fin e d  by :
e =  x — x ( 2.28 )
So th e  d i f f e r e n t i a l  e q u a tio n  f o r  th e  e r r o r  using  (2 .2 5 )  and (2 .2 7 )  
w i l l  be :
e =  x — x =  A(e+x ) +  F x . +  B u  — A x  r  r  d r  r ( 2.29 )
e =  A e +  (A -  A )x  +  F x .  +  B u  v r '  r  d ( 2.30 )
o r ,  e s A e  +  EXj j  +  B u ( 2.31 )
w here, E =  ( A - A ^ j F ) ( 2.32 )
and,
*0 “ ( 2.33 )
The v e c to r  xQ re p re s e n ts  th e  exogenous in p u ts  to  th e  system . To th e  
d i f f e r e n t i a l  e q u a tio n s  o f  th e  e r r o r  i s  a d jo in e d  th e  e q u a tio n s  f o r  th e  
re fe re n c e  and d is tu rb a n c e  s ta te s  to  produce a system o f  o rd e r 2k + l  
having th e  m e ta s ta te  v e c to r ,
x =
( 2.34 )
and s a t is fy in g  th e  m e ta s ta te  e q u a tio n
X =  A X +  B U ( 2 . 3 5 )
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w here, A =
and
B =









0 V ( 2.38 )
The design  method d escrib ed  here  i s  used in  t h is  research  program . 
F i r s t  i t  i s  necessary  to  r e f e r  to  f ig u r e  ( 2 .7 )  concern ing  th e  c o n tro l  
system s t r u c tu r e .
distu r ba n ce s
fee d fo r wa r d
- e
e r r o r
reference
state
x =  Ax +  Bu
figure 2.7 - S ch ematic of feedback system for an a ircraft w i th
reference state and d is t ur b an c e input.
T h is  method a p p lie s  to  a more g e n e ra l o b je c t iv e ,  t h a t  i s ,  to  c o n tro l  
th e  system e r r o r  n o t o n ly  f o r  i n i t i a l  d is tu rb a n c e s , b u t a ls o  f o r  
p e r s is te n t  d is tu rb a n c e s , and a ls o  to  tra c k  re fe re n c e  in p u ts , as  
re q u ire d  by th e  Gibson dropback c r i t e r io n  f o r  exam ple.
24
The e r r o r  I s  d e fin e d  by : e =  x -  xJ r ( 2.39 )
where x i s  th e  system s ta te  v e c to r
x^ i s  th e  re fe re n c e  in p u t  v e c to r
and a ls o  x^ i s  assumed to  s a t is f y  a d i f f e r e n t i a l  e q u a tio n
x r ( 2.40 )
A d is tu rb a n c e  x . i s  a ls o  in c lu d e d  and so th e  e r r o r  i s  g iven  by:d
e =  A e +  (A — A )x  +  F x .  +  B u  r '  r  d
e = A e + B u + E x Q
( 2.41 )
( 2.42 )
As in  term s o f  c o n tro l th e o ry  th e  metasystem i s  n o t c o n t r o l la b le  i t  i s  
c o n ven ien t to  work d i r e c t l y  w ith  th e  e r r o r  d i f f e r e n t i a l  eq u a tio n  
( 2 .4 2 )  and so th e  exogenous v e c to r  x^ i s  t r e a te d  as an in p u t  ju s t  l i k e  
u . A l in e a r  c o n tro l law  i s  assumed, which ta k e s  th e  g e n e ra l fo rm ,
From f ig u r e  ( 2 .7 )  i t  i s  p o s s ib le  to  see th e  presence o f  two s ig n a l  
paths in  a d d it io n  to  feedback p a th . There  i s  a fe e d fo rw a rd  p a th  w ith  
a g a in  G  ^ and a p ath  through th e  g a in  G^, and th e  o b je c t iv e  i s  to  
m in im ise  th e  e f f e c t  o f  th e  d is tu rb a n c e s  x ^ . For th e  p re s e n t, th e  
o b je c t iv e  i s  l im i te d  to  th e  design  o f  th e  g a in  m a tr ic e s  G and GQ. The 
c losed  loop  dynamics a re  d escrib ed  by,
which i s  th e  d i f f e r e n t i a l  eq u a tio n  o f  a l in e a r  system e x c ite d  by xQ.
system  e r r o r  z e ro , however more reasonab le  perform ance o b je c t iv e s  a re  
th e  fo l lo w in g :
( a )  th e  c losed  loop  system should be a s y m p to t ic a lly  s ta b le .
(b )  A l in e a r  com bination  o f  th e  e r r o r  s ta te  v a r ia b le s  i s  to  be 
ze ro  in  th e  s tead y  s t a t e .
e =  A e +  E xQ — B(G e +  GQ xQ) ( 2.44 )
I f  p o s s ib le , i t  i s  d e s ira b le  to  choose th e  g a in s  G and GQ to  keep th e
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I n  o r d e r  f o r  th e  c lo s e d  lo o p  s y s te m  t o  be a s y m p t o t ic a ly  s t a b l e  th e  
c lo s e d  lo o p  d y n a m ic s  m a t r i x ,
Ac =  A -  B G ( 2 . 4 5  )
m u s t h a v e  i t s  c h a r a c t e r i s t i c  r o o t s  i n  t h e  l e f t  h a l f  s - p l a n e .  I f  th e  
s y s te m  i s  c o n t r o l l a b l e ,  t h i s  can  b e  a c c o m p lis h e d  b y  a  s u i t a b l e  c h o ic e  
o f  t h e  g a in  m a t r i x .  T h e  s t e a d y  s t a t e  c o n d i t io n  i s  c h a r a c t e r i z e d  b y  a  
c o n s t a n t  e r r o r  s t a t e  v e c t o r ,  i . e . ,  i n  t h e  s te a d y  s t a t e
e =  0  ( 2 . 4 6  )
and  fro m  ( 2 . 4 4 ) ,  t h i s  m eans t h a t
(A  -  B G )e  *  (B  -  e ) Xq ( 2 . 4 7  )
I f  th e  c lo s e d  lo o p  s y s te m  i s  a s y m p t o t ic a ly  s t a b l e ,  Ac =  A-BG h a s  no  
c h a r a c t e r i s t i c  r o o t s  a t  t h e  o r i g i n ,  and  so  i t s  in v e r s e  e x i s t s .  So th e  
s te a d y  s t a t e  e r r o r  i s  g iv e n  b y :
e  =  (A  — B G )_ 1 (B G0- E ) x q ( 2 . 4 8  )
I t  i s  n o t  r e a s o n a b le  t o  e x p e c t  t h a t  e  be z e r o ,  in s t e a d  i t  i s  r e q u ir e d  
t h a t
y  =  C e =  0  ( 2 . 4 9  )
w h e re  C i s  a  s i n g u l a r  m a t r ix  o f  s u i t a b l e  d im e n s io n .
T hen  i t  i s  p o s s ib le  t o  w r i t e :
C (A -B G )“ 1 (BG()- E ) x 0 =  0 ( 2 . 5 0  )
and  i t  m u s t h o ld  f o r  a n y  x^  , t h a t  i t  i s  p o s s ib le  i f  and  o n ly  i f  th e
c o e f f i c i e n t  m a t r ix  m u l t i p l y i n g  x Q v a n is h e s :
C (A  -B G )“ 1 (BGQ- E )  = 0  ( 2 . 5 1  )
o r
C (A -B G )_:LBG0 =  C (A —BG)_ 1 E ( 2 . 5 2  )
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Now th e  dim ension o f  C becomes s ig n i f ic a n t .
—X
I f  th e  dim ension o f  y  i s  j ,  then  C i s a  ( j x k )  m a tr ix ,  (A-BG) i s  a
(k  x k )  m a tr ix ,  and B i s  a (k  x m) m a t r ix ,  where m i s  th e  number o f  
c o n tro l v a r ia b le s .  The p ro d u c t o f  th e  th re e  m a tr ic e s  m u lt ip ly in g  GQ 
i s  thus a ( j x k )  m a t r ix .  I f  j  > k , then  (2 .5 2 )  i s  over d e te rm in ed ,
s p e c ia l v a lu e s  o f  E , no s o lu t io n  to  ( 2 .5 2 )  fo r  GQ e x is ts .  On th e  o th e r  
hand i f  j  < k ,  then  (2 .5 2 )  i s  u n d erdeterm ined , GQ i s  n o t u n iq u e ly  
s p e c if ie d  by ( 2 . 5 2 ) .  T h is  poses no problem ; i t  o n ly  means t h a t  GQ can 
be choosen to  s a t is f y  n o t o n ly  ( 2 .4 9 ) ,  b u t a ls o  to  s a t is f y  o th e r  
c o n d it io n s . A n a ly t ic a l ly  th e  s im p le s t case is  when th e  number o f  
in p u ts  m i s  eq u a l to  th e  dim ension o f  y .  In  t h is  case , when th e  
m a tr ix  m u lt ip ly in g  GQ i s  n o t s in g u la r ,  th e  d e s ire d  g a in  m a tr ix  i s  
g iven  by
th e re  a re  too  many c o n d it io n s  to  be s a t is f ie d  by GQ and, e x c e p t f o r
Gq =  [  C(A-BG) XB ]  1 C(A-BG) 1 E ( 2.53 )
The b ig  m a tr ix
B# =  [  C(A-BG) XB ]  1 C (A-BG) 1 C 2.54 )
th a t  m u l t ip l ie s  E has th e  p ro p e rty  t h a t
I ( 2.55 )
and so i t  i s  p o s s ib le  to  w r i t e :
G0 -  B# E ( 2.56 )
- 1
I t  can be shown t h a t  C(A-BG) B possesses an in v e rs e , see 
F r ie d la n d 13.
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2 .5  THE LINEAR QUADRATIC OPTIMAL CONTROL TECHNIQUE
2 .5 .1  INTRODUCTION
There a re  s e v e ra l good reasons to  use o p tim a l c o n tro l fo r  th e  design  
o f  f l i g h t  c o n tro l system s. The f i r s t  i s  t h a t  in  a MIMO system , th e  
p o le  p lacem ent te ch n iq u e  does n o t c o m p le te ly  s p e c ify  th e  c o n t r o l le r  o r  
compensator p a ram ete rs , t h a t  i s  th e  g a in s . Another good reason i s  
t h a t  th e  d e s ig n e r may n o t r e a l l y  know th e  most s a t is fa c to r y  c lo sed  
loop  p o le  lo c a t io n s .  In  f a c t ,  th e  d e s ig n e r who has acq u ired  e x te n s iv e  
exp e rie n c e  w ith  a p a r t ic u la r  typ e  o f  problem  g e n e ra lly  has an 
i n t u i t i v e  " fe e l"  about th e  p roper c losed  loop p o le  lo c a t io n s .  However 
when faced  w ith  a new problem  o r a la c k  o f  tim e  to  a c q u ire  th e  
necessary  in s ig h t ,  th e  d es ig n er w i l l  b e n e f i t  from  a design method t h a t  
can p ro v id e  an i n i t i a l  des ign  and a t  th e  same tim e  a c q u ire  " fe e l"  
about th e  prob lem . A nother good reason i s  t h a t  th e  o p tim a l c o n tro l  
th e o ry  can be a p p lie d  to  processes which a re  n o t c o n t r o l la b le  in  term s  
o f  c o n tro l th e o ry . O p tim al c o n tro l th e o ry  was developed to  
s p e c i f i c a l ly  address th e  is s u e  o f  a c h ie v in g  a ba lan ce  between good 
system response and c o n tro l e f f o r t .  I t  i s  im p o rta n t to  n o te  t h a t  
O ptim al c o n tro l th e o ry  does n o t p ro v id e  d i r e c t  s p e c if ic a t io n  o f  th e
t r a n s ie n t  response in  th e  way t h a t  o th e r  methods do. In  f a c t  O p tim al
c o n tro l th e o ry  s e le c ts  p o les  t h a t  r e s u l t  in  some d e fin e d  ba lan ce  
between system  e r ro rs  and c o n tro l e f f o r t .  The d es ig n er can e a s i ly  
examine th e  r e la t io n s h ip  between s h i f t s  in  t h a t  b a lance  ( by changing  
th e  w e ig h tin g  m a tr ic e s  in  th e  perform ance in d e x  ) and system ro o t  
lo c a t io n s ,  tim e  response, and feedback g a in s .
2 .5 .2  THE DESIGN PROCESS
A gain , th e  model cons idered  i n i t i a l l y  i s  th e  same as in  th e  p o le
placem ent te c h n iq u e , t h a t  i s ,
e =  A e +  B u +  E xQ ( 2.57 )
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where xQ i s  th e  exogenous v e c to r ,  and u th e  in p u t  to  th e  a i r c r a f t .  
Lh<
e q u a tio n ,
As in  th e  p o le  p lacem ent tech n iq u e  x^ s a t is f ie s  a known d i f f e r e n t i a l
=  A_ x_ 0 0 0 ( 2.58 )
and so th e  e n t i r e  m e ta s ta te  s a t is f i e s  th e  d i f f e r e n t i a l  e q u a tio n ,
where








V =  J (x T Q x +  uT  R u )d z ( 2.63 )
th u s , th e  w e ig h tin g  m a tr ix  f o r  th e  m e ta s ta te  i s  o f  th e  fo rm ,
Q = ( 2.64 )
T h is  i s  th e  c la s ic a l  problem  o f  o p tim a l c o n tro l ( LQR ) ,  w ith  th e  
m a tr ix  M as th e  s o lu t io n  o f  th e  m a tr ix  R ic c a t i  e q u a tio n , th e  th e o ry
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and s o lu t io n  o f  t h is  problem  i s  w e l l  d e scrib ed  in  many books, f o r
17example Anderson-Moore , and in  p a r t ic u la r  as a p p lie d  in  t h is  work in
13F r ie d la n d  . The problem  can be so lved  w ith o u t  t h e o r e t ic a l  d i f f i c u l t y ,  
and w ith  th e  p a r t i t io n  o f  th e  perform ance m a tr ix  M f o r  th e  metasystem  
w i l l  g iv e :
M =
M. M1 __2_
T riM ‘2 3
( 2.65 )
I t  i s  w e l l  known t h a t  th e  perform ance m a tr ix  M s a t is i f e s  th e  a lg e b ra ic  
q u a d ra tic  eq u a tio n  ( a lg e b ra ic  R ic c a t i  e q u a tio n  ) .
0 =  M A  + AT M - M B R  V  M +  Q ( 2 . 6 6  )
and t h a t  th e  optimum g a in  i s  g iven  by
-  - l  T  -
G = R B M ( 2.67 )
The g a in  m a tr ix  G f o r  th e  metasystem i s  g iven  by,
G = R 1 [  BT | 0 ]
2 ! 3
( 2 . 6 8  )
G =  [  R V  j R V  M2 ]  ( 2.69 )
and i t  i s  p o s s ib le  to  n o tic e  t h a t  th e  su b m atrix  i s  n o t needed to  
s o lv e  th e  prob lem . P erfo rm ing  th e  m a tr ix  m u lt ip l ic a t io n s  re q u ire d  by 
th e  R ic c a t i  eq u a tio n  i t  i s  p o s s ib le  to  o b ta in  th e  d i f f e r e n t i a l  
e q u atio n s  fo r  th e  subm atrices  in  ( 2 .6 5 ) .
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-M . =  M A +  ATM -  M„B R 1BTM, +  Q 1 1 1 1 1 ( 2 . 7 0  )
—M = M. E +  M_ A +  (AT -  M B R V  )M0 2 1 2 0 1 2 ( 2.71 )
( 2.72 )
Due to  th e  s p e c ia l s t ru c tu re  o f  A, B, and Q, th e  fo llo w in g  fa c ts  about 
th e  subm atrices  o f  M emerge:
i s  th e  same as i t  would have been w ith  xQ absen t from  th e
p r o b le m , i .e . , i f  th e  design  were fo r  th e  s im p le  re g u la to r
problem  ( c la s ic a l  o p tim a l c o n tro l problem  ) ,  so a s te a d y  s ta te
s o lu t io n  fo r  can be o b ta in e d  i f  th e  p a ir  (A ,B ) i s
c o n t r o l la b le .
—1 T(b )  The d i f f e r e n t i a l  e q u a tio n  fo r  M2 * from  which th e  g a in  R B M2 i s  
d e te rm in ed , does n o t depend on M^, and in  f a c t  i s  a l in e a r  
e q u a tio n , which can be w r i t t e n  a s ,
—1 Twhere A^ =  A -  B R B ( 2 .7 4  )
i s  th e  c lo sed  loop dynamic m a tr ix  o f  th e  re g u la to r  subsystem .
A s te a d y  s ta te  s o lu t io n  a ls o  can be fo u n d , and i t  must s a t is f y ,
and so th e  necessary g a in s  to  r e a l iz e  th e  c o n tro l law  a re  
o b ta in e d  as:
—1 T(a )  The s o lu t io n  o f  ,and hence th e  correspond ing  g a in  R B ,
( 2.75 )
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- I T -  - 1  T -u =  -  R B M. x — R B M„ xrt 1 2 0 ( 2 . 7 6  )
( c )  The d i f f e r e n t i a l  e q u a tio n  fo r  Mg i s  a ls o  l in e a r .  However Mg is  
n o t used in  th e  d e te rm in a tio n  o f  th e  g a in  m a tr ix .
2 .5 .3  CASE WITH CONSTANT REFERENCE INPUT
The most f r e q u e n t ly  tra c k e d  s ig n a l corresponds w ith  th e  c o n d it io n ,  
Aq =  0 , so fo r  t h is  case th e  e q u a tio n s  f o r  M  ^ and Mg become s im p ly ,
-  M = Mi E AT hic 2 ( 2.77 )
and
M =  mT E +  ET  M„ — mT B R V  3 2 2 2 2 ( 2.78 )
The c o r r e c t  r e la t io n s h ip  f o r  i s  g iven  by th e  s o lu t io n  o f  ( 2 .7 7 )  
w ith  M  ^ =  0 .
M2 = -
T - l
M1 E ( 2.79 )
where M  ^ i s  th e  s tead y  s ta te  s o lu t io n  o f  ( 2 .7 0 ) ,  i . e . ,  th e  c o n tro l  
m a tr ix  f o r  th e  re g u la to r  d e s ig n . Thus th e  g a in  f o r  th e  exogenous 
v a r ia b le s  i s ,
- i  t  r  t  i  1 -  *  *_ =  —R B  A M. E =  B E =  G_0 L c  J 1 0 ( 2.80 )
where B* =  -  R_1BT [  ]  1 S1 ( 2.81 )
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2 .5 .4  COMMENTS ABOUT THE SELECTION OF Q AND R
The q u e s tio n  o f  concern to  th e  c o n tro l system  d es ig n er i s  th e
13s e le c t io n  o f  th e  w e ig h tin g  m a tr ic e s  Q and R. To q u o te , F r ie d la n d
" In candor one must admit that m i n i m i z a t i o n  of a quadratic integral 
is rarely the true desi gn objective. The p r o b l e m , h o w e v e r , is that 
the true design o b jective often cannot be exp r es s ed  in m at h ematical  
terms. "
In  th e  perform ance in d ex  two term s c o n tr ib u te  to  th e  in te g ra te d  c o s t
j
o f  c o n tr o l:  th e  q u a d ra t ic  form  x Q x which re p re s e n ts  a p e n a lty  on th e  
d e v ia t io n  o f  th e  s ta te  x from  th e  o r ig in  and th e  term  u"^ R u which  
re p re s e n ts  th e  c o s t o f  c o n t r o l .  I t  should be obvious t h a t  th e  ch o ice  
o f  th e  s ta te  w e ig h tin g  m a tr ix  Q depends on w hat th e  system d e s ig n e r i s  
t r y in g  to  a c h ie v e . Again F r ie d la n d 's  words a re  a p p ro p r ia te  to  be 
w r it t e n  :
" The r e l a t i on s hi p  between the w e i g h t i n g  m a tr i c e s  Q and R and the 
dynamic behavior of the clo s ed - lo o p system depend of course on the 
matr i ce s  A and B and are quite comp lex. "
” It is impratical to pre d ic t  the effect on closed loop be h av i or  of a 
given pair of w e i g h t i n g  matrices. "
And f i n a l l y ,  i t  i s  u s e fu l to  ag a in  quote F r ie d la n d 's  words w ith  
re s p e c t to  th e  design  process when w orking  w ith  o p tim a l c o n t r o l .  I t
c n
must a ls o  be p o in te d  o u t t h a t  th e  same a d v ice  i s  g iven  by Brogan , 
and by many o th e r re fe re n c e s  r e la te d  to  o p tim a l c o n t r o l .  So F r ie d la n d  
says :
" A suitable appro a ch  for the designer w ou l d be to solve for the gain 
matrices G that result from a range of w e i g h t i n g  matri ce s  Q and R, and 
calculate ( or simulate ) the co r r e s p o n d i n g  c l os e d- l oo p  response. The 
gain matrix G that produces the response closest to m ee t in g  the d e si g n  
objectives is the ultimate selection. In a few hours time, dozen or 
more c om b inations of Q and R can be determined, and a suitable 
selection of G can be made. "
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I t  i s  a ls o  u s e fu l a t  t h is  tim e  to  re p e a t th e  guidance g iven  by
6 OBrogan about th e  problem  o f  s e le c t io n  o f  th e  w e ig h tin g  m a tr ic e s  Q and 
R, t h a t  i s  v e ry  a p p ro p r ia te  to  t h is  work :
” For small problems w i t h  only a few p arameters it m ay be feasible to
p a r a m e t r i c a l l y  examine the range of possibilities. For most problems
a more focussed appro a ch  is desirable. The expand e d q ua d ratic will
2 2
contain terms of the form x Q +u R .If x is a posit io n  variab l e
i i i i i i i
w i t h m ag n i t u d e  of thousands of feet, and if u is an angle of say 0.01
i
radian, it is clear that u will have no effect on V unless R »  Q
i i i i i
The point is that scaling units and vari ab l e m a g n i tu d es  are
important, as well as the subjective choice of the importance of
keeping u small comp a re d  to k e eping x small. " 
i i
F in a l ly  Brogan60 says about 0 and R :
The relative ma g ni t ud e s are all that matter *
2 .6  OBSERVER DESIGN TECHNIQUE
2 .6 .1  INTRODUCTION
In  o rd e r to  design th e  o b server two methods have been used, h ere  th e  
design methods a re  summarised and e x p la in e d . Both methods a re  
s u ita b le  f o r  f u l l  o rd e r o b servers  o r f o r  reduced o rd e r o b s e rv e rs , 
however h ere  th e  d iscu ss io n  r e la te s  to  th e  reduced o rd e r o b server  
o n ly , which i s  th e  one used in  t h is  re s e a rc h . The reason f o r  us ing  a 
reduced o rd e r observer i s  because i t  re q u ire s  few er param eters  to  be 
im plem ented in  th e  f l i g h t  c o n tro l system , and so i t  i s  more s u i t a b le .  
The reduced o rd e r o b server has a much h ig h e r bandwidth from  sensor to  
c o n tro l when compared w ith  th e  f u l l  o rd e r o b s e rv e r. T h e re fo re , i f  
sensor n o ise  i s  a s ig n i f ic a n t  f a c t o r ,  th e  reduced o rd e r o b serve r i s  
le s s  a t t r a c t i v e ,  s in c e  th e  p o t e n t ia l  sav ings  in  c o m p le x ity  may be more
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than  o f f s e t  by th e  In c re a s e d  s e n s i t i v i t y  to  n o is e . In  t h is  re s e a rc h , 
as in  th e  work o f  R ynaski5 th e  sensors a re  assumed to  be e s s e n t ia l ly  
n o is e - f r e e  in  them se lves .
2 .6 .2  FIRST METHOD
The method here  developed can be found in  F r ie d la n d 13, and Chen14 . I t  
i s  assumed t h a t  th e  dynamic system is  d escrib ed  by th e  fo llo w in g  s ta te  
e q u a tio n ,
x =  A x +  B u ( 2.82 )
I t  i s  a ls o  assumed t h a t  I t  i s  p o s s ib le  to  group th e  s ta te  v a r ia b le s  
in to  two s e ts :  those th a t  can be d i r e c t l y  measured x and those t h a t
depend in d i r e c t l y  on th e  fo rm er x ^ . The s ta te  v e c to r  is  p a r t i t io n e d  
a c c o rd in g ly  :
x = ( 2.83 )
w ith
x„ =  A . . x„ +  A ._x_ +  B„u 1 11 1 12 2 1 ( 2.84 )
x„ +  A__x_ +  B„u 2 21 1 22 2 2 ( 2.85 )
The o u tp u t eq u a tio n  is  g iven  by : y  =  C^x^ C 2.86 )
The s tan d ard  o b server fo r  (2 .8 4 )  and (2 .8 5 )  i s  g iven  by :
x„ =  A„„x., +  A^^x^ +  B„u +  (y-C„ x„ )1 11 1 12 2 1 l w  1 1 ' ( 2.87 )
X2 = A21X1 +  A22X2 +  B2U +  K2 (y “ Cl Xl  > ( 2 . 8 8  )
But i t  i s  n o t necessary to  im plem ent th e  o b server f o r  x^ because x^ i s
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a lre a d y  a v a i la b le  a s ,
- 1x . =  x . =  C. y 1 1 1 J ( 2 . 8 9  )
So th e  o b server f o r  w i l l  be:
. -1
X2 =  Aa c y *  a 2 2 x 2 +  b2 u
( 2.90 )
which i s  a dynamic system o f  th e  same o rd e r as th e  number o f  s ta te  
v a r ia b le s  x^ t h a t  cannot be measured d i r e c t l y .  The dynamic b ehav iour  
o f  th e  reduced o rd e r o b server i s  governed by th e  e ig e n v a lu e s  o f  A22
which i s  a su b m atrix  o f  th e  open-loop  dynamic m a tr ix  A, a m a tr ix  over  
which th e  e n g in e e r has no c o n t r o l .  I f  th e  e ig e n v a lu e s  o f  A^2 a re  
s u i ta b le ,  then  ( 2 .9 0 )  cou ld  be a s a t is fa c to r y  o b s e rv e r. S ince th e re
i s  no assurance t h a t  th e  e ig e n v a lu e s  o f  A22 a re  s u ita b le  i t  i s  
necessary  to  d ev ise  a more g e n e ra l system to  e s tim a te  x^. A s u ita b le  
g e n e ra l s t ru c tu re  f o r  th e  e s t im a tio n  o f  x2 i s  g iven  b y ,
x2 =  L y +  z ( 2.91 )
w ith  z th e  s ta te  o f  a ( k - l ) t h  o rd e r system , and L i s  th e  g a in  m a tr ix  
o f  th e  o b s e rv e r.
z =  F z  +  G y  + H u  
The e s tim a tio n  e r r o r  i s  d e fin e d  by,
( 2.92 )
e =  x -  x =
X 1 X e.
1 1 1





b u t, e . =  x . -  x . = 0 1 1 1 ( 2.94 )
So i t  i s  necessary o n ly  to  c o n s id er e2 , d e scrib ed  by th e  d i f f e r e n t i a l  
e q u a tio n ,
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e2 = x2 - x2 =  fl21x1 +  fl22x2 +  B2u -  Ly - z ( 2.95 )
e2 =  A_. x . +  A__x_ +  B_u -  L C . ( A. . x . +A. 0x + B . u ) 21 1 22 2 2 [ 1' 11 1 12 2 1 ;J
- F z - G y - H u  ( 2 . 9 6 )
b u t i t  i s  known t h a t  =  L y  +  z » eq u a tio n  ( 2 .9 1 ) ,  and then
z = x 2 - L y  =  x2 ~ e 2 - L y  =  x2 - e 2 -  L C ^  ( 2.97 )
and
e_ = F e_ +  (A0 . -  LC^A^ -  GC„ +  FLC ) x . +2 2 21 111  1 1 '  1
(A22 ~ LC! A12 - F ^X2 + ^B2 “  LCl Bl “  H^U C 2 *98 }
In  o rd e r f o r  th e  e r r o r  to  be independent o f  x^ , x2 and u , th e  m a tr ic e s  
m u lt ip ly in g  x ^  x2 » and u must v a n is h , t h a t  i s ,  th e  fo llo w in g  
e q u a tio n s  must a p p ly ,
F =  A22 -  LCxA12 ( 2.99 )
H =  B2 -  LC^B^ ( 2 . 1 0 0  )
GC =  A -  LC A . +  FLC. ( 2 . 1 0 1  )1 21 1 11 1
Then (2 .9 8 )  becomes e2 =  F e2 f 2 .98.a )
and hence, fo r  asym p to tic  s t a b i l i t y ,  th e  e ig e n v a lu e s  o f  F must l i e  in  
th e  l e f t  h a l f  s -p la n e .
Having s e le c te d  th e  m a tr ix  L to  p la c e  th e  reduced o rd e r o b serve r  
p o le s , th e  m a tr ix  H i s  determ ined  from  (2 .1 0 0 )  and th e  m a tr ix  G i s  
determ ined from  ( 2 .1 0 1 ) ,  t h a t  i s ,
S = (fl21 " LC1A11)C11 + FL ( 2 . 1 0 2 )
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and so:
z =  F x2 +  ( A2 i “  LCl AH ^ y  + Hu ( 2 103 )
F ig u re  ( 2 .8 )  re p re s e n ts  a b lo ck  diagram  o f  th ese  e q u a tio n s .
+
+
figure 2.8 - Reduced order observer for observation y = C x a f t
with nonsingular.
The o b server i s  d e fin e d  by :
z =  F x2 +  (A21 -  L C jA ^ J y  + Hu ( 2.104 )
x2=  L y  +  z ( 2 . 1 0 5  )
- 1
X ®  C y =  ( 2. 106 )
38
2 .6 .3  SECOND METHOD
The method here  d escrib ed  can be found in  Chen14as an a l t e r n a t iv e
method when th e  p re v io u s  one d escrib ed  i s  n o t a p p lic a b le .
Now c o n s id e r a g a in  th e  dynamic system g iven  by,
x =  A x +  B u 
y =  C x
where A i s  a m a tr ix  (n x n ) , B (n xp ) and C (q xn )
Suppose ag a in  t h a t  th e  o b server i s  g iven  by
z =  F z + G y + H u  ( 2 . 1 0 9  )
a (n -q )  d im en s io n a l dynamic e q u a tio n , w ith  F , G and H c o n s ta n t  
m a tr ic e s  to  be designed and w ith  d im ensions:
F ( n - q ) x ( n - q ) ,  G (n -q )x q  and H (n -q )x p
In  t h is  method th e  fo llo w in g  a lg o r ith m  i s  g iven  by Chen14, and i t  w i l l
be a p p lie d  in  t h is  re s e a rc h ,
C 2.107 ) 
( 2.108 )
( 1 )  Choose a r e a l  c o n s ta n t m a tr ix  F so t h a t  a l l  o f  i t s  e ig e n v a lu e s
have n e g a tiv e  r e a l  p a r ts  and a re  d is t in c t  from  those o f  A.
( 2 )  Choose a m a tr ix  G so t h a t  {F ,G }  i s  c o n t r o l la b le .
( 3 )  S o lve  th e  unique T  in  : TA -  FT =  GC , a Lyapunov e q u a tio n
w ith  T  a (n -q )  x n m a tr ix .
( 4 )  I f  th e  square m a tr ix  o f  o rd e r n
P = ( 2.111  )
i s  s in g u la r ,  go back to  s te p  (1 )  a n d /o r  s te p  (2 )  and re p e a t th e  
p ro cess . I f  P i s  non n o n s in g u la r , compute H =  TB. Then th e  
e q u a tio n  (2 .1 0 9 )  i s  an e s tim a te  o f  Tx and so th e  o r ig in a l  s ta te  





2 .7  THE DOYLE-STEIN OBSERVER
One o f  th e  main q u es tio n s  t h a t  must be cons idered  when d es ig n in g  an 
o b server i s  th e  robustness o f  th e  c lo sed  loop  dynamic p ro cess .
g
The o b server d escrib ed  in  t h is  s e c tio n  was developed by D o y le -S te in  
and i s  a ls o  d iscussed by F r ie d la n d 1 3 . C o n s id erin g  f i r s t  f ig u r e  ( 2 . 9 ) ,
H (s )
figure 2.9 - schematic of a general feedback control system
Where : x  =  A x  +  B u  ( 2.114 )
u =  uQ -  G x = u Q - u  ( 2.115 )
- 1
and <f>(s) =  ( s i —A) ( 2.116 )
The t r a n s fe r  fu n c tio n  from  th e  in p u t  uQ to  th e  s ta te  x i s  ,
x (s )  =  <f> B u (s )  ( 2 .117 )
Using (2 .1 1 5 )  and ( 2 .1 1 7 ) ,
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x ( s )  =  ( I+ $ B G )  1<p B Ug ( 2 .1 1 8  )
So th e  t r a n s f e r  f u n c t io n  f r o m  uQ t o  th e  s t a t e  x ,  u s in g  f u l l  s t a t e
fe e d b a c k ,  i s
H q ( s )  =  ( I  +  (p B G ) 1(p B ( 2 .1 1 9  )
HQ( s )  =  C I + ( s I - A r 1B G ] ( s i —A )- 1  B ( 2 . 1 2 0  )
Now su p p o s e  t h a t  an  o b s e r v e r  w i l l  be  u sed  w i t h  t h e  c o n t r o l  la w  a s  i n  
f i g u r e  ( 2 . 1 0 )
+
C" + +
O B S ER V ER
figure 2.10 - schematic of a general control system with control 
 _______________ law and observer.____________________________________________
T he  o b s e r v e r  i s  s im p ly  g iv e n  b y ,
x = f l x + B u + K y - K C x  ( 2 . 1 2 1 )
w h ic h  ca n  be fo u n d  i n  C h en 1 4 , d e s c r ib e d  a s  an  a s y m p to t ic  s t a t e  
e s t i m a t o r ,  t h e  o u t p u t  o f  th e  s y s te m  i s  y  =  C x  ( 2 . 1 2 2  )
and  K i s  th e  o b s e r v e r  g a in  m a t r i x .
A g a in ,  t h e  t r a n s f e r  f u n c t io n  fro m  u^ t o  x i s  r e q u i r e d ,  b u t  now t h e
in p u t  w i l l  be  : _
U ( s ) =  UQ -  G x ( s ) ( 2 . 1 2 3  )
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For an a r b i t r a r y  g a in  m a tr ix  G, th e  t r a n s f e r  fu n c tio n  from  Ug to  x in  
f ig u r e  ( 2 .1 0 )  w i l l  n o t be th e  same as t h a t  o f  f ig u r e  ( 2 .9 )  u n less  th e  
t r a n s fe r  fu n c tio n  from  u to  x in  f ig u r e  ( 2 .1 0 )  i s  th e  same as t h a t  
from  u to  x in  f ig u r e  ( 2 . 9 ) .  The t r a n s fe r  fu n c t io n  from  u to  x in  
f ig u r e  ( 2 . 9 )  i s  g iven  by ( 2 .1 1 7 ) .  From f ig u r e  (2 .1 0 )  i t  i s  p o s s ib le  
to  o b ta in ,
x (s )  =  (0 “ 1+KC)“ 1[  B u (s )  +  K C 0  B u (s )  ]  ( 2 . 1 2 4  )
The t r a n s f e r  fu n c t io n  from  u (s )  to  x (s )  g iven  by (2 .1 2 2 )  i s  
n o t g e n e ra lly  th e  same as t h a t  g iven  by (2 .1 1 7 )  as shown by
D o y le -S te in 6 . However, th e y  a re  eq u a l when th e  D o y le -S te in  c o n d it io n  
i s  s a t is f ie d
K ( I  +  C $  K )- 1  = B (C <p B )-1  ( 2 . 1 2 5  )
and w ith  th e  h e lp  o f  th e  Schur m a tr ix  in e q u a l i t y
(0 _1+  KC)_1 =  0 - 0  K (I+C  0  K )- 1 C 0  ( 2 . 1 2 6  )
i t  can be shown t h a t  (2 .1 2 4 )  becomes,
x (s )  =  [ 0  -  0  K (I+C  0  K )~ 1C 0 ]B u (s )  +
[ 0 — 0  K (I+C  0  K) 1C 0]K  C 0  B u (s ) ( 2 . 1 2 7  )
Using th e  D o y le -S te in  c o n d it io n  ( 2 .1 2 5 ) ,  th e  m a tr ix  m u lt ip ly in g  u (s )  
becomes ze ro  and th e  m a tr ix  m u lt ip ly in g  u (s )  becomes B.
Then
x ( s )  =  0  B u (s )  
which i s  th e  same as ( 2 .1 1 7 ) .
What i s  noted i s  t h a t  th e  D o y le -S te in  c o n d it io n  depends o n ly  on th e  
open-loop  c h a r a c te r is t ic s  o f  th e  o b s e rv e r; i t  i s  in dependent o f  th e  
c o n tro l g a in  G. When th e  D o y le -S te in  c o n d it io n  h o ld s , th e  t r a n s fe r  
fu n c tio n  from  th e  re fe re n c e  in p u t  Ug to  th e  s ta te  x i s  g iv e n  by
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( 2 .1 1 8 ) ,  in d ep en d en t o f  th e  o b s e rv e r. T h e re fo re  th e  dynamics o f  th e  
observer do n o t in f lu e n c e  t h is  t r a n s fe r  fu n c t io n .
Another p ro p e rty  o f  a D o y le -S te in  o b s e rv e r, i . e .  , an o b server  
s a t is fy in g  th e  D o y le -S te in  c o n d it io n , i s  o b ta in e d  by computing th e  
t r a n s fe r  fu n c t io n  from  th e  o b servab le  o u tp u t y  to  th e  s ta te  e s tim a te
x . R e fe r r in g  to  f ig u r e  ( 2 .1 0 )  i t  i s  p o s s ib le  to  see t h a t :
x =  (4,“ 1+KC)“ 1Ky -  (<jT1+KC)“ 1BG x ( 2 .1 28 )
b u t, by th e  D o y le -S te in  c o n d it io n ,
(0_1+  KC)_ 1 B =  0 ( 2.129 )
T h is  means t h a t  th e  t r a n s fe r  fu n c t io n  from  y  to  th e  e s tim a te d  s ta te  x 
does n o t e n t a i l  feedback o f  th e  c o n tro l s ig n a l u . The path  from  u 
to  z may be o m itte d . So i f  K ( t h e  ob server g a in  ) can be s e le c te d  to  
s a t is f y  th e  D o y le -S te in  c o n d it io n  ( 2 .1 2 5 ) ,  th e  c lo s e d -lo o p  system  o f  
f ig u r e  ( 2 .1 0 )  can be re p la c e d  by t h a t  shown in  f ig u r e  ( 2 .1 1 ) .
-t-
figure 2.11 - schematic of control system with Doyle-Stein 
observer.
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Since th e re  i s  no feedback from  th e  c o n tro l u to  th e  o b s e rv e r th rough  
th e  c o n tro l d is t r ib u t io n  m a tr ix  B, th e  o b server t r a n s f e r  fu n c t io n ,
Hq ( s ) =  ( 0- 1 +  K C )_1K =  ( s i  — A +  KC)_1 K ( 2 .1 3 0  )
i s  th e  same as i t  would be fo r  th e  un fo rced  system x =  A x , w ith
o u tp u t e q u a tio n  y  =  C x .
The Doyle—S te in  c o n d it io n  has a n o th er in t e r e s t in g  in t e r p r e t a t io n ,  t h a t
i s ,  th e  l e f t  hand s id e  o f  (2 .1 2 5 )  can be w r i t t e n  as ,
K (I+C  0  K) 1 =  K [ I+ C (s I -A )“ 1K]“ 1 =  ( s i —a ) ( s l —A+KC)_ 1 K (2 .1 3 1 )
and th e  D o y le -S te in  c o n d it io n  can be w r i t t e n  a s ,
( s i —A)Hq ( s ) =  B [C (s I-A )“ 1B]“ 1 ( 2 .1 3 2  )
thus th e  t r a n s fe r  fu n c tio n  o f  a D o y le -S te in  o b server i s ,
H q (s ) =  ( s I - A ) “ 1B [C (s I-A )B ]“ 1 C 2 .1 3 3  )
And th e  c lo s e d -lo o p  system o f  f ig u r e  ( 2 .1 1 )  can be d e p ic te d  as shown 
in  f ig u r e  ( 2 .1 2 ) .
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figure 2.12 - Alternate representation of closed-loop system 
w i t h  D o y l e - St e in  observer.
R e fe r r in g  to  f ig u r e  (2 .1 2 )  i t  may 
from  uQ to  x i s  s im p ly ,
Hc (s )  =  (J> B (I+ G  0  B)"*1
which i s  th e  same as th e  t r a n s fe r  
when f u l l  s ta te  feedback is  used, 
be o b ta in e d ,
x =  0  B u 
u =  Uq— G 0  B u 
u =  (I+G  0  B) *Uq 
x =  0 B (I+G  0 B) V
be seen t h a t  th e  t r a n s fe r  fu n c t io n
( 2.134 )
fu n c t io n  o f  th e  c lo sed  loop  system  
From f ig u r e  ( 2 .9 )  th e  fo l lo w in g  may
( 2.135 ) 
C 2.136 ) 
( 2.137 ) 
( 2.138 )
The t r a n s fe r  fu n c t io n  in  th e  presence o f  th e  c lo sed  loop  p ro cess , w ith  
a D o y le -S te in  o b server in  p la c e , i s  th e  same as i t  would be fo r  
f u l l - s t a t e  feed b ack .
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In  o rd e r f o r  a D o y le -S te in  o b server to  e x is t  i t  i s  necessary  t h a t  th e  
o pen-loop  system be s q u are , i . e . ,  t h a t  th e re  a re  e x a c t ly  as many 
o u tp u ts  as in p u ts . O therw ise  th e  open loop  m a tr ix
C <p B =  C (s l—A )~ aB
would n o t be a square m a tr ix  and i t s  in v e rs e , needed in  th e
c a lc u la t io n  o f  HQ( s )  in  (2 .1 3 3 )  would n o t be d e fin e d . However, th e  
D o y le -S te in  c o n d it io n  has been g e n e ra liz e d  to  nonsquare systems by 
Madiwale and W ill ia m s 6 1 .
Note t h a t  th e  t r a n s fe r  fu n c tio n  o f  th e  D o y le -S te in  o b server H ^ (s ) i s  :
a d j[C  a d j ( s I - A )  B ]
H _ (s ) =  a d j ( s I - A )  B ----------------------------------------------  ( 2 .1 3 9  )
| C a d j ( s I - A )  B |
The denom inator o f  HQ(s )  is  thus th e  d e te rm in a n t o f  th e  num erator o f  
th e  t r a n s fe r  m a tr ix  o f  th e  open loop  a i r c r a f t ,  t h a t  i s ,  th e
tra n s m is s io n  zero s  o f  th e  a i r c r a f t .  C onsequently , i f  th e  o pen -loop  
a i r c r a f t  has one o r more tra n s m is s io n  ze ro s  in  th e  r ig h t  h a l f  o f  th e  
s -p la n e  ( t h a t  i s ,  nonminimum phase ze ro s  ) then  a s ta b le  D o y le -S te in  
ob server does n o t e x is t .
I f  i t  i s  n o t p o s s ib le  to  r e a l iz e  an o b server having  a l l  th e  p ro p e r t ie s  
o f  a D o y le -S te in  o b s e rv e r, i t  may be p o s s ib le  to  design  an o b serve r  
t h a t  has some o f  i t s  p r o p e r t ie s . For exam ple,
-  Makes th e  c lo s e d -lo o p  t r a n s fe r  fu n c tio n  from  uQ to  x th e  same as
i t  i s  fo r  f u l l  s ta te  feed b ack .
-  Has i t s  p o les  a t  th e  tra n s m is s io n  ze ro s  o f  th e  open loop  a i r c r a f t .
-  Does n o t re q u ire  feedback o f  th e  c o n tro l s ig n a l and thus has a 
c o n s ta n t t r a n s fe r  fu n c tio n  independent o f  th e  c o n tro l g a in .
An ob server having  some, i f  n o t a l l ,  o f  th ese  p ro p e r t ie s  m ig h t be 
c a l le d  a ro b u s t o b s e rv e r.
3 . CONTROL LAW DESIGN TO SATISFY THE GIBSON DROPBACK CRITERION 
AND THE MIL—F—8785C FLYING QUALITIES REQUIREMENTS
3 .1  INTRODUCTION
In  o rd e r to  design  a c o n tro l la w , such t h a t  w ith  t h is  c o n tro l law  th e  
a i r c r a f t  s a t is f i e s  both  M IL -F -8785C 4 ( CAP ) and th e  Gibson dropback
c r i t e r i o n 1, two methods have been used, p o le -p la c e m e n t and an o p tim a l 
design  m ethod. The g u id e lin e s  to  th e  p o le -p la c e m e n t method used a re  
those d escrib ed  above in  c h a p te r 2 , s e c tio n  2 . 4 . 2 ,  a ls o  as d escrib ed  
in  th e  notes o f  Cook62 and in  p a r t ic u la r  th e  method developed in  
F r ie d la n d 13.
The method used f o r  th e  O ptim al c o n tro l law  design  was a ls o  d escrib ed  
in  c h a p te r 2 , s e c tio n s  2 .5 .2  and 2 . 5 .3 ,  and a ls o  in  re fe re n c e s  such as
13 17 19F r ie d la n d  ,Anderson-M oore , Lewis and o th e rs . The approach  
developed by F r ie d la n d  has been fo llo w e d  in  t h is  work s in c e  h is  
approach i s  an e n g in e e rin g  approach. The s u b je c t  a i r c r a f t  used in  th e  
design  s tu d ie s  was a s m a ll p e r tu rb a t io n  model o f  th e  Boeing B -747  
s in c e  some aerodynam ic d a ta  was a v a i la b le .  The a i r c r a f t  m a th em atica l
model used in  th e  design  s tu d ie s  i s  c o m p le te ly  d e s c rib e d  in
12O liva -C o o k  , and d a ta  f o r  f i v e  f l i g h t  c o n d it io n s  i s  g iven  in  appendix  
A. The design  was c a r r ie d  o u t f o r  a l l  18 f l i g h t  c o n d it io n s  b u t o n ly  
f i v e  a re  p resen ted  in  t h is  w ork, th a t  i s ,  one case f o r  each a l t i t u d e ,  
1000 f t ,  10000 f t ,  20000 f t ,  30000 f t  and 40000 f t ,  in  o rd e r to  be 
re p re s e n ta t iv e  o f  th e  f l i g h t  envelope o f  th e  a i r c r a f t .  The f l i g h t  
c o n d it io n s  an a lyzed  cover th e  a i r c r a f t  envelope from  sea le v e l  to  
40000 f t  a l t i t u d e  and from  Mach 0 .3 0  to  Mach 0 .9 0 .  The a i r c r a f t  was 
assumed to  be in  a c ru is e  c o n f ig u ra t io n  a t  a l l  f l i g h t  c o n d it io n s  and 
o b v io u s ly  th e  c o n tro l law  designs a re  n o t v a l id  fo r  o th e r  
c o n f ig u ra t io n s . The d a ta  co n ta in ed  in  H e f f le y 11 f o r  th e  Boeing B—747 
i s  a lm o st a l l  r e la t iv e  to  th e  c ru is e  c o n f ig u ra t io n  w ith  few  
aerodynam ic da ta  f o r  la n d in g  o r ta k e  o f f  c o n f ig u ra t io n s . The B -747  
i s  co n s id ered  a c la s s  I I I  a i r c r a f t  acco rd in g  to  M IL -F -8785C  
c la s s i f ic a t io n ,  and fo r  th e  c ru is e  c o n f ig u ra t io n  th e  f l i g h t  phase i s  
considered  c a t .B .  So th e  requ irem ents  o f  M IL-F -8785C  f o r  th e  
lo n g itu d in a l  s h o r t  p e rio d  mode c h a r a c te r is t ic s  a re  th e  fo llo w in g  :
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f o r  le v e l  1 0 .0 8 5  £  CAP £  3 .6
f o r  le v e l  2 0 .0 3 8  <; CAP £  1 0 .0
f o r  le v e l  1 0 .3 0  £  F £  2 .0
SP
f o r  le v e l  2 0 .2 0  £  r  £  2 .0
sp
fo r  le v e l  3 r  £  0 .1 5
sp
For th e  phugoid mode th e  req u irem en ts  a re  as fo llo w s :
fo r le v e l 1
c ph
£ 0 .0 4 0
f o r le v e l 2
c ph
£ 0 .0
fo r le v e l 3 T
2
£ 55 seconds
where i s  th e  tim e  to  double am p litu d e  i f  th e  mode i s  u n s ta b le .
T a b le  ( 3 .1 )  l i s t s  th e  b a s ic  a i r c r a f t  lo n g itu d in a l  c h a r a c te r is t ic s  and 
t a b le  ( 3 . 2 )  l i s t s  th e  lo n g itu d in a l  open loop  p o les  o f  th e  b a s ic  
a i r c r a f t .














3 1 .6 1 9 0 .6 3 0 .0 5 8 0 .0 8 3 1 .0 0 0 .1 3 1000 0 .6 0
6 1 .3 3 8 0 .5 1 0 .0 7 0 0 .0 4 0 1 .5 8 0 .1 3 20000 0 .7 0
9 0 .9 9 2 0 .4 1 0 .0 5 2 0 .0 6 2 2 .8 5 0 .1 2 40000 0 .8 0
13 1 .0 7 0 0 .5 3 0 .1 1 5 0 .0 5 0 1 .7 9 0 .1 5 10000 0 .4 0
17 1 .1 0 0 0 .4 4 0 .0 7 1 0 .0 5 1 2 .3 3 0 .1 3 30000 0 .7 0
O b vio u s ly  th e  B-747 a lre a d y  s a t is f ie s  M IL -F -8785C  w ith o u t  th e  a d d it io n  
o f  a c o n tro l la w , however i t  does n o t s a t is f y  th e  Gibson dropback  
c r i t e r io n .
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TABLE 3 .2  -  OPEN LOOP POLES OF THE BASIC AIRCRAFT
FCO s h o r t -p e r io d phugoid h
(ft)
Mach
3 - 1 .0 2  ±  i  1 .2 5 -0 .0 0 4 9  ±  i  0 .0 5 8 0 1000 0 .6 0
6 - 0 .6 8  ±  i  1 .1 5 -0 .0 0 2 8  ±  i  0 .0 7 0 0 20000 0 .7 0
9 - 0 .4 0  ±  i  0 .9 0 -0 .0 0 3 2  ±  i  0 .0 5 1 6 40000 0 .8 0
13 - 0 .5 6  ±  i  0 .9 1 -0 .0 0 6 1  ±  i  0 .1 1 5 8 10000 0 .4 0
17 - 0 .4 9  ±  i  0 .9 8 -0 .0 0 3 6  ±  i  0 .0 7 0 9 30000 0 .7 0
3 .2  CONTROL LAW STRUCTURE
The design  i s  c a r r ie d  o u t fo r  a r a te  com m and-attitude h o ld  c o n tr o l  la w  
in c lu d in g  a p ro p o r t io n a l p lu s  in t e g r a l  c o n t r o l le r  a c t in g  on p itc h  r a te  
and an g le  o f  a t ta c k ,  both  fe d  back to  e le v a to r .  Modern a i r c r a f t  w ith  
t h is  s t r u c tu r e  o f  c o n t r o l le r  have shown good h a n d lin g  q u a l i t i e s .  The 
p ro p o r t io n a l feedback enab les  th e  r a te  corranand c h a r a c te r is t ic s  to  be 
designed as re q u ire d  and th e  in t e g r a l  feedback d r iv e s  th e  e r r o r  s ig n a l  
to  z e ro , and so good lo n g e r te rm  "h o ld in g "  c h a r a c t e r is t ic s  a re  
o b ta in e d . As th e  in t e g r a l  o f  p i t c h - r a t e  i s  p i t c h - a t t i t u d e  th e  
a t t i t u d e  h o ld  c h a r a c t e r is t ic  i s  i m p l i c i t  in  t h is  k in d  o f  c o n t r o l le r .
The design  beg ins w ith  th e  s h o r t  p e r io d  reduced o rd e r model o f  th e  
a i r c r a f t ,
x =  A x +  B r? ( 3 .1 )
RO RO RO RO '
where x j  =  [  w q 3 and 17 i s  th e  e le v a to r  d is p la c e m e n t.
A i s  th e  s ta te  m a tr ix  o f  th e  s h o r t  p e r io d  reduced o rd e r m odel.
RO
B i s  th e  c o n tro l m a tr ix  o f  th e  s h o r t  p e r io d  reduced o rd e r m odel.
RO r
A and B a re  a ls o  g iven  in  appendix A.
RO RO *
I t  i s  necessary  to  in c lu d e  an e x t r a  s ta te  in  o rd e r to  a llo w  fo r  
th e  p itc h  r a te  e r r o r  d e fin e d  by:
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£ =  q -  q
q dp
( 3 . 2 )
and
£ =  f  (q  -  ) d tq J dp
(3.3)
where £ i s  th e  in t e g r a l  o f  th e  e r r o r .
q
So, w ith  th e  a d d it io n  o f  t h is  e x tra  s ta te  th e  s ta te  e q u a tio n  ( 3 .1 )  i s  








O r, ( 3 .4 )  can be w r i t t e n  as :
x =  A x  +  B r j  +  E q









A = (3.7) , B =






Now th e  c o n tro l law  w i l l  be o f  th e  form:
n =  -G  x +  G q
' 0 dp
( 3.10)
which i s  e x a c t ly  th e  form  developed in  c h a p te r 2 , f o r  both  design  
methods, p o le -p la c e m e n t and o p tim a l c o n t r o l .  O b v io u s ly  G i s  th e  
feedback g a in  v e c to r  and G  ^ i s  th e  fe e d fo rw a rd  g a in . The a i r c r a f t  
w ith  t h is  c o n tro l law  i s  shown on f ig u r e  ( 3 . 1 ) ,  and th e  feedback g a in  
v e c to r  w i l l  be o f  th e  form :





- £ -  £
A IR C RA F T
D YNAMICS
figure 3.1 - control law structure a d opted in the design.
S u b s t itu t in g  (3 .1 0 )  in t o  ( 3 .5 )  th e  c lo sed  loop  eq u a tio n  o f  th e  system  
i s  o b ta in e d  as :
x =  (A -  BG) x +  (BG +  E ) q (3 .1 2 )
0 dp
where q i s  th e  p i l o t  in p u t  to  be tra c k e d , o r in  o th e r  w ords, as in
dp
c h a p te r  2 , i t  i s  th e  exogenous v a r ia b le .
3 .3  THE POLE-PLACEMENT METHOD
The f i r s t  design i s  c a r r ie d  o u t by p o le -p la c e m e n t as d e s c rib e d  in  
c h a p te r 2 . The problem  i s  to  f in d  th e  feedback g a in s  and th e  
fe e d fo rw a rd  g a in  such t h a t  th e  augmented a i r c r a f t  s a t is f ie s :
— MIL—F—8785C, o r more s p e c i f i c a l ly  CAP re q u ire m e n ts .
( I t  i s  known t h a t  th e  a i r c r a f t  a lre a d y  s a t is f i e s  th e  CAP )
— Gibson dropback c r i t e r io n .
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— The augmented a i r c r a f t  should  behave in  a second o rd e r l i k e  
way, t h a t  i s ,  th e  a d d it io n a l  dynamics in tro d u c e d  by th e  
c o n t r o l le r  should n o t be v is ib le  to  th e  p i l o t  in  th e  a i r c r a f t  
response to  c o n tro ls .
— The in t e g r a l  term  in  th e  c o n tro l law  should  have a tim e  
c o n s ta n t com parable w ith  th e  s h o r t  p e r io d  n a tu r a l  fre q u e n c y .
As a lre a d y  known from  e q u a tio n  ( 3 .1 0 ) ,  G w i l l  c o m p le te ly  s p e c ify  th e  
c lo sed  loop  p o les  and hence th e  s t a b i l i t y  o f  th e  c lo sed  loop  system . 
I t  i s  necessary  to  choose th re e  p o le s , as th e  c h a r a c te r is t ic  e q u a tio n  
o f  th e  c lo sed  loop  system i s  o f  t h i r d  o rd e r . So w ith  eq u a tio n  ( 2 .9  ) 
fo r  CAP and eq u a tio n  (3 .1 4 )  f o r  dropback, which i s  d e r iv e d  in  appendix  
B, i t  i s  p o s s ib le  to  b u ild  a system w ith  two eq u a tio n s  f o r  two
unknowns, t h a t  i s  g) and r
sp sp
So th e  e q u a tio n s :
g t  w2 T co - 2 c
CAP =  --------— — 2P_ ( 3 . 13 ) and DB = — -  sp-----------------------------( 3 . 14 )
V ae sp
a re  th e  b a s is  f o r  th e  s h o r t  p e r io d  mode p o le  a l lo c a t io n .
In  e q u a tio n  (3 .1 4 )  by choosing DB =  0 an eq u a tio n  r e la t in g  g) and r
sp sp
i s  o b ta in e d . Now w ith  e q u a tio n  (3 .1 3 )  i t  i s  p o s s ib le  to  assess i f  th e  
cho ice  o f  g) s a t is f i e s  th e  CAP re q u ire m e n t. I f  so , w ith  th e  choosen
sp
v a lu e  o f  g) i t  i s  p o s s ib le  to  o b ta in  r  from  e q u a tio n  (3 .1 4 ) .  In
sp sp
t h is  way two c lo sed  loop  p o les  a re  s p e c if ie d  which s a t is f y  th e  CAP 
re q u irem en t and th e  dropback c r i t e r io n .  T h is  p rocedure to  f in d  g)
sp
and r  i s ,  in  f a c t ,  a s im p le  i t e r a t i v e  p ro ced u re . Now, i t  i s
sp
necessary  to  choose th e  t h i r d  p o le  o f  th e  c h a r a c t e r is t ic  e q u a tio n  o f  
th e  c losed  loop system . To choose t h is  t h i r d  p o le  i t  i s  necessary  to  
ta k e  in to  account t h a t  in  o rd e r to  m a in ta in  second o rd e r l i k e  dynamics 
o f  th e  augmented a i r c r a f t  i t  i s  im p o rta n t n o t to  in tro d u c e  s ig n i f i c a n t  
changes to  th e  o v e r a l l  g a in  and phase a t  fre q u e n c ie s  c lo s e  to  th e  
s h o rt  p e rio d  n a tu r a l  fre q u e n c y . As seen from  ta b le  ( 3 .1 )  th e  s h o r t  
p e rio d  n a tu ra l freq u en cy  i s  around 1 ra d /s e c  ( excep t fo r  f l i g h t  
c o n d it io n s  3 and 6 ) ,  and so t h is  t h i r d  p o le  i s  chosen as s =  - 1 .  A 
b e t te r  design can be ach ieved  i f  th e  p o le  i s  chosen based on th e  s h o r t
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p e rio d  n a tu r a l freq u en cy  a t  each f l i g h t  c o n d it io n . However, fo r
s im p l ic i t y ,  i t  i s  reaso n ab le  to  c o n s id e r t h is  t h i r d  p o le  c o n s ta n t o ver  
th e  f l i g h t  e n ve lo p e . So, in  t h is  way, th e  th re e  c lo sed  loop  p o les  
have been s e le c te d  and th e  c lo sed  lo o p  e q u a tio n  to  be s a t is f ie d  is  
s im p ly :
2 2( s  + 2 r  a) s +  co ) ( s +  1 ) =  0 (3 .1 5 )
sp sp sp
and w ith  th e  a id  o f  HATLAB th e  feedback g a in  v e c to r  can e a s i ly  be 
o b ta in e d .
The fe e d fo rw a rd  g a in  Gq i s  s im p ly  o b ta in e d  from  ( 2 .5 3 ) ,  o r :
G = [C (A -B G )“ 1B]“ 1C (A-BG)_1E (3 .1 6 )
0
where C is  g iven  b y :  C =  [  0 1 0 ]
s in c e  y  =  C x and so y  =  q .
A, B, E and G a re  a lre a d y  d e fin e d  in  ( 3 . 7 ) ,  ( 3 . 8 ) ,  ( 3 .9 )  and ( 3 .1 1 )  
r e s p e c t iv e ly .
In  ta b le  (3 .2 -A )  th e  c o n tro l law  g a in s  o b ta in e d  w ith  t h is  des ig n  a re  
sum arized and in  ta b le  ( 3 .3 )  th e  correspond ing  s h o r t  p e r io d
c h a r a c te r is t ic s  a re  l i s t e d .
TABLE 3.2-A -- CONTROL LAW GAINS
FC# K K K G h Mach
w q e 0
„ -1 qft sec sec rad sec ft
3 0.0012 -0.588 -1.219 -1.219 1000 0.60
6 0.0012 -0.889 -1.183 -1.183 20000 0.70
9 0.0011 -1.875 -1.697 -1.697 40000 0.80
13 0.0026 -1.094 -1.270 -1.270 10000 0.40
17 0.0013 -1.249 -1.252 -1.252 30000 0.70
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3 - 1 .0 8  ±  i  1 .1 1 - 1 1 .5 5 0 .7 0 0 .1 1 7 1000 0 .6 0
6 - 1 .0 2  ±  i  0 .6 3 - 1 1 .2 0 0 .8 5 0 .1 0 1 20000 0 .7 0
9 - 1 .6 1  ±  i  0 .4 5 - 1 0 .8 5 1 .2 1 0 .0 8 6 40000 0 .8 0
13 - 0 .5 8  ±  i  0 .5 9 - 1 0 .8 3 0 .7 0 0 .0 9 2 10000 0 .4 0
17 - 0 .8 6  ±  i  0 .2 5 - 1 0 .9 0 0 .9 6 0 .0 8 7 30000 0 .7 0
From th e  r e s u lts  i t  was n o tic e d  t h a t  in  o rd e r to  s a t is f y  th e  dropback  
c r i t e r io n  th e  CAP a t  h igh  a l t i t u d e s  ( 30000 f t  and 40000 f t  ) becomes 
m a rg in a l. T h is  can be e x p la in e d  s in c e  in  o rd e r to  s a t is f y  th e  
dropback c r i t e r io n  ( 3 .1 4 )  i t  i s  necessary  to  decrease th e  s h o r t  p e r io d  
n a tu r a l fre q u e n c y . In  f a c t  t h is  i s  n o t a good design  p h ilo s o p y , s in c e  
reduc ing  th e  s h o r t  p e r io d  n a tu r a l freq u en cy  a ls o  reduces th e  a i r c r a f t  
bandw id th .
In  f ig u r e  ( 3 .2 )  p lo ts  o f  th e  augmented a i r c r a f t  a re  shown w ith  re s p e c t  











FC 5 FC 12,13,14
OS/q 88 8 8
figure 3.2 - Dropback c r i te r io n  plot of the p o l e - p la c em e nt  design.
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3 .4  THE OPTIMAL CONTROL LAW METHOD
An a l t e r n a t iv e  design  i s  now perform ed using  o p tim a l c o n tro l methods 
as d e scrib ed  in  c h a p te r 2 . The c o n tro l law  s t ru c tu re  i s  th e  same as 
b e fo re , b u t th e  approach i s  now c o m p le te ly  d i f f e r e n t .  I t  must be 
m entioned t h a t  a f i r s t  approach fo llo w in g  A thans6 3 ,and then  P a rk e r64 
f a i l e d  to  g iv e  designs t h a t  s a t is f ie d  th e  Gibson dropback c r i t e r io n  
s in c e  both approaches o n ly  gave th e  feedback g a in s . O b v io u s ly , both  
designs gave ze ro  s te a d y  s ta te  e r r o r  a t  a l l  f l i g h t  c o n d it io n s . A 
b e t te r  design  approach subseq u en tly  adopted f o r  t h is  w ork , i s  th e  
approach sugested by F r ie d la n d 13 which i s  a ls o  d escrib ed  in  c h a p te r 2 .  
I t  i s  necessary  to  emphasize ag a in  h e re , t h a t  i t  i s  n o t a necessary  
p r e r e q u is ite  to  choose th e  c lo sed  loop  p o le s . The approach now is  to  
work w ith  th e  perform ance in d e x :
oo
r T  T
V  «  ( x Q x  +  r) R rj ) dr  (3.17)
t
as d e scrib ed  in  c h a p te r 2 ( a l t e r n a t iv e  perform ance in d ic e s  can be
\  8found in  Lew is-S tevens ) .  The s ta te  v e c to r  i s  g iven  by ( 3 .6 )  and r)
i s  th e  e le v a to r  d is p la c e m e n t. The m a tr ix  Q i s  th e  s t a te  w e ig h tin g
m a tr ix  and th e  m a tr ix  R i s  th e  c o n tro l w e ig h tin g  m a tr ix .  In  th e  ch o ice
o f  th ese  two m a tr ic e s , no te  t h a t  in  t h is  case R i s  a s c a la r ,  th e
g u id e lin e s  g iven  by F r ie d la n d 13 and Brogan60 a re  fo llo w e d ; a ls o
a lre a d y  d e scrib ed  in  c h a p te r tw o . In  t h is  problem  i t  i s  p o s s ib le  to
a ch ieve  good v a lu e s  f o r  Q and R by means o f  a p a ra m e tr ic  s tu d y  as
sugested by F r ie d la n d 13. O b vio u s ly  Q i s  a (3 x 3 ) m a tr ix  and s in c e  th e
design  is  m a in ly  concerned w ith  th e  m aintenance o f  ze ro  s te a d y  s ta te
e r r o r  o n ly  th e  s ta te  " £ " w i l l  be w eigh ted  in  th e  perform ance in d e x .
q
In  v iew  o f  t h is  a s u ita b le  cho ice  fo r  th e  s ta te  w e ig h tin g  m a tr ix  i s ,
0 0 0
Q = 0 0 0 (3.18)
0 0 1
The s ta te s  w and q a re  n o t w eighted  because i t  i s  n o t as im p o rta n t
t h a t  th e y  go to  ze ro  as i t  i s  f o r  £ . So w ith  t h is  ch o ice  o f  Q a
q
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p a ra m e tr ic  s tu d y  can be perform ed v a ry in g  th e  param eter R, as a ls o  
advised  by P o w e ll-F ra n k lin -N a e im i7 . For each p a ir  ( Q,R ) th e  c lo sed
loop  p o le s , feedback g a in s , CAP, 0  and r  can be o b ta in e d  and
sp - sp
e v a lu a te d  a g a in s t  th e  s p e c if ic a t io n  re q u ire m e n ts . T h is  i s  th e  f i r s t
s tep  o f  th e  design  m ethod, and is  e a s i ly  perform ed w ith  MATLAB Having
d e fin e d  A, B, Q, and R MATLAB g iv e s  G and th e  a lg e b ra ic  R ic c a t i
m a tr ix  M  ^ ( as m entioned in  c h a p te r 2 ) t h a t  i s  re q u ire d  in  th e
c a lc u la t io n  o f  G .
0 _
I t  i s  obvious t h a t  Gq i s  o b ta in e d  from  e q u a tio n  (2 .8 0 )  where i s  th e
a lg e b ra ic  R ic c a t i  m a tr ix  o b ta in e d  when th e  above re g u la to r  problem  is
s o lv e d . I t  i s  c le a r  t h a t  t h is  i s  an i t e r a t i v e  procedure t h a t  can be
sum arized as fo llo w s ;
( i )  S o lve th e  re g u la to r  problem  w ith  A, B, 0 and R, t h is  w i l l  
g iv e  th e  feedback g a in  v e c to r  G, and th e  a lg e b ra ic  R ic c a t i  
m a tr ix  M
1
( i i )  Look a t  th e  c losed  loop  p o les  o b ta in e d . I t  i s  n o t d e s ira b le  
t h a t  th e  c losed  loop  p o les  be lo c a te d  too  f a r  from  th e  open 
loop  p o le s . Look a ls o  a t  th e  feedback g a in  o b ta in e d , i t  i s  
n o t d e s ira b le  to  o b ta in  h igh  g a in s  s ay , f o r  example maximum 
m agnitudes o f  4 . F in a l ly  check t h a t  CAP is  s a t is f ie d  u s ing  
e q u a tio n  ( 3 .1 3 ) .
( i i i )  O b ta in  Gq , w ith  th e  h e lp  o f  e q u a tio n  (2 .8 0 )
( i v )  W ith  G and Gq o b ta in e d  v e r i f y  t h a t  th e  augmented a i r c r a f t  
s a t is f i e s  th e  dropback c r i t e r io n .  Check t h a t  th e  g a in s  a re  
n o t to o  h igh  and t h a t  CAP is  s a t is f ie d ,  i f  n o t go back to  
s te p  ( i )  and change th e  param eter R.
T h is  i s  b a s ic a l ly  th e  approach g iven  by F r ie d la n d 13, which i s  an
6 Oe n g in e e rin g  approach. I t  i s  a ls o  g iven  by Brogan and
P o w e ll-F ra n k lin -N a e im i7 . E xperience  has shown t h a t  t h is  d es ign  
procedure i s  v e ry  e a s i ly  perform ed and compares fa v o u ra b ly  w ith  th e  
p o le  p lacem ent design  p ro ced u re . In  f a c t  one can o b ta in  th e  c o n tro l  
law  g a in s  v e ry  q u ic k ly  w ith  th e  o p tim a l c o n tro l method compared w ith  
p o le -p la c e m e n t design  method. In  a d d it io n ,  i t  i s  c le a r  t h a t  no a tte m p t  
i s  made to  choose th e  po les  o f  th e  c lo sed  loop  e q u a tio n  s in c e , f i r s t ,  
i t  i s  n o t necessary  in  th e  design p ro ced u re , and second, th e  ch o ice  o f
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one p aram eter ( R ) i s  more e a s i ly  made than  th e  cho ice  o f  th re e  p o les  
in  th e  s -p la n e . I t  must a ls o  be m entioned here  t h a t  th e  p o le  p lacem ent 
method o b ta in s  th e  fe e d fo rw a rd  g a in  fo r  p e r fe c t  ze ro  s te a d y  s ta te  
e r r o r ,  s in c e  i t s  c a lc u la t io n  i s  based on p o le -z e ro  c a n c e l la t io n .  The 
o p tim a l c o n tro l method o b ta in s  a fe e d fo rw a rd  g a in  t h a t  does n o t g iv e  a 
p e r fe c t  s te a d y  s ta t e  ze ro  e r r o r ,  b u t f o r  e n g in e e rin g  c o n s id e ra tio n s  
c lo s e  enough. In  f a c t  as th e  c o n tro l w e ig h t R goes to  ze ro  th e  s te a d y  
s ta te  e r r o r  a ls o  goes to  z e ro .
In  ta b le  ( 3 .4 )  th e  c o n tro l law  g a in s  o b ta in e d  by o p tim a l c o n tro l a re  
l i s t e d  to g e th e r  w ith  th e  s e le c te d  c o n tro l w e ig h t R, and t h is  ta b le  can 
be compared w ith  ta b le  ( 3 .2 )  which r e fe r s  to  th e  p o le -p la c e m e n t  
m ethod. In  ta b le  ( 3 . 5 )  th e  s h o r t  p e r io d  c h a r a c te r is t ic s  o b ta in e d  w ith  
th e  o p tim a l method a re  surrcnarized, and can be compared w ith  those  o f  
ta b le  ( 3 .3 )  o b ta in e d  by p o le  p lacem ent.
TABLE 3.4 - CONTROL LAW GAINS
FC# K K K G R h Nach
w q e 0
-1 qf  t  sec sec rad sec f t
3 0.0002 -0.1348 -0.3162 -1.290 10 1000 0.60
6 0.0003 -0.2157 -0.4470 -1.280 5 20000 0.70
9 0.0005 -0.5433 -0.8160 -1.720 1.5 40000 0.80
13 0.0006 -0.2800 -0.4470 -1.910 5 10000 0.40
17 0.0004 -0.2570 -0.4470 -1.540 5 30000 0.70










3 - 1 .0 3  ±  i  1 .2 7 - 0 .2 3 1 .6 4 0 .6 3 0 .1 3 0 1000 0 .6 0
6 - 0 .7 5  ±  i  1 .2 0 - 0 .2 7 1 .4 2 0 .5 3 0 .1 4 0 20000 0 .7 0
9 - 0 .6 1  ±  i  1 .0 3 - 0 .2 4 1 .1 9 0 .5 1 0 .1 7 0 40000 0 .8 0
13 - 0 .6 0  ±  i  0 .9 3 - 0 .1 9 1 .1 1 0 .5 4 0 .1 7 0 10000 0 .4 0
17 - 0 .5 6  ±  i  1 .0 3 - 0 .2 1 1 .1 8 0 .4 8 0 .1 5 0 30000 0 .7 0
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In  f ig u r e  ( 3 .3 )  a p lo t  o f  th e  augmented a i r c r a f t  w ith  th e  o p tim a l
c o n tro l law  design  w ith  re s p e c t to  th e  dropback c r i t e r io n  i s  shown.
A p re lim in a ry  comparison o f  both designs shows t h a t :
— The o p tim a l c o n tro l law  design  s a t is f ie s  th e  CAP re q u ire m e n t  
b e t te r  than  th e  p o le -p la c e m e n t d e s ig n . T h is  can be seen s in c e  th e  
p o les  have moved le s s  w ith  re s p e c t to  th e  open loop  a i r c r a f t  in  
th e  o p tim a l design  than  in  th e  p o le -p la c e m e n t d e s ig n .
— In  both designs th e  most d i f f i c u l t  f l i g h t  c o n d it io n  corresponds  
w ith  40000 f t ,  a f a c t  in d ic a t in g  t h a t  th e  design  must be c a r r ie d  
o u t f o r  s e v e ra l f l i g h t  c o n d it io n s  in  o rd e r to  o b ta in  an id e a  o f  
how i t  works Thus th e  a n a ly s is  o f  a few  f l i g h t  cases o n ly  can 
sometimes le a d s  to  wrong c o n c lu s io n s .
— The o p tim a l design  alw ays g iv e s  an augmented a i r c r a f t  w ith  an 
o s c i l la t o r y  s h o r t  p e rio d  mode. T h is  i s  good s in c e  th e  second 
o rd e r l i k e  c h a r a c te r is t ic s  a re  m a in ta in e d .
— The fe e d fo rw a rd  g a in  o f  th e  o p tim a l design  i s  alw ays g re a te r  than  
t h a t  o f  th e  p o le -p la c e m e n t d e s ig n , a f a c t  t h a t  le a d s  to  a lo w e r  
freq u en cy  in te g r a to r  p o le , b u t a ls o  to  a h ig h e r c o n tro l e f f o r t  
w ith  re s p e c t to  th e  re fe re n c e  in p u t .
— T h is  p re lim in a ry  design  re s u lts  in  lo w er feedback g a in s  in  th e  
o p tim a l c o n tro l law  d e s ig n , a f a c t  t h a t  g iv e s  lo w er c o n tro l e f f o r t  

















D ropback cri te r io n  plot of the optimal control design
The r e s u lts  o f  both design  e x e rc is e s  show t h a t  th e  o p tim a l c o n tro l law  
design  o b ta in s  an augmented a i r c r a f t  t h a t  b e t te r  s a t is f i e s  n o t o n ly  
th e  dropback c r i t e r io n  b u t a ls o  th e  CAP ( MIL—F-8785C ) re q u ire m e n t. 
To a tte m p t to  choose th e  c losed  loop  p o le  lo c a t io n s  was n o t as 
s u c c e s s fu l as th e  a tte m p t to  choose th e  c o n tro l w e ig h t R. In  th e  p o le  
placem ent method th e  procedure fo r  a l lo c a t in g  th e  s h o r t  p e rio d  c lo sed  
loop  p o les  has le a d  to  th e  re d u c tio n  o f  a) in  o rd e r to  s a t is f y  th e
sp
dropback c r i t e r io n ,  which i s  n o t good p r a c t ic e ,  as m entioned . To 
sum m arize, i t  i s  p o s s ib le  to  conclude t h a t  th e  o p tim a l c o n tro l method 
o f f e r s  a b e t te r  design  procedure f o r  m eeting  both  th e  c losed  loop  p o le  
lo c a t io n  requ irem ents  as w e l l  as h a n d lin g  q u a l i t ie s  c r i t e r i a  
re q u ire m e n ts .
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3 .5  THE INFLUENCE OF AN ACTUATOR ON CONTROL LAW PERFORMANCE
3 .5 .1  INTRODUCTION
I t  i s  in s t r u c t iv e  to  assess th e  perform ance o f  both c o n tro l law  
designs when an a c tu a to r  i s  in c lu d e d  in  th e  system . F i r s t ,  th e  s tu d y  
was perform ed w ith  th e  reduced s h o r t  p e rio d  model o f  th e  a i r c r a f t .  Two 
a c tu a to r  models have been used, both d e scrib ed  by a second o rd e r  
m ath em atica l m odel. O b v io u s ly , a more s e a rch in g  s tu d y  cou ld  assess  
a c tu a to rs  w ith  a l t e r n a t iv e  c h a r a c te r is t ic s  such as a t h i r d  o rd e r model 
o r a n o n - l in e a r  m odel. The m ath em atica l models o f  th e  a c tu a to rs  a re  
d e scrib ed  by th e  fo llo w in g  s ta te  e q u a tio n s .
A c tu a to r n o . l  i s  g iven  by :
17 0 0 
-450 -3 0
A c tu a to r n o .2 i s  g iven  by :
r) 0 0
S
' -1 0 0 -1 4





w ith  : xT =  
A [  i?
v  ]
n


















e f f o r t .
A c tu a to r n o . l  has a n a tu r a l freq u en cy  o f  2 1 .2  ra d /s e c  and a damping 
r a t io  o f  0 .7 0 .  A c tu a to r n o .2 has a n a tu r a l  freq u en cy  o f  10 ra d /s e c  
and a damping r a t io  o f  0 .7 0 .  F ig u re  ( 3 .4 )  shows th e  a i r c r a f t  w ith  
c o n tro l law  and a c tu a to r .  The reason f o r  th e  cho ice  o f  a c tu a to rs  w ith  
th ese  c h a r a c te r is t ic s  was due to  th e  f a c t  t h a t  th e  s h o r t  p e r io d
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n a tu r a l  freq u en cy  is  around 1 ra d /s e c  and so i t  a llo w s  to  e x p lo re  
t h e i r  in f lu e n c e  on th e  system  perform ance w ith  re s p e c t to  s t a b i l i t y  
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figure 3.4 - control law structure w i th  actuator in the loop.
As b e fo re  th e  c o n tro l law  i s  g iven  by:
n  =  - G  x +  G q (3.23)
c 0 dp
where G =  [  K K K ]  and G i s  s im p ly  a s in g le  g a in ,  
w q e o
q
The a i r c r a f t  may be d escrib ed  by th e  s ta te  e q u a tio n ,
x =  A x +  [  B Z31 ]  x +  E q ( 3 . 24 )
A dp
where A i s  g iven  by ( 3 .7 )  and i s  a (3 x 3 ) m a tr ix ,  B i s  g iven  by ( 3 . 8 )  
and i s  a (3 x 1 ) v e c to r  and E i s  g iven  by ( 3 .9 )  and i s  a ls o  a (3 x 1 )  
v e c to r .
Z31t  = [ 0 0 0 ]  (3.25)
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and x i s  g iven  by ( 3 . 6 ) ,  o r x =  [  w q e ] .
q
S u b s t itu t in g  (3 .2 3 )  in to  ( 3 .2 1 )  and c o n s id e rin g  e q u a tio n  ( 3 .2 4 )  th e  
c lo sed  loop  model i s  g iven  by :





A B G-* L A 0 J
dp
(3.26)
W ith  t h is  model i t  i s  p o s s ib le  to  o b ta in  th e  t r a s n fe r  fu n c tio n  o f  q in  
response to  q . The e f f e c t  o f  th e  a c tu a to r  on th e  c lo sed  loop
dp
perform ance o f  th e  a i r c r a f t  w ith  both  c o n tro l law  designs i s  assessed  
w ith  p a r t ic u la r  re fe re n c e  to  p itc h  ra te  response.
3 .5 .2  THE RESULTS OF ASSESSMENT
An e v a lu a t io n  was perform ed w ith  both  c o n tro l law s and both a c tu a to rs  
and a summary o f  th e  r e s u lts  i s  l i s t e d  in  ta b le s  ( 3 . 6 ) ,  ( 3 . 7 ) ,  ( 3 .8 )  
and ( 3 . 9 ) .  A rev iew  o f  th e  assessment le a d s  to  th e  fo llo w in g  
c o n c lu s io n s .
( i )  The in c lu s io n  o f  an a c tu a to r  in  th e  lo o p , in  g e n e ra l g iv e s  an 
in c re a s e  in  th e  p i t c h - r a t e  o versh o o t o f  th e  response in  both  
d e s ig n s . However, t h is  e f f e c t  w ith  th e  p o le  p lacem ent c o n tro l  
law  design  i s  le s s  than  w ith  th e  o p tim a l d e s ig n . ( ta b le s  ( 3 .6 )  
and ( 3 .7 )  ) .
( i i )  W ith  both a c tu a to rs  th e  same v a lu e  f o r  th e  dropback p aram eter i s  
o b ta in e d .
( i i i )  The p o le -p la c e m e n t c o n tro l law  design  has l i t t l e  advantage over  
th e  o p tim a l c o n tro l law  design  w ith  re s p e c t to  a c tu a to r  e f f e c ts  
when measured in  term s o f  th e  dropback c r i t e r io n .  The reasons  
a re  c le a r ly  seen on ta b le s  ( 3 .6 )  and ( 3 . 7 ) .
( i v )  The in c lu s io n  o f  th e  a c tu a to r  in  th e  loop  w ith  th e  p o le  
placem ent c o n tro l law  design p reven ted  th e  a i r c r a f t  m eeting  th e  
CAP req u irem en t a t  p r a t i c a l l y  a l l  f l i g h t  c o n d it io n s . On th e  
o th e r  hand, th e  a i r c r a f t  w ith  o p tim a l c o n tro l law  design  and 
a c tu a to r  s a t is f ie s  CAP le v e l  1 f o r  a l l  f l i g h t  c o n d it io n s . T h is
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can be seen in  ta b le s  ( 3 .8 )  and ( 3 . 9 ) .  The s h o r t  p e r io d  n a tu r a l
freq u en cy  w ith  th e  p o le  p lacem ent c o n tro l law  design  is
decreased w ith  re s p e c t to  th e  b a s ic  a i r c r a f t  w ith o u t  a c tu a to r ,
th e  dropback perform ance i s  im proved b u t CAP d e t e r io r a te s .
( v )  The speed o f  a i r c r a f t  response ( t  ) i s  abou t th e  same as seen
m
from  ta b le s  ( 3 . 6 )  and ( 3 . 7 ) .
TABLE 5.6 - INFLUENCE OF THE ACTUATOR WITH RESPECT TO 








no act act 1 act 2 no act act 1 act 2 no act act 1 act 2
3 1.251 1.302 1.344 0.09 0.13 0.13 1.4 1.4 1.4
6 1.220 1.250 1.268 0.15 0.20 0.20 1.6 1.6 1.6
9 1.110 1.090 1.090 0.02 -0.05 -0.06 2.1 2.1 2.1
13 1.238 1.250 1.270 0.11 0.12 0.12 2.6 2.6 2.6
17 1.162 1.170 1.180 0.07 0.10 0.11 2.1 2.2 2.1
TABLE 3.7 - INFLUENCE OF THE ACTUATOR WITH RESPECT TO 










no act act 1 act 2 no act act 1 act 2 no act act 1 act 2
3 1.320 1.320 1.340 0.05 -0.06 -0.06 1.2 1.3 1.3
6 1.470 1.470 1.510 0.01 -0.06 -0.07 1.3 1.3 1.4
9 1.490 1.520 1.560 0.02 0.03 0.02 1.5 1.5 1.6
13 1.440 1.450 1.470 0.09 0.10 0.09 1.7 1.8 1.8
17 1.590 1.620 1.650 0.03 0.15 0.14 1.5 1.6 1.6
63
TABLE 3.8 - INFLUENCE OF THE ACTUATOR WITH 
RESPECT TO SHORT PERIOD CHARACTERISTICS ON 








no act act 2 no act act 2 no act act 2
3 1.55 1.46 0.70 0.72 0.117 0.103 1000 0.60
6 1.20 0.94 0.85 0.83 0.101 0.062 20000 0.70
9 0.85 0.60 1.21 1.03 0.086 0.043 40000 0.80
13 0.838 0.78 0.70 0.70 0.092 0.082 10000 0.40
17 0.90 0.71 0.96 0.88 0.087 0.054 30000 0.70
TABLE 3 .9  -  INFLUENCE OF THE ACTUATOR WITH
RESPECT TO SHORT PERIOD CHARACTERISTICS ON 










no act act 2 no act act 2 no act act 2
3 1 .6 4 1 .6 7 0 .6 3 0 .6 2 0 .1 3 0 .1 3 4 1000 0 .6 0
6 1 .4 2 1 .4 6 0 .5 3 0 .5 1 0 .1 4 0 .1 4 9 20000 0 .7 0
9 1 .1 9 1 .2 5 0 .5 1 0 .5 0 0 .1 7 0 .1 8 5 40000 0 .8 0
13 1 .1 1 1 .1 1 0 .5 4 0 .5 4 0 .1 7 0 .1 6 5 10000 0 .4 0
17 1 .1 8 1 .1 9 0 .4 8 0 .4 8 0 .1 5 0 .1 5 3 30000 0 .7 0
In  summary i t  i s  p o s s ib le  to  conclude t h a t  th e  o p tim a l c o n tro l law  
design  i s  more ro b u s t w ith  re s p e c t to  s t a b i l i t y  req u irem en ts  ( CAP ) 
when an a c tu a to r  i s  in c lu d e d  in  th e  lo o p . As can be seen from  ta b le  
( 3 .9 )  CAP i s  m a in ta in e d  f o r  a l l  f l i g h t  c o n d it io n s  w hereas, w h ith  th e  
p o le  p lacem ent design  CAP i s  n o t m a in ta in e d  as seen in  ta b le  ( 3 . 8 ) .  
W ith  re s p e c t to  th e  dropback c r i t e r io n  both  designs have ab o u t th e
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same b eh av io u r as seen in  ta b le s  ( 3 .6 )  and ( 3 . 7 ) .  T h e re fo re , in  o rd e r  
t h a t  an a c tu a to r  may be in c lu d e d  in  th e  model i t  i s  necessary  to  
red es ig n  th e  o p tim a l c o n tro l law  f o r  f l i g h t  c o n d it io n s  3 and 6 in  
o rd e r to  m eet th e  dropback c r i t e r io n  and to  red es ig n  th e  p o le  
placem ent c o n tro l law  fo r  a l l  f l i g h t  c o n d it io n s  in  o rd e r to  m eet CAP.
3 .6  ASSESSMENT OF THE CONTROL LAWS WITH THE FULL AIRCRAFT MODEL
3 .6 .1  INTRODUCTION
Now, i t  i s  a ls o  necessary  to  in v e s t ig a te  th e  perform ance o f  both  
c o n tro l law  designs when th e  phugoid i s  in tro d u c e d  in to  th e  m odel. 
The s ta te  v e c to r  i s  now g iven  by :
j
X =  [ U W  q 0 £ ] (3.27)
q
The c o n tro l law  s t ru c tu re  i s  g iven  by f ig u r e  ( 3 . 5 ) .
+
dp - e -e
AIRCRAFT
DYNAMICS
figure 3.5 - control law structure with phugoid model included
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The m ath em atica l model i s  s im p ly :  
x =  A x  +  B n  +  E q
' dp
and th e  a i r c r a f t  lo n g itu d in a l  model i s  g iven  in  appendix A as :
( 3 . 2 8 )





w ith  ; x =  [ u w q e ]  
LM
(3.30)
A is  th e  f u l l  lo n g itu d in a l  s ta te  m a tr ix  g iven  in  appendix A, and 
LM









(0 0 1 0 ] [0]
(3.31) and B = LM (3.32)
E =  [ o o o o - i ]
x T =  [  u w q 0 £ ]
q
=  C x
LM
e ]  
q
ag ain  th e  c o n tro l law  i s ,  77 =  
b u t now th e  g a in  v e c to r  i s  g iven  by ;
G =  [  0 K K O K  ]
v q £
q
and G is  th e  same as b e fo re .
0






The c losed  loop  e q u a tio n  i s  o f  th e  same form  as e q u a tio n  ( 3 .1 2 ) ,  t h a t  
i s  ,
x =  (A-BG)x +  (BG +  E)q
0 dp
(3.36)
Based on th e  s o lu t io n  o f  eq u a tio n  (3 .3 6 )  an a n a ly s is  was perform ed as 
f o r  th e  in tro d u c t io n  o f  th e  a c tu a to r  and th e  f in d in g s  a re  as fo llo w s  :
( i )  The in c lu s io n  o f  th e  phugoid model caused th e  a i r c r a f t  w ith  
o p tim a l c o n tro l law  design  to  f a i l  to  m eet th e  dropback  
c r i t e r io n  a t  any f l i g h t  c o n d it io n . The a i r c r a f t  w ith  p o le
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placem ent c o n tro l law  design  s t i l l  s a t is f ie s  th e  dropback  
c r i t e r io n  f o r  some f l i g h t  c o n d it io n s .
( i i )  Again th e  a i r c r a f t  w ith  o p tim a l c o n tro l law  design  s t i l l  
s a t is f ie s  CAP le v e l  1 a t  a l l  f l i g h t  c o n d it io n s  b u t th e  a i r c r a f t  
w ith  p o le  p lacem ent c o n tro l law  design  does n o t s a t is f y  CAP 
le v e l  1 a t  30000 f t  and 40000 f t .
( i i i )  A t 30000 f t  , mach 0 .5 0 ,  th e  a i r c r a f t  w ith  p o le  p lacem ent 
c o n tro l law  design  has a phugoid t h a t  even f a i l s  to  m eet le v e l  3 
o f  M IL -F -8785C  re q u ire m e n ts .
( i v )  The a i r c r a f t  w ith  o p tim a l c o n tro l law  design  has a s ta b le  
phugoid s a t is fy in g  le v e l  1 o f  MIL—F—8785C a t  a l l  f l i g h t  
c o n d it io n s .
(v )  The o p tim a l c o n tro l law  design  f a i l s  c o m p le te ly  to  m a in ta in  th e  
r e la t io n  ( q/ q ) ^  i , a t  a lm ost a l l  f l i g h t  c o n d it io n s . In
dp
c o n tr a s t ,  th e  a i r c r a f t  w ith  p o le  p lacem ent c o n tro l law  design  
m a in ta in s  th e  r e la t io n  in  th e  range (0 .9 0  ^  q /q  ^  1 .1 0 )  a t  a l l
dp
f l i g h t  c o n d it io n s .
3 .6 .2  SUMMARY OF AIRCRAFT CHARACTERISTICS WITH BOTH 
CONTROL LAW DESIGNS
In  ta b le s  (3 .1 2 )  and (3 .1 3 )  th e  s h o rt  p e r io d  c h a r a c te r is t ic s  o b ta in e d  
w ith  both c o n tro l law  designs a re  summarized f o r  com parison. In  ta b le
(3 .1 4 )  th e  s te a d y  s ta te  p itc h  r a te  g a in  i s  l i s t e d  fo r  both c o n tro l law  
d es ig n s .
In  f ig u r e s  ( 3 . 6 ) ,  ( 3 .7 )  and ( 3 .8 )  s te p  response tim e  h is to r ie s  f o r
both designs w ith  th e  f u l l  a i r c r a f t  model a re  g iven  f o r  com parison. 
In  f ig u r e s  ( 3 .9 )  and (3 .1 0 )  a com parative  s h o r t  te rm  s tep  response  
tim e  h is t o r ie s  f o r  both c o n tro l law  designs a re  shown w ith  th e  reduced  
o rd e r a i r c r a f t  model and w ith  th e  f u l l  o rd e r a i r c r a f t  m odel.
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TABLE 3 .1 2  -  SHORT PERIOD CHARACTERISTICS OBTAINED 
WITH THE POLE PLACEMENT CONTROL LAW DESIGN
fc n

















3 1 .5 5 0 .7 0 0 .1 1 7 1 .5 2 0 .6 9 0 .1 1 3 1000 0 .6 0
6 1 .2 0 0 .8 5 0 .1 0 1 1 .1 2 0 .8 5 0 .0 8 9 20000 0 .7 0
9 0 .8 5 1 .2 1 0 .0 8 6 1 .2 9 1 .0 2 0 .2 0 5 40000 0 .8 0
13 0 .8 3 0 .7 0 0 .0 9 2 0 .8 3 0 .7 1 0 .0 9 7 10000 0 .4 0
17 0 .9 0 0 .9 6 0 .0 8 7 0 .8 1 0 .9 3 0 .0 6 8 30000 0 .7 0
TABLE 3 . 13 -  SHORT PERIOD CHARACTERISTICS OBTAINED 
WITH THE OPTIMAL CONTROL LAW DESIGN
FC U

















3 1 .6 4 0 .6 3 0 .1 3 0 1 .6 6 4 0 .6 2 0 .1 3 5 1000 0 .6 0
6 1 .4 2 0 .5 3 0 .1 4 0 1 .4 4 5 0 .5 2 0 .1 4 9 20000 0 .7 0
9 1 .1 9 0 .5 1 0 .1 7 0 1 .1 9 9 0 .5 1 0 .1 7 7 40000 0 .8 0
13 1 .1 1 0 .5 4 0 .1 7 0 1 .1 1 6 0 .5 4 0 .1 7 5 10000 0 .4 0
17 1 .1 8 0 .4 8 0 .1 5 0 1 .1 7 6 0 .4 8 0 .1 4 4 30000 0 .7 0
TABLE 3 .1 4  -  STEADY STATE RESPONSE OBTAINED WITH
BOTH CONTROL LAW DESIGNS AND THE COMPLETE MODEL
[  q '  qop ]*- J  SS







3 1 .0 6 0 .6 1 1000 0 .6 0
6 1 .0 2 0 .5 8 20000 0 .7 0
9 1 .1 0 0 .8 7 40000 0 .8 0
13 0 .8 1 0 .3 5 10000 0 .4 0
17 1 .0 5 0 .5 2 30000 0 .7 0
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l.S
Pole. P.C. law acting uith the J
______comj3le_te jnode l__(_u. u .jq ^ jte ta .)
Optimal C.lau acting uith the 
complete model ( u.u.q.teta )_
FC » 5
T ime l tec ) 10
figure 3.6 - pitch-rate time response of both designs with the 
_______________ complete model of the aircraft at 20000 ft, mach 0.50
1.5
| Pole. p.C. law acting uith the 
q complete model ( u,u,q,teta
J Optimal C.lau actii 
: .complete model ( u
10Time *s
figure 3.7 - pitch-rate time response of both designs with the
.___________ complete model of the aircraft at 40000 ft, mach 0.70
1.5
Pole. P.C. law acting uith| 
complete mode u,q,teta )
( r a d / s  )
 Optimal C.lau acting uith
model ( u,u,q,teta ) 1
FC » 12
10
figure 3.0 - pitch-rate time response of both designs with the 




( r a 11 /  J
________L _______1 ________I ________ I
p i
| Pole. P,C. law uith simple* 
!model ( )
11 i
T  — — ---------
I 1
I . t  1
Pole. P.C. law with complete
i i i i
model ( u,u,q,teta
I I I :  I I I )  l i t .
I l l ’ > l
[Comparison) of Pole.P.C.law uith; 
■jcomp lete mode 1 and simplified' -4---------   -
FC 8 1
Time ( s ec ) 10
figure 3.9 - effect of the p h ug o id  mode on the ai r cr a ft  response 
w it h  p o le - pl a c e m e n t  control law design at 1000 ft m ac h  0.30
1. 5
(rad/s)
| | • I I 1
-i -J-Optimal C.lau acting uith the-j.
simplified model
4-Optimal C.lau acting uith the 1 
complete linear model C u,u,q,teta )
i i i i
■FC it l i  . f- * ------- 1---------1---------
Time (sec) 10
figure 3.10 - effect of the p h u go i d mode on the aircra f t r esponse 
w it h  optimal control law desi gn  at 1000 ft mach 0.30
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3 .7  THE PERFORMANCE OF BOTH CONTROL LAW DESIGNS WITH THE 
COMPLETE MODEL OF THE AIRCRAFT AND THE ACTUATOR
Now an e v a lu a t io n  o f  both c o n tro l law  designs w h ith  th e  f u l l  a i r c r a f t
model in c lu d in g  th e  a c tu a to r  i s  perfo rm ed . The a c tu a to r  to  be
co n sid ered  is  a c tu a to r  N - 2 from  s e c tio n  3 .5 ,  s in c e  i t s  n a tu r a l  
freq u en cy  i s  c lo s e r  to  th e  s h o r t  p e rio d  n a tu r a l  freq u en cy  than  th e  
n a tu ra l freq u en cy  o f  a c tu a to r  N - 1 ,  and a ls o  f o r  s im p l ic i t y .  The
c o n tro l law  s tru c tu re  i s  shown in  f ig u r e  3 .1 1 .
—£ +“ £
dp
A CT U AT O R
DYNA MI C S
AIRCR AF T
DYNAMICS
figure 3.11 - control law structure w i th  phugoid model and a c tu a to r  
model included.
O b vio u s ly  th e  s ta te  v e c to r  i s  now :
XT  =  [ U W  q 0 rj V ^  ]  (3.37)
The s ta te  eq u a tio n  d e s c r ib in g  th e  m ath em atica l model i s  g iven  by:
x =  A x +  B n + E  q (3.38)
c dp
C o n s id erin g
A as th e  s ta te  m a tr ix  o f  th e  a i r c r a f t  lo n g itu d in a l  model g iv e n  in  
LM
appendix A, B as th e  c o n tro l m a tr ix  o f  th e  a i r c r a f t  lo n g i tu d in a l
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model as g iven  in  appendix A. Then th e  m a tr ix  A in  (3 .3 8 )  can be 




LM 0 LM 0
0 0
0 0 1 0 0 0 0
0 0 0 0 0
A
0 0 0 0 0 A
A is  th e  a c tu a to r  s ta te  m a tr ix  d e fin e d  in  s e c tio n  3 .5 ,  e q u a tio n  
A
( 3 .2 0 ) .  The m a tr ix  B i s  g iven  by,
BT =  [  0 0 0 0 0 B ]  (3.40)
A
where B i s  th e  a c tu a to r  c o n tro l m a tr ix  d e fin e d  in  s e c tio n  3 .5 ,  
A
eq u a tio n  ( 3 .2 0 ) ,  and
ET =  [ 0 0 0 0 - 1 0 0 ]  (3.41)
Again th e  c o n tro l law  i s ,
n  =  -G x +  G q (3.42)
'c 0 dp
b u t now, G = [  0 K K 0 K 0 0 ]  (3 .4 3 )
w q £
q
and G i s  th e  same as b e fo re . The c lo sed  loop  model i s  g iven  by th e  
o
s ta te  e q u a tio n ,
X = (A -BG)x +  (BG +E )q  (3.44)
0 dp
As a lre a d y  m entioned th e  e v a lu a tio n  was perform ed o n ly  w ith  a c tu a to r  
n o .2 . T a b le  ( 3 .1 5 )  shows a comparison o f  th e  dynamic c h a r a c te r is t ic s  
o f  th e  a i r c r a f t  when i t  i s  cons idered  o n ly  w ith  th e  reduced o rd e r  
a i r c r a f t  model w ith o u t a c tu a to r ,  as in  s e c tio n  ( 3 . 3 ) ,  and w ith  f u l l  
o rd e r a i r c r a f t  model in c lu d in g  a c tu a to r ,  a l l  f o r  th e  p o le -p la c e m e n t  
c o n tro l law  d e s ig n . In  ta b le  (3 .1 6 )  th e  same r e s u lts  a re  l i s t e d  f o r  
th e  o p tim a l c o n tro l law  d e s ig n .
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TABLE 3 .1 5  -  SHORT PERIOD CHARACTERISTICS OBTAINED 
WITH THE POLE PLACEMENT CONTROL LAW DESIGN
FC U
REDUCED ORDER MODEL 
NO ACTUATOR
FULL ORDER MODEL 















1 0 .8 7 0 .7 0 0 .1 2 5 0 .8 2 0 .7 2 0 .1 2 0 1000 0 .3 0
5 0 .8 4 0 .8 5 0 .0 9 2 0 .7 2 0 .8 5 0 .0 7 1 20000 0 .5 0
8 0 .7 6 1 .1 7 0 .0 8 5 1 .4 2 1 .1 9 0 .2 9 7 40000 0 .7 0
12 0 .6 8 0 .7 0 0 .0 9 9 0 .6 6 0 .7 2 0 .1 0 3 10000 0 .3 0
16 0 .7 0 0 .9 0 0 .0 8 4 0 .6 3 0 .8 6 0 .0 6 7 30000 0 .5 0
TABLE 3 .1 6  -  SHORT PERIOD CHARACTERISTICS OBTAINED 
WITH THE OPTIMAL CONTROL LAW DESIGN
FC ff
REDUCED ORDER MODEL 
NO ACTUATOR
FULL ORDER MODEL 















1 1 .0 2 0 .5 9 0 .1 7 2 1 .0 4 0 .5 7 0 .1 9 3 1000 0 .3 0
5 1 .1 1 0 .4 9 0 .1 6 2 1 .1 3 0 .4 8 0 .1 7 5 20000 0 .5 0
8 1 .0 5 0 .4 8 0 .1 6 4 1 .0 7 0 .4 8 0 .1 7 5 40000 0 .7 0
12 0 .8 6 0 .5 6 0 .1 5 8 0 .8 8 0 .5 4 0 .1 8 4 10000 0 .3 0
16 0 .9 1 0 .4 7 0 .1 4 2 0 .9 1 0 .4 6 0 .1 4 1 30000 0 .5 0
From th ese  ta b le s  I t  i s  c le a r  t h a t  th e re  i s  a d e g ra d a tio n  in  CAP w ith  
th e  p o le -p la c e m e n t c o n tro l law  d e s ig n , and a g a in  th e  o p tim a l c o n tro l  
law  design  i s  more ro b u s t w ith  re s p e c t to  m aintenance o f  CAP. As 
s ta te d  in  s e c tio n  3 .1  CAP req u irem en t f o r  le v e l  1 i s ,
0 .0 8 5  £  CAP £  3 .6 0
The r e s u lts  o b ta in e d  w ith  both  designs w ith  re s p e c t to  th e  dropback  
c r i t e r io n  shows t h a t  th e  o p tim a l design  has lo s t  th e  ze ro  s te a d y  s ta te
e r r o r  c h a r a c te r is t ic  ( e ) = o f o r  a lm o st a l l  f l i g h t  c o n d it io n s ,
q ss
f ig u re s  ( 3 .1 2 ) ,  ( 3 .1 3 )  and ( 3 .1 4 )  i l l u s t r a t e  v e ry  w e l l  t h is  a s p e c t. In  
c o n tra s t ,  th e  p o le -p la c e m e n t design  has m a in ta in e d  t h is  r e la t io n ,  t h a t
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i s ,  0 .8 0  < ( q /q  ) ^ 1 . 2 7  f o r  a l l  f l i g h t  c o n d it io n s . In  v ie w  o f
dp s s
t h is  i t  i s  c le a r  t h a t ,  w ith  re s p e c t to  s te a d y  s ta te  c h a r a c t e r is t ic s ,  
th e  p o le  p lacem ent design  i s  much more ro b u s t than  th e  o p tim a l d e s ig n . 
W ith  re s p e c t to  dropback c h a r a c te r is t ic s  both  designs no lo n g e r  m eet 
th e  c r i t e r io n .  T a b le  ( 3 .1 7 )  shows th e  perform ance o f  th e  
p o le -p la c e m e n t design  w ith  re s p e c t to  th e  dropback c r i t e r io n .
TABLE 3 .1 7  -  PERFORMANCE OF THE POLE PLACEMENT 
DESIGN WITH RESPECT TO DROPBACK CRITERION
FC ti













1 2 .5 1 .2 4 0 .1 2 2 .3 1 .3 4 - 0 .2 7 1000 0 .3 0
5 2 .4 1 .1 9 0 .1 0 2 .4 1 .2 5 - 0 .0 7 20000 0 .5 0
8 2 .5 1 .1 2 0 .0 5 2 .2 1 .0 9 - 0 .2 2 40000 0 .7 0
12 3 .1 1 .2 3 0 .1 1 2 .9 1 .3 5 - 0 .5 2 10000 0 .3 0
16 2 .9 1 .1 7 0 .0 7 2 .6 1 .2 2 - 0 .1 7 30000 0 .5 0
T a b le  ( 3 .1 8 )  shows th e  s te a d y  s ta te  p itc h  r a te  response o b ta in e d  w ith  
both c o n tro l law  designs a p p lie d  to  th e  com plete model and a c tu a to r ,  
and i t  i s  c le a r  how th e  o p tim a l c o n tro l law  design  has d e te r io r a te d  in  
t h is  re s p e c t.
TABLE 3 .1 8  -  STEADY STATE RESPONSE OBTAINED WITH
BOTH CONTROL LAW DESIGNS AND THE COMPLETE MODEL 
PLUS ACTUATOR f  q /  q 1
L dp J . .







1 0 .8 7 0 .2 7 1000 0 .3 0
5 0 .8 0 0 .3 4 20000 0 .5 0
8 1 .0 4 0 .5 5 40000 0 .7 0
12 0 .8 1 0 .2 5 10000 0 .3 0
16 1 .0 9 - 0 .7 8 30000 0 .5 0
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As a g e n e ra l c o n c lu s io n , both  c o n tro l law  designs re q u ire  ad justm ents  
to  s a t is f y  th e  dropback c r i t e r io n ,  however, th e  p o le  p lacem ent d es ign  
a ls o  re q u ire s  ad justm ents  to  m eet CAP le v e l  1 . The reasons f o r  th e  
f in d in g s  can be a t t r ib u te d  to  th e  f a c t  t h a t  in  t h is  p re l im in a ry  design  
th e  p o le  p lacem ent c o n tro l law  has moved th e  p o le s  from  th e  o r ig in a l  
open loop  p o s it io n  much more than  th e  o p tim a l c o n tro l law  d e s ig n , 
which i s  obvious from  th e  r e la t iv e  feedback g a in  m agnitudes o f  both  
d e s ig n s . The method f o r  o b ta in in g  th e  fe e d fo rw a rd  g a in  in  each c o n tro l  
law  design  i s  d i f f e r e n t .  The p o le -p la c e m e n t design  is  more ro b u s t  
w ith  re s p e c t to  ze ro  s te a d y  s ta te  e r r o r  c h a r a c t e r is t ic  so , as a lre a d y  
shown th e  fe e d fo rw a rd  g a in  o f  th e  p o le -p la c e m e n t design  i s  based on 
e x a c t p o le -z e ro  c a n c e lla t io n  w hereas, th e  fe e d fo rw a rd  g a in  in  th e  
o p tim a l design  i s  based on th e  perform ance in d e x , as e x p la in e d  in  
c h a p te r 2 .
The g a in s  used in  f l i g h t  c o n d it io n s  1 , 5 ,  8 ,  12 and 16 a re  l i s t e d  in  
ta b le  3 .1 8 —A f o r  th e  p o le  p lacem ent c o n tro l law  design  and a ls o  fo r  
th e  o p tim a l c o n tro l law  d e s ig n . The a i r c r a f t  d a ta  f o r  th e  same f l i g h t  
c o n d it io n s  a re  c o n ta in ed  in  appendix A.
TABLE 3.18—/* - CONTROL LAW GAINS
FC# K
w












1 0.0037 -1.4267 -1.711 -1.711 —
POLE 5 0.0020 -1.3270 -1.346 -1.346 —
PLACEMENT 8 0.0013 -2.065 -1.743 -1.743 —
CONTROL 12 0.0040 -1.828 -1.684 -1.684 —
LAW 16 0.0021 -1.832 -1.544 -1.544 —
1 0.0005 -0.2131 -0.3162 -2.183 10
OPTIMAL 5 0.0005 -0.2723 -0.4472 -1.813 5
CONTROL 8 0.0006 -0.5297 -0.7071 -1.828 2
LAW 12 0.0008 -0.3782 -0.4472 -2.309 5
16 0.0006 -0.3492 -0.4472 -1.906 5
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2
Comparison of Pole.P. C.Lau and Optimal C.LauJ 
'“uith complete model <u,u,q,teta,e) and actuator




figure 3.12 - p i t c h - ra t e time response of both designs w i t h  the 
comp l et e  model of the ai r cr a ft  and actuator at 20000 ft, mach 0.50
1 1 1 • 1 1 1 I I
Comparison of Pole. P. C.Lau and Optimal C.Lau
uith complete model (u,u,q,teta,e) a>
i i i i i i i
actu ator
! A — - - j  i M e-p.c. la*/
! /  Jr " ! ^ \  {'"-V^! 'i • /  i i -j r—--- i
/ /  ! I ! \  1 ! *A /  i i ' •
p._
T-----7----- t
//! ! Optimal C.Lau__jj_ i i i____i____
—j
7/ i : i :
// •_ j J FC # 12Jf 1 1 1 1 /  f 1 I *J : : : !
figure 3.13 - pi t ch - ra t e time response of both designs w i t h  the 
co mp l et e  model of the a ir c ra f t and actuator at 10000 ft, m ac h  0.30
Comparison of PoL«.P. c.lau and Optimal c.lau! 
uith complete model (u.u,q,teta.e) and actuator




10Time ( s e c  )
figure 3.14 - p it c h- r at e  time response of both designs w i t h  the 
complete model of the aircra f t and actuator at 30000 ft, m ac h  0.50
76
3 .8  CLOSED LOOP POLE LOCATIONS COMPARISON FOR EACH FLIGHT CONDITION
3 .8 .1  INTRODUCTION
I t  i s  in t e r e s t in g  to  compare th e  p o le  lo c a t io n s  f o r  each o f  th e  f l i g h t  
c o n d it io n s  s tu d ie d  in  o rd e r to  e v a lu a te  th e  v a r ia t io n s .
3 .8 .2  POLE PLACEMENT CONTROL LAW DESIGN
In  ta b le  ( 3 .1 9 )  th e  c losed  loop  p o le  lo c a t io n s  f o r  th e  reduced o rd e r  
s h o rt  p e r io d  model a re  l i s t e d ,  t h a t  i s ,  th e  a i r c r a f t  o b ta in e d  in  
s e c tio n  ( 3 . 3 ) ,  as showed in  ta b le  ( 3 . 3 ) .  In  ta b le  ( 3 .2 0 )  th e  c lo sed  
loop  p o les  a re  shown fo r  th e  case o f  th e  reduced o rd e r s h o r t  p e r io d  
model w ith  a c tu a to r ,  t h a t  i s ,  th e  a i r c r a f t  o b ta in e d  in  s e c tio n  ( 3 . 5 ) ,  
as showed in  ta b le  ( 3 . 8 ) .  In  ta b le  ( 3 .2 1 )  th e  c lo sed  lo o p  p o le s  o f  
f u l l  o rd e r a i r c r a f t  model a re  l i s t e d ,  t h a t  i s ,  th e  a i r c r a f t  o b ta in e d  
in  s e c tio n  ( 3 . 6 ) ,  as showed in  ta b le  ( 3 .1 2 ) .  F in a l ly ,  in  ta b le  ( 3 .2 2 )  
th e  c lo sed  loop  p o les  o f  th e  f u l l  o rd e r a i r c r a f t  model p lu s  a c tu a to r  
a re  l i s t e d ,  t h a t  i s ,  th e  a i r c r a f t  o b ta in e d  in  s e c tio n  ( 3 . 7 ) ,  as showed 
in  ta b le  ( 3 .1 5 ) .  The a c tu a to r  r e fe r r e d  to  i s  a c tu a to r  number 2 ,  as 
above.
TABLE 3 .1 9  -  SHORT PERIOD CHARACTERISTICS 








3 —1 .0 8  ±  i  1 .1 1 - 1 1 .5 5 0 .7 0 1000 0 .6 0
6 - 1 .0 2  ±  i  0 .6 3 - 1 1 .2 0 0 .8 5 20000 0 .7 0
9 - 1 .6 1  ±  i  0 .4 5 - 1 0 .8 5 1 .2 1 40000 0 .8 0
13 - 0 .5 8  ±  i  0 .5 9 - 1 0 .8 3 0 .7 0 10000 0 .4 0
17 - 0 .8 6  ±  i  0 .2 5 - 1 0 .9 0 0 .9 6 30000 0 .7 0
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TABLE 3 .2 0  -  SHORT PERIOD CHARACTERISTICS 







3 - 1 .0 6  ±  i  1 .0 1 - 1 .3 6 1 .4 6 0 .7 2 1000 0 .6 0
6 - 0 .7 9  ±  i  0 .5 2 - 2 .2 0 0 .9 4 0 .8 3 20000 0 .7 0
9 - 0 .7 8  , - 0 .4 7 - 3 .1 0 0 .6 0 1 .0 3 40000 0 .8 0
13 - 0 .5 4  ±  i  0 .5 6 - 1 .3 5 0 .7 8 0 .7 0 10000
o•o
17 - 0 .6 2  ±  i  0 .3 3 - 2 .2 6 0 .7 1 0 .8 8 30000 0 .7 0
TABLE 3 .2 1  -  SHORT PERIOD CHARACTERISTICS 








3 - 1 .0 6  ±  i  1 .0 8 - 1 .0 4 -0 .0 1 6 0 1 .5 2 0 .6 9 1000 0 .6 0
6 - 0 .9 5  ±  i  0 .5 9 - 1 .1 2 -0 .0 1 6 0 1 .1 2 0 .8 5 20000 0 .7 0
9 - 1 .5 5  , -  1 .0 7 - 0 .4 2 -0 .0 1 5 0 1 .2 9 1 .0 2 40000 0 .8 0
13 - 0 .5 9  ±  i  0 .5 8 - 0 .9 4 -0 .0 3 8 0 0 .8 3 0 .7 1 10000 0 .4 0
17 - 0 .7 5  ±  i  0 .2 9 - 1 .2 0 -0 .0 1 4 0 0 .8 1 0 .9 3 30000 0 .7 0
TABLE 3 .2 2  -  SHORT PERIOD CHARACTERISTICS 







3 - 1 .0 6  ±  i  1 .0 0 - 1 .3 5 -0 .0 1 6 0 1 .4 6 0 .7 2 1000 0 .6 0
6 - 0 .7 8  ±  i  0 .5 1 - 2 .2 1 -0 .0 1 6 0 0 .9 4 0 .8 4 20000 0 .7 0
9 - 0 .7 8  „ -  0 .4 5 - 3 .1 4 -0 .0 1 5 0 1 .5 7 1 .2 5 40000 0 .8 0
13 —0 .5 5  ±  i  0 .5 5 - 1 .3 0 -0 .0 3 8 0 0 .7 7 0 .7 1 10000 0 .4 0
17 - 0 .6 2  ±  i  0 .3 3 - 2 .2 5 -0 .0 1 4 0 0 .7 0 0 .8 8 30000 0 .7 0
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The fo llo w in g  o b s e rv a tio n s  r e s u lt in g  from  th e  com parisons may be 
n o ted .
( i )  ta b le  (3 .1 9 )  w ith  ta b le  (3 .2 0 )
The in f lu e n c e  o f  th e  a c tu a to r  i s  s ig n i f ic a n t ,  th e  c lo sed  loop  
p o les  have moved c o n s id e ra b ly  w ith  re s p e c t to  th e  c lo sed  loop  
p o le s  o b ta in e d  in  ta b le  ( 3 .1 9 ) .
( i i )  ta b le  (3 .1 9 )  w ith  ta b le  ( 3 .2 1 )
The in f lu e n c e  o f  th e  phugoid i s  m in im a l, th e  c losed  loop  p o les  
have moved l i t t l e  w ith  re s p e c t to  th e  c lo sed  loop p o les  o b ta in e d  
in  ta b le  (3 .1 9 )
( i i i )  ta b le  ( 3 .1 9 )  w ith  ta b le  (3 .2 2 )
T a b le  (3 .2 2 )  i s  b a s ic a l ly  th e  same as ta b le  ( 3 .2 0 ) ,  and so th e  
phugoid dynamics do n o t in f lu e n c e  th e  s h o r t  p e r io d  dynamics as 
much as th e  a c tu a to r  does.
3 .8 .3  OPTIMAL CONTROL CONTROL LAW DESIGN
In  ta b le  (3 .2 3 )  th e  c losed  loop p o le  lo c a t io n s  f o r  th e  reduced o rd e r  
s h o r t  p e rio d  model a re  l i s t e d ,  t h a t  i s ,  th e  a i r c r a f t  o b ta in e d  in  
s e c tio n  ( 3 . 4 ) ,  as showed in  ta b le  ( 3 . 5 ) .  In  ta b le  (3 .2 4 )  th e  c lo sed  
loop  p o les  a re  shown fo r  th e  case o f  th e  reduced o rd e r s h o r t  p e r io d  
model w ith  a c tu a to r ,  t h a t  i s ,  th e  a i r c r a f t  o b ta in e d  in  s e c tio n  ( 3 . 5 ) ,  
as showed in  ta b le  ( 3 . 9 ) .  In  ta b le  ( 3 .2 5 )  th e  c lo sed  loop  p o le s  o f  
f u l l  o rd e r a i r c r a f t  model a re  l i s t e d ,  t h a t  i s ,  th e  a i r c r a f t  o b ta in e d  
in  s e c tio n  ( 3 . 6 ) ,  as showed in  ta b le  ( 3 .1 3 ) .  F in a l ly ,  in  ta b le  ( 3 .2 6 )  
th e  c losed  loop  p o les  o f  th e  f u l l  o rd e r a i r c r a f t  model p lu s  a c tu a to r  
a re  l i s t e d ,  t h a t  i s ,  th e  a i r c r a f t  o b ta in e d  in  s e c tio n  ( 3 . 7 ) ,  as showed 
in  ta b le  ( 3 .1 6 ) .  The a c tu a to r  re fe r r e d  to  i s  a c tu a to r  number 2 ,  as 
above.
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TABLE 3 .2 3  -  SHORT PERIOD CHARACTERISTICS 








3 - 1 .0 3  ±  i  1 .2 7 - 0 .2 3 1 .6 4 0 .6 3 1000 0 .6 0
6 - 0 .7 5  ±  i  1 .2 0 - 0 .2 7 1 .4 2 0 .5 3 20000 0 .7 0
9 - 0 .6 1  ±  i  1 .0 3 - 0 .2 4 1 .1 9 0 .5 1 40000 0 .8 0
13 - 0 .6 0  ±  i  0 .9 3 - 0 .1 9 1 .1 1 0 .5 4 10000 0 .4 0
17 - 0 .5 6  ±  i  1 .0 3 - 0 .2 1 1 .1 8 0 .4 8 30000 0 .7 0
TABLE 3 .2 4  -  SHORT PERIOD CHARACTERISTICS 








3 - 1 .0 3  ±  i  1 .3 1 - 0 .2 3 1 .6 7 0 .6 2 1000 0 .6 0
6 - 0 .7 5  ±  i  1 .2 5 - 0 .2 7 1 .4 6 0 .5 1 20000 0 .7 0
9 - 0 .6 2  ±  i  1 .0 8 - 0 .2 5 1 .2 5 0 .5 0 40000 0 .8 0
13 - 0 .6 0  ±  i  0 .9 3 - 0 .2 0 1 .1 1 0 .5 4 10000 0 .4 0
17 - 0 .5 6  ±  i  1 .0 4 - 0 .2 1 1 .1 9 0 .4 8 30000 0 .7 0
TABLE 3 .2 5  -  SHORT PERIOD CHARACTERISTICS 





3 - 1 .0 4  ±  i  1 .2 9 - 0 .2 0  , - 0 .0 3 2 0 1 .6 6 0 .6 2
6 - 0 .7 5  ±  i  1 .2 3 - 0 .2 3  , - 0 .0 3 2 0 1 .4 5 0 .5 2
9 - 0 .6 0  ±  i  1 .0 3 - 0 .2 3  , - 0 .0 2 1 0 1 .2 0 0 .5 1
13 - 0 .6 0  ±  i  0 .9 4 - 0 .1 0  ±  1 0 .0 7 5 0 1 .1 2 0 .5 4
17 - 0 .5 6  ±  i  1 .0 3 - 0 .1 8  , - 0 .0 3 3 0 1 .1 7 o • 00
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TABLE 3 .2 6  — SHORT PERIOD CHARACTERISTICS 





3 - 1 .0 3  ±  i  1 .3 1 - 0 .2 1  , - 0 .0 3 2 0 1 .6 7 0 .6 2
6 - 0 .7 5  ±  i  1 .2 5 - 0 .2 5  , - 0 .0 3 2 0 1 .4 6 0 .5 1
9 - 0 .6 2  ±  i  1 .0 8 - 0 .2 4  , - 0 .0 2 0 0 1 .2 4 0 .4 9
13 - 0 .6 0  ±  i  0 .9 5 -0 .1 0 5  ± i 0 .075 0 1 .1 2 0 .8 1
17 - 0 .5 6  ±  i  1 .0 5 - 0 .1 8  , - 0 .0 3 3 0 1 .1 9 0 .4 7
The fo llo w in g  o b s e rv a tio n s  r e s u lt in g  from  th e  com parisons may be 
n oted ;
( i )  ta b le  (3 .2 3 )  w ith  ta b le  (3 .2 4 )
The a c tu a to r  here  p r a c t ic a l ly  does n o t a f f e c t  th e  p o le  lo c a t io n s  
as i t  does in  th e  case o f  p o le  p lacem ent c o n tro l law  d e s ig n . 
T h is  i s  p ro b a b ly  due to  th e  f a c t  t h a t  th e  in te g r a to r  p o le  in  th e  
p o le  p lacem ent design  i s  much c lo s e r  to  th e  a c tu a to r  dynamics 
than  i t  i s  in  th e  o p tim a l c o n tro l law  d e s ig n .
( i i )  ta b le  (3 .2 3 )  w ith  ta b le  (3 .2 5 )
Again th e  phugoid dynamics have p r a c t ic a l ly  no e f f e c t  on th e  
p o le  lo c a t io n s .
( i i i )  ta b le  (3 .2 3 )  w ith  ta b le  (3 .2 6 )
Here a g a in  ta b le  ( 3 .2 6 )  i s  b a s ic a l ly  th e  same as ta b le  ( 3 . 2 4 ) .
I t  i s  n o tic e d  th a t  th e  cho ice  o f  s =  - 1  in  th e  p o le  p lacem ent c o n tro l  
law  d e s ig n , g iv in g  th e  in t e g r a t o r  a tim e  c o n s ta n t c lo s e  to  th e  s h o r t  
p e rio d  n a tu r a l  fre q u e n c y , i s  n o t a v e ry  good cho ice  o r perhaps th e
ch o ice  o f  to and r  based on e q u a tio n s  ( 3 .1 3 )  and (3 .1 4 )  i s  n o t so
sp sp
good as th e  cho ice  o f  th e  w e ig h tin g  param eter in  th e  perform ance in d e x  
in  th e  o p tim a l c o n tro l law  d e s ig n . T a b le  (3 .2 0 )  c le a r ly  shows t h a t  
th e  in c lu s io n  o f  th e  a c tu a to r  in f lu e n c e s  th e  p o le  p lacem ent des ig n
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much more than  i t  in f lu e n c e s  th e  o p tim a l c o n tro l law  d e s ig n , shown in  
ta b le  ( 3 .2 4 ) .  I t  appears t h a t  o p tim a l design  methods can o f f e r  a 
b e t te r  c o n tro l law  design  than  methods t h a t  d i r e c t l y  p la c e  c lo sed  loop  
p o les  on th e  s -p la n e . A ga in , lo o k in g  a t  ta b le  (3 .1 9 )  compared to  
ta b le  ( 3 .2 0 )  i t  i s  e v id e n t t h a t  f l i g h t  c o n d it io n s  3 and 13 a re  
in flu e n c e d  as much as f l i g h t  c o n d it io n s  6 , 9 and 1 7 , once a g a in  t h is  
emphasizes t h a t  th e  a n a ly s is  o f  ju s t  one, o r a s m a ll number o f ,  
f l i g h t  cases can sometimes le a d  to  wrong c o n c lu s io n s . I t  must be 
m entioned t h a t  th e  a c tu a to r  p o les  have n o t been l i s t e d  in  th ese  ta b le s  
f o r  reasons o f  s im p l ic i t y .
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4 CONTROL LAW DEVELOPMENT TO SATISFY GIBSON DROPBACK 
AND PHASE-RATE CRITERIA
4 .1  INTRODUCTION
As shown in  c h a p te r 3 , both  c o n tro l law  designs f a i l  to  m eet th e  
dropback c r i t e r io n  when th e  phugoid dynamics and a c tu a to r  a re  in c lu d e d  
in  th e  m odel. So i t  i s  necessary  to  c a r ry  o u t some ad justm ents  to  th e  
o p tim a l c o n tro l law  design  in  o rd e r to  meet th e  dropback c r i t e r io n  and 
to  th e  p o le -p la c e m e n t c o n tro l law  design to  m eet n o t o n ly  th e  dropback  
c r i t e r io n  b u t a ls o  CAP. The process adopted in  th e  red es ig n  is  
d e scrib ed  in  t h is  c h a p te r .
4 .2  THE ADJUSTMENT OF BOTH DESIGNS IN  ORDER TO SATISFY THE 
DROPBACK CRITERION AND CAP REQUIREMENT
4 .2 .1  THE POLE-PLACEMENT CONTROL LAW DESIGN
As seen in  c h a p te r 3 , to  red es ig n  th e  p o le -p la c e m e n t c o n tro l law  i t  i s
necessary  to  reco ver th e  s te a d y  s ta te  c h a r a c te r is t ic  ( q /q  ) ^  1 ,
dp ss
and an a c c e p ta b le  dropback. In  o rd e r to  reco ver good s te a d y  s ta te
c h a r a c te r is t ic s  i t  i s  necessary  to  a d ju s t  th e  g a in s  K and K , w h ile
w e
q
lo o k in g  s im u lta n e o u s ly  a t  th e  CAP re q u ire m e n t. To p erfo rm  t h is  
ad ju s tm en t an a n a ly t ic a l  approach was fo llo w e d , and f o r  t h is  approach  
th e  a c tu a to r  dynamics were n o t in c lu d e d , ju s t  th e  s h o rt  p e r io d  mode 
and phugoid mode to g e th e r .
The c o n tro l law  i s :
n =  -G x  +  G q ( 4 . 1 )
' 0 dp
and fo r  th e  reduced o rd e r model w ith o u t a c tu a to r ,
x T = [ w q e ]  ( 4 . 2 )
q
and G = [ K K K ]  ( 4 .3 )
w q e
q
Now i f  th e  phugoid model i s  in c lu d e d  in  th e  dynam ics, th e  s ta te  v e c to r  
becomes,
xT  = [  u w q 0 ]  ( 4 .4 )
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and th e  b a s ic  c o n tro l law  i s ,
n =  -K  w -K  q -K  e + G q
w q £ q.: . 0 dp
q
however e =  q -  q
q dp
so , e =  q /s  -  q /s
q dp
b u t 0 -  q /  s





(4 . S) 
(4.9)
s u b s t i tu t in g  ( 4 .9 )  in to  ( 4 .5 )  i t  i s  p o s s ib le  to  w r i t e  th e  c o n tro l law  
in  th e  form :
n =  -K  w -K  q -K  e +  K MdP +  G q
w q £ £ — ——  0 dp
q q s
(4.10)
and so , r/ =  -G x +
dp
(4.11)
now w ith  x =  [  u w q 0  ]  
and
(4.12)
(4.13)G = [  0 K k K ]
w q e 
q
So th e  a n a ly t ic a l  approach to  a d ju s t  K and K was o b ta in e d  w ith  th e
w C
q
s ta te  v e c to r  (4 .1 2 )  and th e  c o n tro l law  ( 4 .1 1 ) .  From th e  m ath em atica l 
model f o r  th e  c losed  loop system i t  i s  p o s s ib le  to  o b ta in  th e  t r a n s f e r  




N s 3+ N s 2+  N s +  N
0
A s 4 +  A s 3+  A s 2+ A s + A
4 3 2 1 0
(4.14)
A pply ing  th e  f i n a l  v a lu e  theorem  to  ( 4 . 1 4 ) ,  i t  i s  p o s s ib le  to  o b ta in  a 
r e la t io n s h ip  :
N
=  — = K (4 .15)
dp 0
as N and A a re  fu n c tio n s  o f  th e  a i r c r a f t  aerodynam ics, K and K ,
o o  w e
q
(4 .1 5 )  can be w r i t t e n  as : K =  fu n c tio n  (K ,K ) ,  and so i t  i s
ss w e
q
p o s s ib le  to  o b ta in  an app ro x im atio n  fo r  K as a fu n c t io n  o f  K and K
q
where K i s  s im p ly  th e  d e s ire d  s tead y  s ta te  c o n s ta n t to  be a c h ie v e d .
ss
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I f  K is  choosen around 1 , l e t s  say in  th e  range 0 .9 8  to  1 .0 2 ,  then
s s
i t  i s  p o s s ib le  to  a d ju s t  K and K w h i ls t  m o n ito rin g  th e  v a lu e  o f
w e
q - ......
CAP. I t  must be m entioned t h a t  i t  i s  n o t p o s s ib le  to  choose K
ss
e x a c t ly  1 due to  n u m erica l problem  in  th e  c a lc u la t io n  o f  K . I n
q
t h is  way new g a in s  K and K were o b ta in ed  fo r  a l l  f l i g h t  c o n d it io n s .
w £
q
I t  i s  u s e fu l now to  remember from  c h a p te r 3 t h a t  th e  ze ro  s te a d y  s ta te  
c h a r a c te r is t ic  o f  th e  p o le  p lacem ent c o n tro l law  design  was w e l l  
behaved even when th e  a c tu a to r  was in c lu d e d , and so th e  method i s  a 
good ap p ro x im atio n  f o r  f in d in g  new feedback g a in s  K and K
w £
q
The method can be summarized as:
( i )  choose a c o n s ta n t K ( 0 .9 8  to  1 .0 2  )s s
( i i )  w ith  th e  o ld  K ( from  th e  reduced o rd e r model ) o b ta in  a new K
w £
q
( i i i )  w ith  th e  new g a in s  K ,K and o ld  K f in d  th e  CAP w ith  th e
w £ q
q
\ com plete model and a c tu a to r .  I f  CAP i s  s a t is f y ie d ,  then  i t  i s
a l l  r ig h t  ( as is  th e  case o f  f l i g h t  c o n d it io n s  9 and 17 ) .  I f  
n o t go back to  ( i i )  w ith  a s m a ll change in  K
T h is  procedure w i l l  reco ver good CAP and good s te a d y  s ta te  
c h a r a c te r is t ic s ,  i t  rem ains now to  reco ver good dropback. The 
dropback c h a r a c te r is t ic s  w i l l  be recovered  by th e  fe e d fo rw a rd  g a in  G^. 
The te ch n iq u e  fo r  o b ta in in g  a new Gq i s  s im p le  and w id e ly  used in  th e  
a e ro n a u t ic a l in d u s tr y ,  by s im u la t in g  th e  a i r c r a f t  response and 
a d ju s t in g  th e  g a in  Gq based on th e  o r ig in a l  v a lu e  o b ta in e d  w ith  th e  
reduced o rd e r m odel.
W ith  th e  new feedback ga in s  and th e  o r ig in a l  fe e d fo rw a rd  g a in  
o b ta in  th e  dropback p aram ete r, i f  i t  s a t is f ie s  th e  c r i t e r io n  then  
no ad ju s tm en t i s  n ecessary , i f  th e  c r i t e r io n  i s  n o t s a t is f ie d  
then  change th e  Gq ju s t  a l i t t l e ,  b eg inn ing  w ith  5% change. 
O bta in  th e  a i r c r a f t  response, and so on u n t i l  th e  c r i t e r io n  i s  
s a t is f ie d .  The convergence i s  f a s t ,  w ith  few  i t e r a t io n s .  Around 
f i v e  i t e r a t io n s  a re  re q u ire d  to  o b ta in  a new v a lu e  o f  th e  
fe e d fo rw a rd  g a in .
W ith  t h is  procedure th e  new ga ins  o b ta in e d  a re  l i s t e d  in  ta b le  ( 4 . 1 ) .  
and in  ta b le  ( 4 .2 )  th e  new s h o rt p e r io d  c h a r a c te r is t ic s  a re  compared 
to  th e  o r ig in a l  s h o r t  p e rio d  c h a r a c te r is t ic s .
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TABLE 4 .1  -  NEW GAINS COMPARED WITH THE OLD 
GAINS FOR THE POLE-PLACEMENT CONTROL LAW




old 0.0012 0.0012 0.0011 0.0026 0.0013
new 0.0009 0.0018 0.0011 0.0030 0.0013
K
q old -0.588 -0.889 -1.875 -1.094 -1.249
s new -0.588 -0.889 -1.875 -1.094 -1.249
K
e old -1.219 -1.183 -1.697 -1.270 -1.252
radq
new -1.600 -2.857 -2.200 -3.755 -3.429
G
0 old -1.219 -1.183 -1.697 -1.270 -1.252
s new -1.389 -0.592 -2.036 -1.600 -1.410
TABLE 4 .2  -  NEW SHORT PERIOD CHARACTERISTICS 
COMPARED WITH THE OLD SHORT PERIOD CHARACTERISTICS




old 1.55 1.20 0.85 0.83 0.90
new 2.03 2.19 1.91 1.88 2.42
old 0.70 0.85 1.21 0.70 0.96
new 0.57 0.50 0.99 0.35 0.45
CAP
-2s
old 0.117 0.101 0.086 0.092 0.087
new 0.099 0.156 0.235 0.264 0.252
In  ta b le  ( 4 .3 )  th e  new and o ld  dropback c h a r a c t r is t ic s  a re  compared, 
and some correnents a re  in  o rd e r now:
i  I t  i s  seen from  ta b le  4 .1  t h a t  K has changed v e ry  l i t t l e  b u t K
w £
q
has changed m ore, t h is  i s  due to  th e  f a c t  t h a t  has th e  main
q
in f lu e n c e  in  th e  s tead y  s ta te  e r r o r .
i i  The fe e d fo rw a rd  g a in  has in  g e n e ra l in c re a s e d  w ith  re s p e c t to  th e
o ld  v a lu e s , in  f a c t  t h is  i s  n o t so good, s in c e  i t  re p re s e n ts
h ig h e r c o n tro l e f f o r t .
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i i i  The damping r a t io  has decreased in  a l l  f l i g h t  c o n d it io n s , b u t  
s t i l l  s a t is f ie s  le v e l  1 o f  MIL—F—8785C.
i v  I t  i s  in t e r e s t in g  to  no te  t h a t  th e  s h o rt  p e r io d  n a tu r a l  
freq u en cy  has in c re a s e d  in  a l l  f l i g h t  c o n d it io n s , a f a c t  t h a t  
c o n tra d ic ts  th e  approach fo llo w e d  in  th e  p o le  p lacem ent c o n tro l  
law  design  fo llo w e d  in  c h a p te r 3 .
v  The a i r c r a f t  response i s  now f a s t e r  than  i t  was b e fo re , t h a t  i s ,
t  i s  now lo w e r .
m
TABLE 4.3 — NEW DROPBACK CHARACTERISTICS COMPARED 
WITH THE OLD DROPBACK CHARACTERISTICS
FC ff 3 6 9 13 17
qm
qss
old 1.25 1.22 1.11 1.24 1.16
new 1.44 1.48 1.21 1.51 1.46
DB r \ -- (sec)
qss
old 0.09 0.15 0.02 0.11 0.07
new 0.05 0.16 0.24 0.12 0.08
tm
( sec)
old 1.4 1.6 2.1 2.6 2.1
new 1.1 1.4 1.2 1.4 1.1
qss 
(rad/s)
old 1 1 1 1 1
new 0.99 1 1 0.98 1
4 .2 .2  THE OPTIMAL CONTROL LAW DESIGN
I t  was necessary  to  make changes to  th e  o p tim a l c o n tro l law  
design  in  o rd e r to  reco ver good dropback c h a r a c t e r is t ic s ,  th e  
g a in s  were a d ju s te d  as fo l lo w s . In  th e  i n i t i a l  des ign  process a 
c o n s ta n t s ta te  w e ig h tin g  m a tr ix  Q was used and th e  c o n tr o l  
w e ig h tin g  m a tr ix  was v a r ie d .  Here th e  procedure i s  re v e rs e d ,  
t h a t  i s ,  a c o n s ta n t c o n tro l w e ig h tin g  m a tr ix  R i s  used, in  t h is  
case R is  taken  to  be eq u a l to  1 , and th e  s ta te  w e ig h tin g  m a tr ix  
Q is  v a r ie d .  O nly th e  e lem en t Q (3 ,3 )  i s  v a r ie d  as in  th e  
p re lim in a ry  d e s ig n . The procedure can be summarized as:
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i  W ith  th e  reduced o rd e r s h o r t  p e r io d  m odel, th a t  i s  w ith  th e  same
model used in  c h a p te r 3 to  design  th e  c o n tro l la w , o b ta in  a s e t  
o f  new feedback g a in s  v a ry in g  o n ly  th e  e lem ent Q ( 3 ,3 ) .  The 
design  a ttem p ts  to  ensure t h a t  th e  c losed  loop  p o les  d o n 't  move 
to o  f a r  from  th e  open loop  p o les  and t h a t  th e  g a in  m agnitudes a re
n o t too  h igh  ( say no more than  4 ) .  By v a ry in g  0 ( 3 ,3 )  from
0.01  to  20 a s e t  o f  feedback g a in s  and fe e d fo rw a rd  g a in s  were
o b ta in e d , in  th e  same way as d e scrib ed  in  c h a p te r 3 ,  f o r  each
f l i g h t  c o n d it io n .
i i  E v a lu a te  th e  s te a d y  s ta te  e r r o r  response o f  th e  f u l l  a i r c r a f t
model w ith  a c tu a to r  and th e  new g a in s  o b ta in ed  in  ( i ) .  Choose 
th e  s e t  o f  g a in s  t h a t  o f f e r  th e  b e s t s te a d y  s a te  e r r o r  response  
re c o v e ry .
i i i  O b ta in  th e  dropback c h a r a c te r is t ic s  w ith  th e  new s e t  o f  feedback
g a in s  and fe e d fo rw a rd  g a in  o b ta in e d  in  ( i i ) .  I f  a c c e p ta b le  do
n o t change th e  fe e d fo rw a rd  g a in . I f  n o t a c c e p ta b le  t r y  a new 
fe e d fo rw a rd  g a in  based on th e  v a lu e  o b ta in ed  in  ( i i )  and changing  
i t  by 5%, 10% and so on u n t i l  th e  dropback c r i t e r io n  i s
s a t is f ie d .
I t  must be m entioned here  t h a t  in  t h is  case i t  i s  p o s s ib le  to  o b ta in  
a n a ly t ic a l ly  f u l l  s ta te  feedback g a in s  w ith  th e  f u l l  m odel, t h a t  i s ,  
w ith  th e  s ta te  v e c to r :
j
X =  [  u  W  q 0 I ]  ]  ( 4 .  1 5 . a )
However, s in c e  th e  design  was n o t in te n d e d  to  have feedbacks o f  u , 77 
and v ^ , t h is  approach was n o t adopted . In  c o n tra s t  w ith  
p o le -p la c e m e n t method, i t  i s  n o t p o s s ib le  to  o b ta in  a n a ly t ic a ly  th e  
g a in s  w ith  th e  f u l l  model s in c e  th e  system is  n o t c o n t r o l la b le  in  
term s o f  c o n tro l th e o ry . A f te r  th e  red es ig n  th e  new g a in s  o b ta in e d  
a re  l i s t e d  in  ta b le  ( 4 .4 )  compared w ith  th e  o ld  g a in s . T a b le  ( 4 . 5 )  
shows th e  new and o ld  s h o r t  p e rio d  c h a r a c te r is i tc s  and ta b le  ( 4 .6 )  
shows th e  new and o ld  dropback c h a r a c t e r is i t c s .
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TABLE 4 .4  — NEW GAINS COMPARED WITH THE OLD 
GAINS FOR THE OPTIMAL CONTROL LAW DESIGN
FC ff 3 6 9 13 17
K
w
-1 f t  s
old 0.0002 0 .0 0 0 3 0 .0 0 0 5 0 .0 0 0 6 0 .0 0 0 4
new 0 .0 0 0 8 0 .0 0 0 7 0 .0 0 0 9 0 .0 0 1 4 0 .0 0 0 8
K
q old -0 .1 3 5 -0 .2 1 6 -0 .5 4 3 -0 .2 8 0 -0 .2 5 7
s new -0 .8 9 8 -1 .0 1 6 -1 .3 4 3 -1 .3 5 6 -1 .2 2 8
K
e old -0 .3 1 6 -0 .4 4 7 -0 .8 1 6 -0 .4 4 7 -0 .4 4 7
radq
new -2 .2 3 6 -2 .2 3 6 -2 .2 3 6 -2 .2 3 6 -2 .2 3 6
G
0 old -1 .2 9 0 -1 .2 8 0 -1 .7 2 0 -1 .9 1 0 -1 .5 4 0
s new -1 .9 2 7 -1 .9 7 3 -2 .1 8 8 -3 .2 3 0 - 2 .2 8 2
TABLE 4 .5  — NEW SHORT PERIOD CHARACTERISITCS 
COMPARED WITH THE OLD SHORT PERIOD CHARACTERISTICS




old 1 .6 4 1 .4 2 1 .1 9 1.11 1 .1 8
new 2 .5 9 2 .5 6 1 .9 5 1 .7 4 2 .1 3
C sp
old 0 .6 3 0 .5 3 0 .5 1 0 .5 4 0 .4 8




old 0 .1 3 0 .1 4 0 .1 7 0 .1 7 0 .1 5
new 0 .1 2 7 0 .1 8 2 0 .2 4 0 0 .2 4 5 0.222
TABLE 4 .6  -  NEW DROPBACK CHARACTERISTICS COMPARED 
WITH THE OLD DROPBACK CHARACTERISTICS
FC ff 3 6 9 13 17
qID
qs s
old 1 .3 2 1 .4 7 1 .4 9 1 .4 4 1 .5 9
new 1 .5 6 1 .6 0 1 .4 7 1 .7 4 1 .6 0
DB r  ^—  C s e c )
qss
old 0 .0 5 0.01 0.02 0 .0 9 0 .0 3




old 1.20 1 .3 0 1 .5 0 1 .7 0 1 .5 0
new 0 .9 0 0 .9 0 1.10 1.10 1.00
qs s 
(r a d / s )
old 1 1 1 1 1
new 0 .9 9 1 0 .9 9 0 .9 4 0 .9 8
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4 .2 .3  CONCLUSIONS AND OBSERVATIONS
The r e s u lts  o b ta in ed  w ith  th e  re v is e d  p o le  p lacem ent c o n tro l law
design and o p tim a l c o n tro l law  design  le d  to  th e  fo llo w in g
o b s e rv a tio n s :
i  Again th e  o p tim a l c o n tro l law  design  re q u ire s  h ig h e r fe e d fo rw a rd  
g a in s  than  th e  p o le  p lacem ent c o n tro l law  d e s ig n . T h is  i s  n o t a 
good fe a tu r e  w ith  re s p e c t to  c o n tro l e f f o r t .
i i  A lthough th e  feedback g a in  K has in c re a s e d  w ith  re s p e c t to  th e
q
o r ig in a l  v a lu e  in  th e  o p tim a l c o n tro l law  d e s ig n , i t  i s  c o n s ta n t  
over th e  f l i g h t  en ve lo p e , which is  v e ry  good in  term s o f  
im p le m e n ta tio n , s in c e  I t  i s  n o t re q u ire d  to  be schedu led .
i i i  Again th e  o p tim a l c o n tro l law  design s a t is f y ie s  CAP req u irem en t 
much b e t te r  than  th e  p o le -p la c e m e n t c o n tro l law  d e s ig n . In  th e  
process o f  g a in  ad ju s tm en t some d i f f i c u l t y  was exp erien ce d  in  
t r y in g  to  keep CAP in  le v e l  1 w ith  th e  p o le  p lacem ent c o n tro l  
law  design  fo r  some f l i g h t  c o n d it io n s .
i v  Again th e  p o le  p lacem ent c o n tro l law  design  g iv e s  b e t te r  s te a d y  
s ta te  c h a r a c te r is t ic s  than  th e  o p tim a l c o n tro l law  d e s ig n . T h is  
was a lre a d y  known s in c e  th e  method o f  c a lc u la t io n  o f  th e  
fe e d fo rw a rd  g a in  used in  th e  p o le  p lacem ent method i s  based on 
p o le -z e ro  c a n c e lla t io n  ( c h a p te r 2 ) .
v  The a i r c r a f t  w ith  o p tim a l c o n tro l law  design c o n tin u e s  to
p re s e n t a g re a te r  p i t c h - r a t e  oversh o o t compared w ith  th e
a i r c r a f t  w ith  p o le  p lacem ent c o n tro l law  d e s ig n .
v i  The s h o rt  p e r io d  damping is  p r a t i c a l l y  unchanged in  th e  o p tim a l
c o n tro l law  d e s ig n . S ince I t  was a lre a d y  s a t is fy in g  th e  CAP
req u irem en t th e  red es ig n  o f  th e  o p tim a l c o n tro l law  was 
b a s ic a l ly  concerned w ith  th e  dropback c r i t e r io n .
v i i  The o p tim a l c o n tro l law  design  s t i l l  g iv e s  th e  b e t te r  phugoid
perform ance w ith  re s p e c t to  M IL -F -8785C .
v i i i  The p o le  p lacem ent c o n tro l law  design  g iv e s  a g re a te r  phase and 
g a in  m argin than  th e  o p tim a l c o n tro l law  d e s ig n . In  o p tim a l 
c o n tro l design methods one can exp ec t to  o b ta in  b e t te r  phase and 
g a in  m argin c h a r a c te r is t ic s  than  w ith  o th e r  methods, how ever, 
t h is  i s  t r u e  o n ly  when f u l l  s ta te  feedback is  used, which I s  n o t  
th e  case h e re .
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i x  The o p tim a l c o n tro l law  design  r e s u lts  in  h ig h e r bandw idth and 
reso n an t peak than  th e  p o le  p lacem ent c o n tro l law  d e s ig n . 
However, both  designs g iv e  a perform ance which f a l l s  o u ts id e  th e
cc
d e s ire d  bandwidth range as s p e c if ie d  in  D'Sousa .
x As seen, th e  fe e d fo rw a rd  g a in  Gq in  both designs was f i n e l y  
a d ju s te d  by t r i a l  and e r r o r  about th e  nom inal fe e d fo rw a rd  g a in  
v a lu e  o b ta in ed  in  th e  re d e s ig n . A d justm ent by s im u la t io n  is  
v e ry  s t r a ig h t fo rw a rd , in  f a c t  no more than fo u r  o r f i v e  
i t e r a t io n s  were necessary  in  o rd e r to  o b ta in  th e  f i n a l  Gq.
T a b le  ( 4 .7 )  shows th e  g a in  m argin G , and phase m argin P o b ta in e d  f o r
M M
th e  augmented a i r c r a f t  w ith  both designs and a ls o  th e  reso n an t peak
M , and bandwidth u .
P b
TABLE 4 .7  -  DYNAMIC CHARACTERISTICS OF THE AUGMENTED
AIRCRAFT WITH BOTH DESIGNS
FC U 3 6 9 13 17
G
M (dB) PPCL
1 2 .8 1 3 .6 1 2 .5 1 5 .3 1 2 .4
OCL 9 .4 9 .4 1 2 .5 1 1 .6 1 0 .5
P
M (deg) PPCL
82 62 110 64 70
OCL 62 60 80 74 70
G)
b
PPCL 4 .9 3 .7 4 .7 3 .3 4 .6
( r a d / s )
OCL 6 .7 6 .8 4 .9 5 .3 5 .8
M
P
PPCL 4 .4 4 .6 1 .8 6 .8 4 .9
(dB)
OCL 5 .3 5 .8 4 .8 6 .2 5 .7
In  f ig u r e  ( 4 .1 )  th e  tim e  response o f  both designs a re  compared. In  
f ig u r e  ( 4 .2 )  th e  freq u en cy  response o f  both designs a re  compared on 
th e  N ic h o ls  c h a r t  and in  f ig u r e  ( 4 .3 )  th e  freq u en cy  response o f  both  
designs a re  compared on th e  bode p lo t .  A l l  th ese  f ig u r e s  r e f e r  to  
f l i g h t  c o n d it io n  6 .
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T
18




P o I e . P . C . l a w( t i l l )
(q/qd) - FC # 6
-40 -270 Phase tdag)
figure 4.2 - Nichols plot of pitch-rate f r eq u e n c y  response of both 
______________ designs at 20000 ft, mach 0.70__________________________ .
20
Gain
( d B )
P o I  a  . P . C . 1 aw i
-40 Optinal c.lau\
Phase
1 -270 Frequency ( r a d / # ) 100
figure 4.3 - Bode plot of pi t ch-rate frequency response of both 
_________________ designs at 20000 ft, mach 0.70_______________________ ___
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4 .3  FURTHER DEVELOPMENT OF THE CONTROL LAWS TO MEET 
THE PHASE—RATE CRITERION
4 .3 .1  INTRODUCTION.
The Gibson p h a s e -ra te  c r i t e r io n  was developed s p e c ia l ly  to  d e a l w ith  
th e  problem  o f  p i l o t  induced o s c i l la t io n s  ( PIO ) ,  which occurs m a in ly  
in  approach and f l a r e .  However, here  th e  s tu d y  i s  c a r r ie d  o u t f o r  th e  
c ru is e  c o n f ig u ra t io n  o n ly , s in c e  th e  re fe re n c e  used, H e f f le y 11, does 
n o t c o n ta in s  aerodynam ic d a ta  fo r  th e  la n d in g  c o n f ig u ra t io n . O ther
C 0
u s e fu l re fe re n c e s  concerned w ith  th e  PIO problem  a re  H e s s -K a lte is  
and Powers6 7 . In  p a r t ic u la r  H e s s -K a lte is 66 o f fe r s  an in t e r e s t in g  
method f o r  d e a lin g  w ith  th e  PIO problem  based on th e  use o f  o p tim a l 
c o n tro l methods.
4 .3 .2  EVALUATION OF BOTH CONTROL LAWS RELATIVE 
TO THE PHASE-RATE CRITERION
To e v a lu a te  both c o n tro l law  designs w ith  re s p e c t to  th e  p h a s e -ra te  
c r i t e r io n  th e  a i r c r a f t  model cons idered  i s  t h a t  d e scrib ed  in  c h a p te r  
3 , s e c tio n  3 .7 ,  th e  s ta te  v e c to r  as g iven  by eq u a tio n  (3 .3 7 )  i s ,
xT = [ u w q 0 e n v ]  (4.16)
q n
and d e s c rib e s  th e  f u l l  a i r c r a f t  model p lu s  a c tu a to r .  From t h is  p o in t  
on a c tu a to r  n o .2 i s  used in  t h is  w ork . The a i r c r a f t  model i s  g iven  by 
th e  fo llo w in g  s ta te  e q u a tio n  ( 3 .3 8 ) ,
x =  A x +  B r) +  E q (4.17)
dp
So th e  c o n tro l law  s tru c tu re  is  t h a t  g iven  in  F ig u re  ( 3 .1 1 ) .  The 
c losed  loop model i s ,
x =  (A -  BG)x +  (BG + E)q ( 4 . 18 )
0 dp
w ith  A g iven  by e q u a tio n  ( 3 .3 9 ) ,  B g iven  by eq u a tio n  ( 3 .4 0 ) ,  E g iven  
by e q u a tio n  (3 .4 1 )  and th e  g a in  v e c to r  G i s  g iven  in  t a b le ( 4 .1 )  fo r
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th e  p o le  p lacem ent c o n tro l la w , and in  ta b le  ( 4 .4 )  f o r  th e  o p tim a l 
c o n tro l la w . P lo t t in g  th e  c lo sed  loop  a t t i t u d e  freq u en cy  response on 
N ic h o ls  c h a r t  i t  i s  p o s s ib le  to  o b ta in  th e  necessary  d a ta  to  e v a lu a te  
th e  c o n tro l law  designs w ith  re s p e c t to  th e  phase—r a te  c r i t e r io n .  
R e fe r r in g  to  f ig u r e  ( 4 . 4 ) ,
dp
J gain
f req u en c y at which 
the phase is 0
phase rate
f req u en c y at wh i ch  
the phase is 0 (4.19)
PR





phase lead n e c e s s a r y
PR w h i c h  the f r eq u e n c y  is
LD
figure 4.4 - N e c es s ar y  param e te r s for e v a l u a ti o n of the
phase rate c ri t erion obtai n ed  from the closed loop atti t ud e  
fr equency response on the Nichols chart.
which d e s c rib e s  th e  param eters needed in  o rd e r to  e v a lu a te  th e
c r i t e r io n ,  th ese  param eters  were o b ta in e d  f o r  both c o n tro l law s and 
th e  f in d in g s  a re  l i s t e d  in  ta b le  ( 4 . 8 ) .
F ig u re  ( 4 .5 )  shows th e  perform ance o f  both  c o n tro l law  designs w ith
re s p e c t to  th e  phase r a te  c r i t e r io n .  From t h is  f ig u r e  i t  i s  obvious  
t h a t  th e  o p tim a l c o n tro l law  i s  alw ays lo c a te d  in  th e  re g io n  o f  
m oderate PIO w hereas, th e  p o le  p lacem ent c o n tro l law  design  shows
g re a te r  v a r ia t io n s  s in c e  i t  i s  lo c a te d  in  t h is  reg io n  and a ls o  in  th e  
re g io n  o f  severe  P IO . To b r in g  both designs in to  th e  optimum re g io n  
i t  i s  necessary to  in tro d u c e  o f  a le a d  f i l t e r  in to  th e  command p a th  o f  
th e  c o n tro l la w s ,a s  d escrib ed  in  c h a p te r 2 , s e c tio n  2 . 3 .4 .
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TABLE 4 .8  -  PHASE-RATE PARAMETERS FOR BOTH DESIGNS
FC t i P OL E - P L A C E M E N T  DESIGN O PTIMAL DESIGN
P.R.















3 —147 4 9 .7 0 .5 2 -1 6 0 46 0 .6 0
6 -3 1 7 7 7 .8 0 .3 8 -1 6 3 48 0 .6 0
9 „ “ 129 4 6 .4 0 .6 0 -1 4 9 52 0 .5 0
13 -3 4 4 6 6 .8 0 .3 6 -1 3 6 50 0 .5 0
17 -2 4 3 6 3 .8 0 .4 5 -1 5 6 50 0 .5 5
400



















figure 4.5 - phase rate cr i te r i o n  plot of both 
_________________ control law designs___________________
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W ith  th e  e x tra  dynamics o f  th e  le a d  f i l t e r  in  th e  system i t  can be 
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figure 4.6 - flight control system w i th  lead pre filter in the
__________________ command path_________________________________________________
R e fe r r in g  to  f ig u r e  ( 4 .6 )  th e  e r r o r  i s  now g iven  by,
£ = q -  q (4.20)
q d
W ith  th e  in tro d u c t io n  o f  th e  le a d  f i l t e r  in  th e  command path  th e  good 
dropback c h a r a c te r is t ic s  o b ta in ed  in  c h a p te r  3 a re  degraded f o r  both  
c o n tro l law  d e s ig n s , and so i t  i s  necessary  to  a d ju s t  th e  g a in s  o f  
both c o n tro l law  d es ig n s . C e r ta in ly  i t  can be p re d ic te d  t h a t  th e  g a in  
a d ju s tm en t w i l l  be more d i f f i c u l t  f o r  th e  p o le  p lacem ent c o n tro l law  
design  than  f o r  th e  o p tim a l c o n tro l law  design  s in ce  th e  perform ance  
o f  th e  p o le  p lacem ent c o n tro l law  design  f a l l s  a lm ost e n t i r e ly  in  th e  
reg io n  o f  severe  P IO . W ith  re fe re n c e  to  ta b le  ( 4 .8 )  i t  i s  n o tic e d  t h a t  
th e  maximum phase r a te  o f  th e  o p tim a l c o n tro l law  i s  about —136  
d eg /H z, and th e  minimum is  about —165 d e g /H z. For th e  p o le  p lacem ent 
c o n tro l law  th e  maximum phase ra te  i s  about -1 2 4  deg/H z and th e  
minimun about -3 1 7  d eg /H z. Thus i t  i s  c le a r  t h a t  th e  o p tim a l c o n tr o l
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law  design  comes c lo s e r  to  m eeting th e  c r i t e r io n  than  th e  
p o le -p la c e m e n t c o n tro l law  d e s ig n . As seen in  c h a p te r 2 , s e c tio n  
2 . 3 . 4 ,  a d e s ira b le  phase ra te  i s  le s s  than  100 d e g /H z . A ls o , a 
comparison o f  th e  phase le a d  A$ld necessary to  b r in g  th e  design  in to  
agreem ent w ith  th e  c r i t e r io n ,  t h a t  i s  to  p u t th e  freq u en cy  o f  1 Hz in  
th e  c losed  loop  a t t i t u d e  freq u en cy  response on th e  N ic h o ls  c h a r t  a t  
-1 8 0 °  phase, f o r  both designs shows t h a t ,
( i )  For th e  o p tim a l c . l .d e s ig n  4 5 .1  ^ A$ld < 5 1 . 7
( i i )  For th e  p o le  p . c . l .  design  4 4 .9 °  ^ ^ LD 22 77 .8 *
And i t  i s  c le a r  t h a t  th e  v a lu e s  o f  phase ad ju s tm en t re q u ire d  by th e  
p o le  p lacem ent c o n tro l law  design  f o r  some f l i g h t  c o n d it io n s  can n o t  
be o b ta in e d  w ith  phase le a d  o n ly  b u t , re q u ire  some red es ig n  o f  th e  
c o n tro l law  g a in s  as w e l l .
4 .3 .3  THE POLE-PLACEMENT CONTROL LAW DESIGN
To design th e  le a d  f i l t e r  th e  method o f  Kuo68 has been fo llo w e d . The 
t r a n s fe r  fu n c tio n  o f  th e  phase le a d  f i l t e r  can be w r i t t e n  as;
1 +  aTs 
1 + Ts a > 1 (4.21)
phase lead 
f i 1 ter
f i gure 4.7
Shown on th e  bode p lo t ,  th e  phase le a d  c o n t r o l le r  has two c o rn e r  
fre q u e n c ie s , one a t  co =  l / ( a T )  and th e  o th e r a t  to = 1 /T  . A r e la t io n
fl
o f  to and $  w ith  a and T i s  o b ta in ed  in  Kuo as;
m m
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u  3 — 7— = —  ( 4 . 2 2 )  and s i n  $  =  — --------1— ( 4 . 2 3 )
m y a  I m 3 + 1







- 9 0 °
aT
f i gue 4.8 bod lot of th lead t r o l l
i As $  i s  th e  maximum phase le a d  o b ta in ed  a t  th e  freq u en cy  o . In  t h is
m m
case to i s  1 Hz f o r  a l l  f l i g h t  cases and th e  re q u ire d  <I> v a r ie s  w ith  
m m
f l i g h t  case . S in ce  th e  average phase le a d  re q u ire d  by th e  p o le
p lacem ent c o n tro l law  design  i s  around 5 7 ° ,  b e fo re  a tte m p tin g  to
d es ign  th e  le a d  f i l t e r  i t  was decided  to  re d e s ig n  th e  c o n tr o l law
g a in s  fo r  th e  f l i g h t  c o n d it io n s  lo c a te d  in  th e  re g io n  o f  severe  P IO .
The redesign  p rocedure  was c a r r ie d  o u t f o r  f l i g h t  c o n d it io n s  a t  10000
f t ,  20000 f t  and 30000 f t  o n ly , t h a t  i s  f l i g h t  c o n d it io n s  6 , 13 and
1 7 . The red es ig n  was perform ed based on th e  g a in s  o b ta in e d  in  th e
p re lim in a ry  des ign  w ith  th e  reduced o rd e r m odel, c h a p te r 3 ,  s e c t io n
3 . 3 ,  and by choosing to  a d ju s t  K o n ly . So f l i g h t  c o n d it io n  3 and 9
w
have no changes in  th e  feedback g a in s , th e y  a re  th e  same as o b ta in e d  
in  s e c tio n  4 . 2 . 1 .  To o b ta in  th e  new feedback g a in  K f o r  f l i g h t  cases
w
6 , 13 and 17 th e  s t a r t in g  p o in t  was th e  g a in s  o b ta in e d  in  s e c t io n  3 .3




The red es ig n  was made by a d ju s t in g  K in  o rd e r to  o b ta in  a phase r a te
w
lo w er than  200 d eg /H z, and an a c c e p ta b le  CAP. T h is  ch o ice  was based 
m a in ly  on th e  o p tio n  to  keep th e  changes as s im p le  as p o s s ib le . The 
new feedback g a in s  o b ta in ed  by t h is  procedure a re  l i s t e d  in  ta b le  4 .9 .
TABLE 4 .9  -  NEW GAINS COMPARED WITH THE OLD 
GAINS FOR THE POLE-PLACEMENT CONTROL LAW





old 0 .0 0 0 9 0 .0 0 1 8 0 .0 0 1 1 0 .0 0 3 0 0 .0 0 1 3




old -0 .5 8 8 -0 .8 8 9 -1 .8 7 5 -1 .0 9 4 -1 .2 4 9




old -1 .6 0 0 -2 .8 5 7 -2 .2 0 0 -3 .7 5 5 -3 .4 2 9




old - 1 .3 8 9 -0 .5 9 2 -2 .0 3 6 -1 .6 0 0 -1 .4 1 0
new - 0 .8 3 4 -1 .0 6 5 -1 .6 2 9 -1 .4 6 1 -1 .4 3 9
The s tep s  in  th e  procedure can be summarized;
( i )  f o r  f l i g h t  cases 6 ,  13 and 17 go back to  th e  feedback g a in s
o b ta in e d  in  ta b le  ( 3 . 3 ) .  For f l i g h t  c o n d it io n s  3 and 9 th e
feedback ga in s  K , K and K a re  m a in ta in e d  a t  th e  same v a lu e s
w q £
q
o b ta in e d  in  ta b le  ( 4 . 1 ) .
( i i )  M a in ta in  K and K a t  th e  v a lu e s  o f  ta b le  ( 3 . 3 ) ,  f o r  f l i g h t
e q
q
c o n d it io n s  6 , 13 and 1 7 .
( i i i ) F o r  f l i g h t  c o n d it io n s  6 , 13 and 17 th e  fo llo w in g  p rocedure  was 
adopted;
A d ju s t K in  o rd e r to  o b ta in  a CAP t h a t  s a t is f ie s  L eve l 1 , a
w
reasonab le  p h a s e -ra te  ( le s s  than  200° deg/Hz ) ,  a reaso n ab le  
A$ and a good (q /q  ) ^  1 . T h is  ad ju s tm en t was perform ed by
LD dp ss
s im u la t in g  th e  system and lo o k in g  fo r  th ese  p aram eters
i t e r a c t i v e l y .  As convergence i s  n o t d i f f i c u l t  to  o b ta in .
( i v )  The new feedback g a in s  a re  then  d e te rm in ed .
(v )  Design th e  le a d  f i l t e r  based on th e  re s u lts  o b ta in ed  in  ( i i i )  f o r
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( v i )  W ith  th e  le a d  f i l t e r ,  a c tu a to r ,  f u l l  a i r c r a f t  m odel, feedback  
g a in s  o b ta in ed  in  ( i v ) ,  and th e  fe e d fo rw a rd  g a in  o b ta in e d  in  
t a b l e ( 4 . 1 ) ,  o b ta in  th e  dropback c h a r a c t e r is t ic s .  I f  th e  dropback  
c r i t e r io n  i s  s a t is f ie d  then  i t  i s  n o t necessary  to  change Gq . I f  
th e  c r i t e r io n  i s  n o t s a t is f ie d  then  a d ju s t  G  ^ by s im u la t io n  using  
th e  v a lu e  in  ta b le  ( 4 .1 )  as th e  s t a r t in g  p o in t .  A f te r  a few  
i t e r a t io n s  th e  new Gq i s  o b ta in e d  and th e  red es ig n  i s  then  
com pleted .
I t  should  be noted t h a t  in  s tep s  ( i ) ,  ( i i ) ,  ( i i i )  and ( i v )  no f i l t e r  
i s  in c lu d e d  in  th e  p ro cess , and in  th e  s tep s  ( v )  and ( v i )  then  th e  
le a d  f i l t e r  i s  cons idered  in  th e  p ro cess . W ith  t h is  red es ig n  o f  
feedback g a in s , th e  p o le  p lacem ent c o n tro l law  is  now lo c a te d  e n t i r e ly  
in  th e  re g io n  o f  m oderate P IO . T a b le  ( 4 .1 0 )  shows th e  a i r c r a f t  
c h a r a c te r is t ic s  fo r  th e  c o n tro l law  w ith  redes igned  g a in s  b u t  
e x c lu d in g  th e  e f f e c ts  o f  th e  le a d  f i l t e r .
TABLE 4 .1 0  -  NEW AIRCRAFT CHARACTERISTICS 
WITH THE NEW FEEDBACK GAINS
f c  a CAP
- 2s
q
. q d p . ss





3 0.099 0.99 -147 49.7
6 0.109 0.95 -1 2 2 46.6
9 0.235 1.07 -129 46.4
13 0.109 0.80 -1 2 0 53.0
17 0.157 0.93 -1 2 2 48.3
A comparison w ith  ta b le  ( 4 .8 )  shows th e  improvements o b ta in e d .
Now t h a t  th e  perform ance a t  a l l  f l i g h t  c o n d it io n s  is  im proved w ith  
re s p e c t to  th e  req u irem en ts  o f  th e  phase ra te  c r i t e r io n ,  t h a t  i s ,  th e y  
now re q u ire  le s s  than  50° o f  phase le a d  and th e y  have le s s  than
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1 5 0 ° /H z o f  phase r a t e ,  i t  i s  p o s s ib le  to  design  th e  phase le a d  f i l t e r .  
The f i l t e r  was designed choosing th e  phase le a d  as 4 9 .5 °  a t  1 Hz, fo r  
a l l  f l i g h t  c o n d it io n s . The r e s u lt in g  le a d  f i l t e r  i s :
(1  +  0 .4 3 1  s )
PLF =    (4.24)
(1  +  0 .0 5 9  s )
( s +  2 .3 2  )
or, PLF = 7 .3 ------- ----------------- (4.25)
( s +  17 )
The 7 .3  re p re s e n ts  th e  necessary  g a in  compensation in  o rd e r to  keep 
th e  s lo p e  o f  th e  c losed  loop  a t t i t u d e  freq u en cy  response p lo t  a t  a 
reasonab le  v a lu e  a t  cross o v e r , t h a t  i s ,  lo w er than 1 0 0 ° /H z  . W ith  
t h is  le a d  f i l t e r  and th e  redesigned  feedback g a in s , th e  c o n tro l law  
s a t is f ie s  CAP and th e  phase r a te  c r i t e r io n .  However, i t  must a ls o
s a t is f y  th e  dropback c r i t e r io n  o b ta in e d  w ith  th e  red es ig n  o f  th e
fe e d fo rw a rd  g a in  Gq as a lre a d y  d escrib ed  b e fo re . T a b le  ( 4 .1 1 )  shows 
th e  phase ra te  c r i t e r io n  and dropback c r i t e r io n  param eters  f o r  th e  
a i r c r a f t  w it lj^ tn e  redesigned  c o n tro l la w .
TABLE 4 .1 1  -  FINAL DROPBACK AND PHASE RATE OBTAINED
FC H 3 6 9 13 17
DB
(rad)
0 .0 5 0 .0 6 0 .1 8 0 .0 9 0 .0 1
P.R.
( d e g / H z )
- 7 6 .5 - 9 0 .4 -1 0 0 - 7 6 .1 - 9 1 .2
I t  was n o tic e d  t h a t ,  fo r  some f l i g h t  c o n d it io n s  th e  dropback i s  v e ry  
s e n s it iv e  to  changes in  th e  fe e d fo rw a rd  g a in , as can be seen from  th e  
example o f  ta b le  ( 4 .1 2 ) .  Thus th e  robustness o f  t h is  design  i s  poor 
w ith  re s p e c t to  dropback c r i t e r io n  when th e  fe e d fo rw a rd  g a in  i s  
v a r ie d .  I f  th e  design  were perform ed fo r  ju s t  one f l i g h t  c o n d it io n  
t h is  problem  would n o t be v i s ib le ,  which a ls o  shows t h a t  in  o rd e r to  
g e t some " fe e l"  f o r  th e  design  s e v e ra l f l i g h t  cases must be a n a ly z e d .
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TABLE 4 .1 2  -  VARIATIONS IN  DB WITH CHANGES IN  THE
FEEDFORWARD GAIN AT 20000 FT MACH 0 .8 0
6 ( s ) 0 DB ( rad )
-1 .1 3 5 -0 .0 0 8
-1 .1 5 6 -0 .0 4 1
-1 .2 4 5 0 .1 7 0
4 .3 .4  THE OPTIMAL CONTROL LAW DESIGN
To a d ju s t  th e  o p tim a l c o n tro l law  to  s a t is f y  th e  phase ra te  c r i t e r io n  
i t  was n o t necessary to  red es ig n  th e  feedback g a in s  as in  th e  case o f  
th e  p o le  p lacem ent c o n tro l la w . S ince a l l  th e  f l i g h t  cases a re  
lo c a te d  in  th e  re g io n  o f  m oderate P IO , and th e  phase r a te  o b ta in e d  is  
le s s  than  2 0 0 ° /H z a phase le a d  f i l t e r  can be designed d i r e c t l y .  
C o n s id erin g  th e  average phase le a d  re q u ire d  f o r  a l l  f l i g h t  cases as 
4 8 .5 °  th e  r e s u lt in g  f i l t e r  i s :
(s  +  2 .3 8 )
PLF = 6 .9 6    ( 4.26)
(s  +  1 6 .5 8 )
W ith  th e  in tro d u c t io n  o f  t h is  f i l t e r  in  th e  command p ath  th e  phase 
r a te  c r i t e r io n  and CAP a re  s a t is f ie d ,  b u t, th e  dropback c r i t e r io n  is  
n o t s a t is f ie d .  So i t  i s  necessary  to  red es ig n  th e  fe e d fo rw a rd  g a in  
o n ly  in  o rd e r to  re s to re  good dropback c h a r a c te r is t ic s .  The red es ig n  
i s  based on th e  fe e d fo rw a rd  g a in  o b ta in ed  in  c h a p te r 3 ,  s e c tio n  3 .4 ,  
as th e  s ta r t in g  p o in t  f o r  i t e r a t i v e  ad ju s tm e n t. A new fe e d fo rw a rd  
g a in  was o b ta in ed  by s im u la t in g  th e  a i r c r a f t  response w ith  f u l l  m odel, 
a c tu a to r ,  le a d  f i l t e r  and c o n tro l law  w ith  o r ig in a l  feedback g a in s .  
Then w ith  s m a ll changes to  th e  i n i t i a l  v a lu e  o f  Gq i t  i s  easy to  f in d  
a new v a lu e  t h a t  s a t is f ie s  th e  dropback c r i t e r io n .  Here th e  
convergence is  v e ry  f a s t ,  and th e  s e n s i t i v i t y  o f  dropback to  
v a r ia t io n s  In  Gq i s  n o t a problem  as w ith  th e  p o le  p lacem ent c o n tro l  
law  d e s ig n . So w ith  t h is  procedure th e  red es ig n  is  com pleted and th e  
re s u lt in g  feed fo rw ard  g a in , dropback and phase r a te  a re  l i s t e d  in  
ta b le  (4 .1 3 )
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TABLE 4 .1 3  -  FINAL FEEDFORWARD GAINS, DROPBACK AND 
PHASE-RATE OBTAINED
FC // G ( s ) 
0
DB ( rad ) P.R. (deg/Hz)
old new old new
3 -1 .9 2 7 -1 .1 5 6 0 .0 7 0 .0 8 -9 1
6 -1 .9 7 3 -1 .1 8 4 0 .1 2 0 .0 9 -9 2
9 -2 .1 8 8 -1 .6 4 1 0 .0 3 0 .0 6 -8 3
13 -3 .2 3 0 -2 .5 8 4 0 .0 1 0 .1 2 -8 1
17 -2 .2 8 2 -1 .2 5 5 0 .1 5 0 .0 2 -8 4
4 .3 .5  CONCLUSIONS AND OBSERVATIONS
The f i n a l  design  c h a r a c te r is t ic s  o f  th e  a i r c r a f t  w ith  p o le  p lacem ent 
c o n tro l law  design  a re  summarized in  ta b le  ( 4 .1 4 )  and th e  
correspond ing  r e s u lts  f o r  th e  a i r c r a f t  w ith  th e  o p tim a l c o n tro l law  
design a re  in c lu d e d  in  ta b le  ( 4 .1 5 ) .  Now th e  fo llo w in g  o b s e rv a tio n s  
may be made,
( i )  The o p tim a l c o n tro l law  design  has a g re a te r  p itc h  r a te  
overshoot than  th e  p o le  p lacem ent c o n tro l law  design  as w e l l  as 
g iv in g  a f a s t e r  response.
( i i )  The o p tim a l c o n tro l law  design  re s u lts  in  a g re a te r  bandw idth  
than  th e  p o le  p lacem ent c o n tro l law  d e s ig n .
( i i i )  The p o le  p lacem ent c o n tro l law  design  alw ays has a g r e a te r  
phase and g a in  m arg in .
( i v )  The in c lu s io n  o f  th e  phase le a d  f i l t e r  has in c re a s e d  th e  
bandw idth , phase m argin and g a in  m argin in  both c o n tro l law  
designs compared w ith  th e  a i r c r a f t  w ith o u t  le a d  f i l t e r .
(v )  The m agnitude o f  th e  feed fo rw ard  g a in s  has decreased in  both  
d e s ig n s , which is  a good fe a tu r e ,  s in c e  i t  re p re s e n ts  lo w e r  
c o n tro l e f f o r t .
( v i )  In  th e  p o le  p lacem ent design th e  feedback g a in  K has a ls o
q
d ecreased , which a ls o  re p re s e n ts  lo w er c o n tro l e f f o r t .
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( v i i )  The dropback c h a r a c te r is t ic  has been improved in  both  d es ig n s .
( v i i i )  The p o le  p lacem ent design  i s  n o t so ro b u s t as th e  o p tim a l 
design  w ith  re s p e c t to  th e  dropback c h a r a c te r is t ic  when th e  
fe e d fo rw a rd  g a in  i s  changed.






























3 1 .3 4 0 .8 0 0 .9 9 0 .0 5 7 .6 0 3 .9 2 1 4 .2 103 - 7 6 .5
6 1 .3 2 0 .6 0 0 .9 9 0 .0 6 9 .3 0 2 .6 5 1 2 .4 90 - 9 0 .4
9 1 .3 4 0 .6 0 « O o 0 .1 8 9 .4 0 2 .4 0 1 1 .9 78 -1 0 0
13 1 .3 1 1 .7 0 0 .9 2 0 .0 9 5 .5 0 3 .5 0 1 5 .6 133 - 7 6 .1
17 1 .3 0 0 .6 0 0 .9 8 0 .0 1 9 .5 0 2 .4 0 1 2 .3 85 - 9 1 .2
TABLE 1.15 - FINAL RESULTS WITH THE OPTIMAL DESIGN
FC
ff









dB dB deg deg
Hz
3 1 .5 6 0 .6 0 0 .9 9 0 .0 8 1 0 .0 5 .3 0 1 0 .9 64 - 9 0 .9
6 1 .6 1 0 .6 0 0 .9 9 0 .0 9 1 0 .0 5 .7 5 1 0 .3 63 - 9 1 .6
9 1 .4 9 0 .7 0 0 .9 9 0 .0 6 9 .0 5 .0 0 1 2 .3 82 - 8 2 .8
13 1 .6 8 0 .6 0 0 .9 4 0 .1 2 1 0 .3 6 .4 2 1 0 .9 68 - 8 1 .3
17 1 .4 1 0 .7 0 0 .9 9 0 .0 2 8 .5 4 .4 0 1 3 .0 91 - 8 3 .5
In  a d d it io n  th e  o p tim a l c o n tro l law  design  i s  more t o le r a n t  to  
ad ju s tm en t than  th e  p o le  p lacem ent c o n tro l law  d e s ig n . As m entioned  
in  P o w e ll7 , th e  f a c t  t h a t  th e  o p tim a l design  procedure i s  based on th e  
cho ice  o f  ju s t  one p aram ete r, th e  w e ig h t m a tr ix ,  s im p l i f ie s  th e  design  
v e ry  much. W hereas,the  p o le  p lacem ent design i s  based on th e  d i r e c t  
cho ice  o f  c losed  loop p o le s , i .e . ,m o r e  than  one p a ra m e te r. In  f ig u r e  
( 4 .9 )  th e  tim e  response o f  both designs a re  compared, in  f ig u r e  (4 .1 0 )  
th e  freq u en cy  response o f  both designs a re  compared on th e  N ic h o ls  
c h a r t  and in  f ig u r e  (4 .1 1 )  on th e  bode p lo t ,  a l l  f o r  f l i g h t  c o n d it io n  
6 . F in a l ly  f ig u r e  (4 .1 2 )  shows th e  perform ance o f  th e  f i n a l  p o le  
placem ent design w ith  re s p e c t to  th e  dropback c r i t e r io n  and f ig u r e  
4 .1 3  shows th e  perform ance o f  th e  f i n a l  o p tim a l c o n tro l law  design  
w ith  re s p e c t to  th e  dropback c r i t e r io n .
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figure 4.9 - pi t ch - ra t e time response of both designs with command  
_________________ path filter at 20000 ft, mach 0.70.__________________
Q p t i n a l  c . 1 i u
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figure 4.10 - Nichols plot of pitch - ra t e f r e q u e n c y  response of both 
________________designs wi t h c o mm a nd  path filter at 20000 ft, m ach 0.70
28
Optlnal o.l
P o 1 a . P . C . l a w
a o t u a t o p
lead pre filter
-2 7 8 r ra « tv » « n c g  ( r a d / a )
figure 4.11 - Bode plot of p i t c h -r a te  f r e q u e n c y  response of both 
______________ designs with comm a nd  path filter at 20000 ft, mach 0.70
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figure 4.12 - Dropback c ri t erion plot of the au g mented a ircraft 
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figure 4.13 - Dropback criterion plot of the au g mented aircr af t  
w ith command path lead filter and optimal control law design
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5 . FLIGHT CONTROL SYSTEM DESIGN USING THE DOYLE STEIN OBSERVER
5 .1  INTRODUCTION
Having designed a s a t is fa c to r y  c o n tro l law  th e  design  w i l l  now be 
extended to  in c o rp o ra te  a D o y le -S te in  o b s e rv e r. The in c lu s io n  o f  an 
o b server i s  u s e fu l because i t  w i l l  a llo w  th e  in t ro d u c t io n  o f
redundancy in  th e  designed f l i g h t  c o n tro l system w ith  re s p e c t to  
sensor f a i lu r e s .  The D o y le -S te in  o b server i s  d escrib ed  in  c h a p te r 2 , 
s e c tio n  2 .7 ,  and a ls o  in  th e  D o y le -S te in  c la s s ic a l  p a p e r. In  th e
design  a reduced o rd e r ob server i s  used and th e  two methods o f  design  
d escrib ed  in  c h a p te r 2 w i l l  be used. O ther re fe re n c e s  t h a t  a ls o
cq 70
p re s e n t com parable methods fo r  ob server design  a re  M iron , Nelson
5 Qand D 'Azzo . I t  i s  u s e fu l to  remember t h a t  th e  D o y le -S te in  o b serve r  
has th e  fo llo w in g  im p o rta n t p ro p e r t ie s :
( i )  I t  Makes th e  c losed  loop t r a n s fe r  fu n c t io n  from  th e  re fe re n c e
in p u t  to  th e  o u tp u t th e  same as i t  i s  f o r  f u l l  s ta te  fe e d b a c k .
( i i )  I t  has i t s  p o les  a t  th e  tra n s m is s io n  zero s  o f  th e  open—loop
system .
( i i i )  I t  does n o t re q u ire  feedback o f  th e  c o n tro l s ig n a l and thus
has a c o n s ta n t t r a n s fe r  fu n c t io n , independent o f  th e  c o n tro l  
g a in .
Three o b servers  w i l l  be des igned , as fo llo w s :
( i )  O bserver when th e  sensed o u tp u t o f  th e  a i r c r a f t  i s  w
( i i )  O bserver when th e  sensed o u tp u t o f  th e  a i r c r a f t  i s  q
( i i i )  O bserver when th e  sensed o u tp u t o f  th e  a i r c r a f t  i s  Q
The o b server ( i )  i s  designed by th e  f i r s t  method d e scrib ed  in  c h a p te r  
2 , s e c tio n  2 . 6 .2 ,  and th e  observers  ( i i )  and ( i i i )  a re  designed by th e  
second method d escrib ed  in  c h a p te r 2 , s e c tio n  2 . 6 .3 .
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5 .2  THE DOYLE-STEIN OBSERVER WHEN THE OUTPUT IS  u
When th e  o u tp u t o f  th e  a i r c r a f t  I s  w, norm al v e lo c i t y ,  th e  f i r s t  
design method i s  used. The a i r c r a f t  s ta te  eq u a tio n  i s  g iven  by,
x =  ft x +  B r) 
and i t  can be p a r t i t io n e d  as ,
“
X A A X B
1 11 12 1 1
. —
X A A X B
2 21 22 2 2
(5.1)
(5.2)
w ith  x =  w
l
Tand x =  [  u q Q ]
2
o b v io u s ly  y =  x^ =  w
and C =1 , o r  I  th e  id e n t i t y  m a tr ix
i
As d e scrib ed  in  c h a p te r 2 , th e  ob server i s  o f  th e  fo rm , 
z  =  F z  +  G y  +  H r )
A
x = L y +  z
2








O BS E RV E R
figure 5.1 - aircraft and observer block dia g ra m  for the first 
m et h o d  of observer design.
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\
th e  s ta te  x i s  th e  e s tim a te  o f  x and th e  m a tr ic e s  F , G, and H a re
2 ' 2
o b ta in ed  as in  ( 2 .9 9 ) ,  (2 .1 0 0 )  and (2 .1 0 2 )  re s p e c t iv e ly  and ta k e  th e  
form :
F = A -  L C A
2 2  1 12
G =  (A -  L C A ) C "1 +  F L 
21 1 11 1
(5.8)
(5.9)
H =  B -  L C B 
2 1 1 (5.10)
L i s  c a l le d  th e  g a in  m a tr ix  o f  th e  o b s e rv e r. I t  i s  c le a r  in  t h is  
method t h a t  to  o b ta in  th e  c o n d it io n  o f  ze ro  feedback from  th e  c o n tro l  
in p u t  s ig n a l to  th e  o b server i t  i s  necessary  t h a t  H =  0 . I t  i s
in te r e s t in g  to  note  t h a t  t h is  i s  n o t alw ays p o s s ib le , and when i t  is  
n o t p o s s ib le  then  i t  i s  necessary  to  use th e  second design  m ethod. So 
fo r  H = 0 i t  i s  necesary  t h a t ;
B -  L C B =  0 
2 1 1 (5.11)
S o lv in g  eq u a tio n  (5 .1 1 )  th e  g a in  m a tr ix  L o f  th e  o b server can be 
found . W ith  L determ ined i t  i s  p o s s ib le , in  e q u a tio n  ( 5 . 8 ) ,  to  o b ta in  
F and then  in  eq u a tio n  ( 5 .9 )  to  o b ta in  G. W ith  t h is  p rocedure  th e  
p o les  o f  th e  ob server a re  a u to m a t ic a lly  lo c a te d  a t  th e  tra n s m is s io n
13zero s  o f  th e  open loop  system , t h is  i s  shown in  F r ie d la n d  . In  t h is  
case th e  zero s  f a l l  e x a c t ly  on th e  tra n s m is s io n  zero s  o f  th e  open loop  
t r a n s fe r  fu n c tio n  w/r] . In  t h is  way th e  D o y le -S te in  o b s e rv e r i s  
designed , and i t s  p ro p e r t ie s  a re  m a in ta in e d . In  appendix D th e  
m a tr ic e s  L, F and G o b ta in ed  a re  l i s t e d  f o r  th e  f l i g h t  cases s tu d ie d ,  







n n 1u . u 131
(5.12)
I t  I s  noted t h a t  1 = 0  f o r  a l l  f l i g h t  cases and 1 i s  p r a t i c a l l y
31 21
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0.0564 r CO 
l
to 1










0.0082 -39.62 0.0217 f f f
— 21 22 23
0 1 0 f f f
31 32 33
(5.14)
I t  i s  noted t h a t  f o r  a l l  f l i g h t  cases f  = 0 ,  f  = 1 ,  f  = 0  and f
31 32 33 13
i s  c o n s ta n t. Such fe a tu re s  a re  v e ry  good in  term s o f  im p le m e n ta tio n . 
So t h is  observer design  re q u ire s  t h a t  th e  fo llo w in g  g a in s  a re  
scheduled w ith  f l i g h t  c o n d it io n ,
11 21 
t h a t  i s  8 param eters .
g , f  , f  , f  , f  and f
11 11 12 21 22 23
5 .3  THE DOYLE STEIN OBSERVER WHEN THE OUTPUT IS  q
5 .3 .1  INTRODUCTION
When th e  o u tp u t i s  p itc h  r a te  q , th e  same method can be a p p lie d  to  
design  th e  o b s e rv e r. However, in  t h is  case , th e  design  w i l l  have a 
problem  because one o f  th e  tra n s m is s io n  zero s  o f  th e  t r a n s fe r  fu n c t io n  
q /r j i s  z e ro , and so one o f  th e  observer p o les  w i l l  be lo c a te d  a t  z e ro .  
Then th e  c losed  loop a i r c r a f t  w i l l  th e re fo re  have two p o les  a t  ze ro  
s in c e  th e  a i r c r a f t  a lre a d y  has a p o le  a t  z e ro . W ith  two p o les  a t  ze ro  
th e  a i r c r a f t  w i l l  n o t be BIBO s ta b le  and so i t  i s  im p o s s ib le  to  
im plem ent t h is  o b server d e s ig n . The s o lu t io n  i s  to  use a second 
method to  design th e  o b s e rv e r, as d e scrib ed  in  c h a p te r 2 , s e c tio n
2 .6 .3 .
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5 . 3 . 2  THE DESIGN
The procedure fo r  design is  as fo l lo w s . The observer dynamics a re  
ag ain  g iven  by,
z =  F z  +  G y + H j ]  
th e  e s tim a te d  v e c to r  i s  now g iven  by,




Again th e  a i r c r a f t  s ta te  eq u a tio n  i s ,
x =  A x +  B 77 
y =  C x =  q 
C = [ 1 0 0 0 ]  
and ag a in  i t  can be p a r t i t io n e d  as ;
. ■ ■
X A A X B
1 11 12 1 1— +
X A A X B
2 21 22 2 2
17
(5.17) 
( 5. 1 7. a) 









[  u w 0 ]  
[  u w e ]
(5.19)
(5.20)
( 5. 2 0 . a)
F ig u re  5 .2  shows a b lo ck  diagram  re p re s e n ta t io n  o f  th e  a i r c r a f t  p lu s  
ob server in  t h is  case .
I l l
OBSERVER
figure 5.2 - aircraft and observer block diagram for the second 
_________________met h o d  of observer design.________________________________
As a lre a d y  e x p la in e d  in  c h a p te r 2 , i t  i s  necessary  f i r s t  to  choose th e  
ob server p o le s , t h a t  i s ,  th e  e ig e n v a lu e s  o f  th e  F m a t r ix .  However, 
s in c e  th e  design i s  fo r  a D o y le -S te in  o b s e rv e r, th e  o b serve r p o les  
must be lo c a te d  a t  th e  tra n s m is s io n  zero s  o f  th e  open loop  system . 
Then F i s  choosen as a d ia g o n a l m a tr ix  w ith  th e  tra n s m is s io n  ze ro s  o f  
th e  open loop t r a n f e r  fu n c tio n  q/77 in  th e  main d ia g o n a l. One o f  th e  
tra n s m is s io n  zero s  o f  q/rj  i s  ze ro  and, as e x p la in e d  b e fo re , i t  i s  n o t  
p o s s ib le  to  use t h is  tra n s m is s io n  z e ro , b u t i t  i s  p o s s ib le  to  use a
n e g a tiv e  number as c lo s e  as p o s s ib le  to  ze ro  to  re p la c e  t h is
p a r t ic u la r  tra n s m is s io n  z e ro . The f i r s t  cho ice  fo r  a l l  f l i g h t  cases  
was - 0 . 01 , and th e  r e s u lts  have shown t h a t  t h is  v a lu e  works q u ite
w e l l .  T h is  cho ice  can be made based on th e  perform ance o f  th e  system , 
so i t  i s  i t e r a t i v e .  T h a t i s  , once a v a lu e  i s  choosen th e  perform ance  
o f  th e  a i r c r a f t  w ith  ob server i s  assessed, i f  s a t is fa c to r y  t h is  p o le  
i s  o b v io u s ly  a good cho ice  i f  n o t , then  t r y  o th e r  p o le . The
convergence is  v e ry  f a s t  w ith  th e  a v a i la b le  s o ftw a re  in  th ese  days.
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Now, i t  i s  a ls o  necessary  to  choose G, and th e  method says to  choose G 
w ith  th e  c o n d it io n  t h a t  th e  p a ir  (F ,G ) be c o n t r o l la b le .  For
s im p l ic i t y  G was choosen i n i t i a l l y  as
_T
G =  [ 1 1  1 ] (5.21)
T h is  ch o ice  was m a in ta in e d  f o r  a l l  f l i g h t  cases , and th e  
c o n t r o la b i l i t y  o f  th e  p a ir  (F ,G ) f o r  each f l i g h t  case was checked in  
o rd e r to  proceed w ith  th e  d e s ig n .
The n e x t s tep  i s  to  f in d  H, o b ta in e d  as a s o lu t io n  o f ,  
H =  T  B
where T i s  g iven  by s o lv in g  th e  Lyapunov e q u a tio n ,
F T +  T ( —A) =  -  G C 
and th e  e s tim a te d  s ta te  v e c to r  w i l l  be:
- l
x = - l
( 5 . 2 2 )
(5.23)
(5.24)
w here, x =  [  x I x 1




( 5. 2 5 . a)
and, x^ can be expressed as e q u a tio n  (5 .1 0 )




So th e  m a tr ic e s  M and N a re  s im p ly  subm atrices  o f  P and th e  d es ign  
i s  com pleted . By way o f  eaxmple th ese  m a tr ic e s  a re  l i s t e d  h ere  f o r  
f l i g h t  c o n d it io n  3 , th e  rem ain ing  f l i g h t  c o n d it io n s  a re  c o n ta in e d  in  
appendix E.
H =
0 r h ii i
0 = h
21
-0.016 hi_ - j L 31 J













( 5 . 2 6 . b )
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In  t h is  case i t  i s  necessary  to  schedule th e  fo llo w in g  p a ram ete rs :
f  , f  » m , m , n , n
11 22  11 21  11 12
n , n , n , n , n , h
13 21 22 23 31 31
T h a t i s ,  12 p a ram ete rs , t h is  i s  a d isad van tag e  w ith  re s p e c t to  th e
p rev io u s  design in  term s o f  im p le m e n ta tio n .
The param eters m , n and n a re  b a s ic a l ly  c o n s ta n t f o r  a l l  f l i g h t
31 3 2 33
cases . I t  i s  a ls o  n o tic e d  t h a t  th e  e lem ent h in  th e  m a tr ix  H i s  n o t
31
e x a c t ly  ze ro  and, as e xp ec ted , t h is  i s  due to  th e  f a c t  t h a t  an
a p p ro x im atio n  to  th e  e x a c t tra n s m is s io n  zero  was used in  th e  d e s ig n . 
For t h is  f l i g h t  case , and a l l  o th e r  f l i g h t  cases , t h is  e lem en t i s  v e ry  
s m a ll, and as w i l l  be seen l a t e r  i t s  in f lu e n c e  on perform ance can be 
regarded as n e g l ig ib le .
5 .4  THE DOYLE-STEIN OBSERVER WHEN THE OUTPUT IS  0
Here th e  design  method i s  th e  same as in  th e  p re v io u s  s e c t io n . So 
a g a in , th e  a i r c r a f t  s ta te  eq u a tio n  i s ;
x =  A x +  B r) (5.27)
th e  o b server i s  g iven  by; z =  F z  +  G y  + H r ]  (5.28)
A
th e  es tim a te d  s ta te  i s  ; x^= M y + N z  (5.29)
The design procedure i s  th e  same as in  th e  p re v io u s  s e c t io n . However,
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here th e  problem  is  n o t t h a t  one o f  th e  tra n s m is s io n  ze ro s  o f  0 /r / i s  
zero  b u t , one o f  th e  tra n s m is s io n  ze ro s  o f  0 /rj i s  a t  i n f i n i t y ,  thus  
th e  design  is  based on th e  cho ice  o f  an approxim ate p o le  as c lo s e  as 
p o s s ib le  to  i n f i n i t y .  The cho ice  must be made based on th e  
perform ance o b ta in e d , so one must choose a v a lu e  fo r  t h is  t h i r d  p o le  ( 
0 /rj has two r e a l  tra n s m is s io n  zero s  ) .  Design th e  o b s e rv e r, check 
t h a t  a l l  e lem ents o f  H a re  c lo s e  to  z e ro , compare th e  fre q u e n c y  
response o f  th e  a i r c r a f t  w ith  c o n tro l law  and th e  o b serve r w ith  th e  
freq u en cy  response o f  th e  a i r c r a f t  and c o n tro l la w , i f  so , then  th e  
cho ice  i s  a c c e p ta b le . I f  n o t , then  a n o th er cho ice  must be made and 
th e  problem  re p e a te d . T h is  i t e r a t i v e  procedure i s  in  f a c t  f a s t ,  f o r  
t h is  design  th re e  cho ices  were e v a lu a te d , s =  —50 ; s =  — 15 , and s =  
— 4 , and th e  a n a ly s is  showed t h a t  s =  - 4  has an a c c e p ta b le
p erfo rm ance. T h a t i s ,  th e  a i r c r a f t  w ith  c o n tro l law  and o b server  
in c lu d in g  t h is  p o le  and th e  o th e r  two p o les  in  th e  r e a l  tra n s m is s io n  
zero s  o f  0 /r j, has a perform ance t h a t  matches th e  a i r c r a f t  w ith  o n ly  
th e  c o n tro l law  and no o b s e rv e r. A lso th e  m a tr ix  H has i t s  e lem ents  
c lo s e  to  z e ro .
The r e s u lts  o b ta in ed  f o r  f l i g h t  c o n d it io n  3 f o r  example a re  l i s t e d  
h e re . Appendix F c o n ta in s  th e  o b server m a tr ic e s  f o r  th e  o th e r  f l i g h t  
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0 0 - 4
( 5. 2 9 . a)
( 5 . 2 9 . b )
( 5 . 2 9 . c)
( 5 . 2 9 . d )
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For t h is  case th e  e lem en ts ; f  , f  , h  , m , m
11 22 31 11 21
n , n , n , n , n
11 13 21 22 31
must be scheduled w ith  f l i g h t  c o n d it io n . I t  i s  noted t h a t  in  t h is
design  th e  e lem en t h^ i s  n o t so c lo s e  to  ze ro  as in  th e  p re v io u s
cases . The perform ance o f  th e  design  shows t h a t  t h is  does n o t d e s tro y
th e  D o y le -S te in  c o n d it io n . So th e  D o y le -S te in  o b serve r has some
degree o f  robustness w ith  re s p e c t to  v a r ia t io n s  in  th e  e lem ents o f  th e
m a tr ix  H, t h a t  i s  v a r ia t io n s  in  H w ith in  reasonab le  l im i t s  do n o t
d e s tro y  th e  match between th e  freq u en cy  response o f  th e  sensor based
c o n tro l law  and th e  ob server based c o n tro l law  o r ,  as th e  l i t e r a t u r e
18o f  to d ay  says , th e  loop  t r a n f e r  reco very  ( S tevens-Lew is  ) .
5 .5  A COMPARISON OF THE PERFORMANCE OF THE OBSERVER BASED
CONTROL LAW WITH THE PERFORMANCE OF THE SENSOR BASED CONTROL LAW
5 . 5 . 1  INTRODUCTION
Having designed th e  a l t e r n a t iv e  o b servers  f o r  a range o f  f l i g h t  
c o n d it io n s  these  were e v a lu a te d  w ith  th e  p re v io u s ly  designed  
p o le -p la c e m e n t o r o p tim a l c o n tro l law  d e s ig n s . S ince v a r io u s  
com binations were e v a lu a te d  th e  fo llo w in g  id e n t i f i c a t io n  i s  used;
CL__SB sensor based c o n tro l la w , w ith  th e  p o le  p lacem ent o r w ith  
th e  o p tim a l d e s ig n . The b a s e lin e  c o n tro l law  fo r  
com parative  purposes.
CLmOB__w o b server based c o n tro l la w , t h a t  i s  th e  c o n tro l law  w ith
o b server when th e  o u tp u t o f  th e  a i r c r a f t  i s  w, ag a in  w ith
th e  o p tim a l design  o r w ith  th e  p o le -p la c e m e n t d e s ig n .
CL_OB_q ob server based c o n tro l la w , t h a t  i s  th e  c o n tro l law  w ith
o b server when th e  o u tp u t o f  th e  a i r c r a f t  i s  q , ag a in  w ith
th e  o p tim a l design  o r w ith  th e  p o le -p la c e m e n t d e s ig n .
CL__OB__0 observer based c o n tro l la w , t h a t  i s  th e  c o n tro l law  w ith
o b server when th e  o u tp u t o f  th e  a i r c r a f t  i s  0 , ag a in  w ith
th e  o p tim a l design  o r w ith  th e  p o le -p la c e m e n t d e s ig n .
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The s tu d y  was perform ed by s im u la t in g  each com plete c o n tro l law  system  
w ith  an ACSL program , and by comparing th e  r e s u l ts .  An a n a ly t ic a l  
stu d y  was a ls o  perform ed in  o rd e r to  compare th e  freq u en cy  response o f  
each system as w e l l  as th e  tim e  response. The same re fe re n c e  in p u t  
was a p p lie d  in  each case and th e  r e s u l ts ,  com pris ing  th e  tim e  
h is to r ie s  a p p ro p r ia te  to  a h e ig h t o f  20000 f t  a t  mach 0 .7 0  o n ly  a re  
shown, a ls o  shown i s  th e  frequency  response com parison.
5 . 5 . 2  SENSOR BASED C0NTR0 L LAW
The c o n tro l law  designs cons idered  h ere  a re  those o b ta in e d  in  c h a p te r  
4 , t h a t  i s ,  a c o n tro l law  t h a t  s a t is f y ie s  CAP, dropback c r i t e r io n  and 
p h a s e -ra te  c r i t e r io n .  C o n sid erin g  f ig u r e  4 .6  which d e fin e s  th e  b a s ic  
c o n tro l la w , t h a t  i s ,  th e  sensor based c o n tro l la w .
£ — q -  q ( 5 . 3 0 )
q d
and n =  -K  w -K  q -  K e +  G q ( 5 . 3 1 )'c W q £ q O d
q
where 17 i s  th e  in p u t  to  th e  a c tu a to r .
now q is  th e  o u tp u t o f  th e  le a d  f i l t e r  in tro d u c e d  in  c h a p te r 4 ,and
d
shown in  f ig u r e  4 . 6 ,  and q is  th e  re fe re n c e  in p u t ,  t h a t  now i s  a ls o
dp
th e  in p u t  to  th e  le a d  f i l t e r .
I t  i s  p o s s ib le  to  w r i t e  ; 0 =  q ( 5 . 3 2 )
and so , 0 =  —5— ( 5 . 33 )s
a qH
From ( 5 . 3 0 )  e — — ---------------  ( 5 . 3 4 )
q S S
D e fin in g  0 = ----- ( 5 . 3 5 )
d s
than  £ =  0 -  0 ( 5 . 3 6 )
q d
s u b s t i tu t in g  in to  ( 5 .3 1 )
n = —K w -K  q -K  0 .+ K 0 +  G q ( 5 . 3 7 )
'c w q £ £ d 0 d
q q
T7 =  - [ O K  K K ]  x + K 0 +  G q ( 5 . 3 8 )
'c w q £ £ d 0 d
q q
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Tth e  s ta te  v e c to r  i s  x =  [  u w q 0 ]




AC TU A TO R
DYNAMICS DYNAM IC S
AI RC R A F T
figure 5.3 - alterna t iv e  r e p re s en t at i on  of control law design 
obtai ne d  from figure 4.6
The le a d  f i l t e r  cons idered  was o b ta in ed  in  c h a p te r 4 , s e c tio n  4 . 3 . 3  
fo r  th e  p o le  p lacem ent c o n tro l law  design  and s e c tio n  4 . 3 . 4  f o r  th e  
o p tim a l c o n tro l law  d e s ig n . In  s ta te  space model form  th e  le a d  f i l t e r  
can be w r i t t e n  a s :
x =  a x +  b q (5.40)
LF LF LF LF dp
q = c x +  d q (5.41)
d LF LF LF dp
For th e  p o le -p la c e m e n t c o n tro l law  design  th e  f i l t e r  p aram eters  a re :
a =  -1 6 .9 5  , b =  1 , c =  -1 0 6 .8  , d = 7 . 3  
LF LF LF LF
and f o r  th e  o p tim a l c o n tro l law  d e s ig n ,
a =  -1 6 .6 6  , b =  1 , c =  -1 0 0 .0  , d = 7 . 0
LF LF LF LF
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th e  m ath em atica l model o f  th e  a c tu a to r  can be g iven  as ; 
x =  A x +  B n
. .. A A A A 'c — —
( 5 . 4 2 )
w ith  x^ =  [  17 v  ] (5.43)
and th e  a c tu a to r  cons idered  is  a c tu a to r  n o . 2 used in  c h a p te r 3 .  The 
a i r c r a f t  dynamics can be w r i t t e n  as ;
x =  A x +  [  B Z41 ]  x (5.44)
w ith  Z41 =  [ 0 0  0 0 ]  ( 5 . 45 )
The m a tr ix  A, and m a tr ix  B a re  g iven  in  appendix A f o r  th e  f l i g h t  
cases s tu d ie d  , and th e  s ta te  v e c to r  o f  th e  a i r c r a f t  i s  ,
x =  [  u w q 0 ]  
The c o n tro l law  i s  g iven  by,
n =  -G  x +  G q +  K 0 
'c o d e d
q






and 0 is  d e fin e d  in  ( 5 . 3 5 ) .  W ith  th ese  e q u a tio n s  th e  c lo sed  loop  
d
model can be o b ta in e d  as fo l lo w s ,
(5.49)
■ "
X A [B Z41] Z41 Z41 X 0
X
A =



























w ith Z14 = [  o 0 0 0 ] , Z12 = [ 0 0 ]
dp
T h a t i s ,  th e  c o n tro l law  w i l l  be co n s id ered  as i f  im plem ented w ith  
th re e  sensors , f o r  w, fo r  q and f o r  0 , as in  f ig u r e  5 . 3 .  The 
re fe re n c e  command in p u t  used in  th e  ACSL s im u la tio n s  i s  shown in  
f ig u r e  ( 5 . 4 ) .  I t  i s  commonly used to  re p re s e n t a p i l o t  in p u t  to  th e  
a i r c r a f t  s in c e  i t  i s  more re p re s e n ta t iv e  o f  r e a l i t y  than  a s te p .
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0 0 . 2 10.0 time
figure 5.4 - pilot input used in the ACSL simulations.
In  f ig u r e  ( 5 . 5 )  th e  tim e  h is to r ie s  o b ta in ed  w ith  th e  o p tim a l c o n tro l  
law  a t  20000 f t ,  mach 0 .7 0  w ith  CL_SB a re  shown. The s tu d y  has shown 
t h a t  th e  dropback c r i t e r io n  was s a t is f ie d  as a lre a d y  re p o rte d  in  
c h a p te r 4 . In  f ig u r e  5 .6  th e  freq u en cy  response o f  th e  c lo sed  loop  
system i s  re p o rte d  and i s  used fo r  comparison w ith  th e  o b server based 
c o n tro l law s .
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figure 5.6 - pitch-rate fr eq u en c y response of the ai r cr a ft  w ith 
_________________ optimal control law design CL_SB at 20000 ft mach 0.70
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5 .5 .3  OBSERVER BASED CONTROL LAW CL_OB_w
The same s im u la t io n  e x e rc is e  was perform ed w ith  th e  a i r c r a f t  and 
ob server based c o n tro l law  CL^OB^w, t h a t  i s ,  w ith  an a n g le  o f  a t ta c k  
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figure 5.7 structure of the o bs e r v e r - b a s e d  control law CL_OB_w
The le a d  f i l t e r  i s  ag a in  g iven  by,
x =  a x +  b q (5.50)
LF LF LF LF dp
q = C x + d q (5.51)
d LF LF LF dp
Again th e  a c tu a to r  i s  a c tu a to r  n o . 2 w ith  th e  m ath em atica l m odel,
x =  A x +  B n ( 5 . 5 2 )
A A A A 'c
w i t h  X T =  [ n  V  ] (5.53)
A 1 T]
123
Now th e  a i r c r a f t  i s  g iven  by,
X = A X + A X + [ B O ]  X C5.54)
1 1 1 1  12 2 1 A
x =  A x +  A x +  [B Z31] x ( 5 . 55 )
2 21 1 22 2 2 A
w ith  Z31T = [ 0 0 0 ]  ( 5 . 5 5 . a)
with X = W  (5.56)
1
and x *  =  [u  q 0 ]  (5.5 6.a)
The o b server dynamics a re  d e scrib ed  by ,
z =  F z +  G x +  H n ( 5 . 57 )
l
A
X = L X + Z (5.58)
2 1
with x* = [ u q e ] (5.59)
F , G, H and L a re  o b ta in ed  as e x p la in e d  in  s e c tio n  ( 5 . 2 )  and a re  
l i s t e d  in  appendix D fo r  th e  f l i g h t  cases a n a ly ze d . The c o n tro l law
is  g iven  by ;
n =  -G x -G  x . +  G q +  K Q (5 . 60 )
'c 1 1 2 2 0 d C d
q
w ith  G = K (5.61)
1 w
and G =  [  0 K K ]  (5.62)
2 q C
q
The c losed  loop model i s  th e n ,
x =  A x ■+ B u (5.63)
w ith  xT =  [  x x x z q x ]  ( 5 . 64 )
1 2 A d LF
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B = [ 0  Z31 B G d  Z31 d b ]
A 0 LF LF LF
(5.67)
where ; Z 311 = [ 0 0 0 ] ( 5 . 6 7 . a)
Z23 =
0 0 0 
0 0 0 ( 5 . 6 7 . b )
Z33 =
0 0 0 
0 0 0 
0 0 0
(5.67-c)
Z13 = [  0 0 0 ] ( 5 . 6 7 . d )
In  F ig u re  ( 5 . 8 )  th e  tim e  h is to r ie s  o b ta in e d  w ith  th e  o p tim a l c o n tro l  
law  design  a re  shown and a comparison w ith  th e  r e s u lts  o f  f ig u r e  5 .5  
shows a v e ry  good agreem ent between b o th . The match between CL^SB and 
CL_0B_w is  n o t e x a c t ly  p e r fe c t  because CLm0B_w was designed w ith  a 
MATLAB model in c o rp o ra t in g  th e  m a tr ix  A and B o f  th e  a i r c r a f t  b u t , in  
th e  ACSL model th e  A and B m a tr ix  o f  th e  a i r c r a f t  were a l i t t l e  
d i f f e r e n t  from  those used in  th e  a i r c r a f t  MATLAB m odel. The 
d if fe re n c e s  in  th e  elem ents o f  both m a tr ic e s  a re  around 12 % and a r is e  
due to  th e  f a c t  t h a t  th e  ACSL model ta k e s  th e  v a lu e s  o f  th e  e lem ents  
from  an aerodynam ic da ta  base and so uses in te r p o la t io n  fu n c tio n s  to  
o b ta in  th e  v a lu e s  w hereas, th e  v a lu e s  used in  th e  MATLAB model were  
taken  d i r e c t l y  from  H e f f le y 11. T h is  f a c t  has shown t h a t  CL_0B__w is  
n o t so ro b u s t to  a i r c r a f t  param eter v a r ia t io n s  when compared w ith  
CL_SB. T h is  means t h a t  i f  th e  a i r c r a f t  param eters  v a ry  then  th e  tim e  
h is t o r ie s  o b ta in ed  w ith  th e  a i r c r a f t  augmented w ith  CL_0B_w w i l l  n o t
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be e x a c t ly  th e  same as th e  tim e  h is to r ie s  o b ta in e d  w ith  th e  a i r c r a f t  
augmented w ith  CL_SB. F ig u re  5 .9  shows th e  bode p lo t  freq u en cy  
response o f  th e  p itc h  ra te  t r a n s fe r  fu n c t io n  o f  th e  a i r c r a f t  w ith  
CL__OBmw, and a comparison w ith  f ig u r e  5 .6  shows a v e ry  good agreem ent, 
and so i t  shows t h a t  th e  D o y le -S te in  observer works p e r f e c t ly .  T h is  
was expected s in c e  CL_OB_w was designed w ith  an observer w ith  p o les  
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figure 5.9 - pitch- r at e  fr e qu e n c y  response of the airc r af t  w i t h  
__________ optimal control law desig n  CL_0B_w at 20000 ft mach 0.70
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5 .5 .4  OBSERVER BASED CONTROL LAW CL_OB_q
F ig u re  5 .1 0  shows th e  a i r c r a f t  augmented w ith  th e  o b server based 
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f igure 5.10 structure of the o bs e r v e r - b a s e d  control law C L _O B _q
In  t h is  case th e  observer dynamics a re  w r i t t e n  as ,
z =  F z +  G x + H n  ( 5 . 6 8 )
1
A
X =  M X + N Z (5.69)
2 1
F,  G, H , M and N a re  o b ta in ed  in  s e c tio n  ( 5 . 3 )  and a re  l i s t e d  in
appendix E fo r  th e  an a lyzed  f l i g h t  cases . Here x^= q ( 5 . 7 0 )
and xT=  [  u w 0 ]  ( 5 . 7 1 )
2
The c o n tro l law  i s  ,
w ith  G = K
1 q
(5.73)
(5.74)and G =  O K  K ]
2 w £
q
th e  a i r c r a f t  m odel, a c tu a to r  model and le a d  f i l t e r  a re  th e  same as 
d escrib ed  in  s e c tio n  5 . 5 . 3 .  The c losed  loop model i s ,
x 
•
II X + B u (5.75)
with xT =  [ X X 
1 2































B G c 
A 0 LF (5.77)
G Z33 [H Z31] F Z31 Z31
0 Z13 Z12 Z13 0 c
LF
0 Z13 Z12 Z13 0 a
LF





w ith  Z12 = [ 0  0 ]  ( 5.78.a)
and Z31, Z13, Z33 , Z23 have been d e fin e d  p re v io u s ly . S im ila r
s im u la tio n s  were perform ed w ith  CL_0B_q and th e  r e s u lt in g  tim e  
h is t o r ie s  a re  shown on F ig u re  5 .1 1 ,  th ese  p lo ts  show a v e ry  good 
agreem ent between CL_SB and CL_0B_q which a ls o  shows t h a t  CLm0B_q has 
more robustness w ith  re s p e c t to  a i r c r a f t  param eters  v a r ia t io n s  than  
CL_0B_w when compared w ith  CL__SB in  term s o f  a i r c r a f t  response. 
F ig u re  5 .1 2  shows th e  p itc h  r a te  freq u en cy  response bode p lo t  o b ta in e d  
w ith  CL__0B__q, and a comparison w ith  f ig u r e  5 .6  a ls o  shows a v e ry  good 
match between b o th . In  t h is  case th e  o b server was designed w ith  a 
p o le  c lo s e  to  ze ro  to  approxim ate th e  ze ro  tra n s m is s io n  ze ro  o f  q /r j 
and th e  re s u lts  show th a t  both freq u en cy  responses a re  v e ry  c lo s e  so 
m a in ta in in g  th e  same freq u en cy  response c h a r a c te r is t ic s  o f  th e  sensor 































fllf^  ( r*<l/ne)
figure 5.12 - pitch-rate freq u en c y response of the a i rc r a f t  w i t h  
__________ optimal control law design CI_0 B _q  at 20000 ft m a c h  0.70
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5 .5 .5  THE OBSERVER BASED CONTROL LAW CL„OB_0
In  t h is  case f ig u r e  5 .1 3  re p re s e n ts  th e  augmented a i r c r a f t  w ith  
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figure 5.13 - structure of the o b s e r v e r - b a s e d  control law CL_OB_0
T h e  m a th e m a t ic a l  m o d e l i s  s i m i l a r  t o  t h a t  d e s c r ib e d  i n  s e c t i o n  5 . 5 . 4  
th e  d i f f e r e n c e s  now a r e ,
X = 0 ( 5 . 7 9 )1
and x ^ = [ u w q ]  ( 5 . 8 0 )
X* =  [ U W  q ]  ( 5 . 8 1 )
and  G =  K ( 5 . 8 2 )
1 £
q




P erfo rm ing  th e  s im u la tio n s  as b e fo re  th e  r e s u lts  a re  shown* in  f ig u r e  
5 .1 4 ,  and ag a in  th e  agreem ent w ith  CL_SB is  a ls o  v e ry  good, p o s s ib le  
b e t te r  than  CL__OB_q. In  f ig u r e  5 .1 5  th e  p itc h  r a te  freq u en cy  response  
bode p lo t  o f  th e  a i r c r a f t  augmented w ith  CL_OB__0 i s  p re s e n te d , and i f  
compared w ith  those o f  th e  CL_SB in  f ig u r e  5 .6  a v e ry , good agreem ent 
i s  seen . Again th e  D o y le -S te in  c o n d it io n  i s  m a in ta in ed  showing good 
robustness o f  t h is  design  w ith  re s p e c t to  observer p o le  s e le c t io n ,  
th a t  i s ,  when th e  observer p o les  a re  n o t e x a c t ly  a t  th e  tra n s m is s io n  
































figure 5.15 - pitch-rate frequency response of the aircraft with 
________optimal control law design CL_OB_0 at 20000 ft mach 0.70
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5 .5 .6  COMPARISON OF THE RESULTS
The f ig u r e s  p resen ted  above show th e  r e s u lts  o b ta in ed  and can be used 
to  form  a com parative  id e a  o f  th e  perform ance o f  each design  w ith  
re s p e c t to  th e  sensor based c o n tro l law  as w e l l  as w ith  re s p e c t to  th e  
D o y le -S te in  o b server c o n d it io n . However, to  q u a n t ify  th e  r e s u lts  th e  
fo u r  c o n tro l law  designs a re  compared in  th e  fo llo w in g  t a b le s .
5 . 5 . 6 . 1  THE DROPBACK CHARACTERISTICS
From th e  s im u la tio n s  perform ed th e  a t t i t u d e  dropback param eter was 
o b ta in e d  f o r  each c o n tro l law  im p le m e n ta tio n , and summarized in  ta b le
( 5 .1 )  ,
TABLE 5 .1  -  DROPBACK CHARACTERISTICS 
DROPBACK ATTITUDE ( DB ) ( in  deg )
OPTIMAL C.LAUI DESIGN POLE-PLACEMENT C.LAUI DESIGN
FC CL_SB CL__0B__w CL_0B__q CL_OB_0 CLSB CL__0B__w CL_0B_q CL_OB_0
3 0 . 54
0
 •1 0 . 4 0 0 . 3 2 0 . 37 - 4 . 1 0 .1 3 0 . 0 0
6 0 . 4 3 - 6 . 1 0 . 2 6 0 .1 3 r « R CO - 5 . 6 0 . 5 9 0 . 4 0
9 0 . 7 0 - 4 . 3 0 . 37 0 .1 3 1 .6 5 - 3 . 6 0 . 5 9 0 . 84
13 0 . 8 0 1 . 9 0 . 52 0 . 5 9 1 .7 0 2 .6 0 . 62 0 . 6 2
17 0 .1 3 - 4 . 3 - 0 .1 3 - 0 .3 3 1 .0 0 - 3 . 4 0 . 3 7 0 . 0 0
I t  i s  obvious t h a t  CLmOB_w has th e  w o rs t perform ance as a lre a d y  
n o tic e d  from  th e  tim e  h is t o r ie s .  I t  i s  known t h a t  th e  a i r c r a f t  
param eters used in  th e  ACSL model a re  l i t t l e  d i f f e r e n t  from  those used 
in  th e  MATLAB m odel, as m entioned th e  d if fe re n c e s  a re  around 12 % . 
So, lo o k in g  a t  ta b le  5 .1  i t  i s  seen t h a t  th e  b a s e lin e  c o n tro l law  w ith  
th e  o p tim a l design  o f fe r s  a b e t te r  ro b u stn ess , w ith  re s p e c t to  
a i r c r a f t  param eter v a r ia t io n s ,  than  th e  b a s e lin e  c o n tro l law  w ith  th e  
p o le -p la c e m e n t d e s ig n , r e la t iv e  to  th e  a t t i t u d e  dropback param am eter. 
In  both designs ( p o le -p la c e m e n t and o p tim a l)  th e  CL__OB_w has a poor 
robustness w ith  re s p e c t to  a i r c r a f t  param eter v a r ia t io n s  c o n s id e rin g  
th e  dropback a t t i t u d e  p a ram ete r. T h is  can be a t t r ib u t e d  to  th e  f a c t
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t h a t  th e  complex p a ir  o f  p o les  o f  th e  ob server in  CL__OBjw a re  v e ry  
c lo s e  to  th e  o r ig in  in  th e  s—p la n e , con seq u en tly  th e  p o les  have some 
in f lu e n c e  on th e  dynamics o f  th e  c lo sed  loop system . In  th e  o th e r  
o bservers  th e re  i s  no one p o le  so c lo s e  to  th e  o r ig in  as in  t h is  case . 
Here perhaps th e  o b server design  method as used in  CL_OB_q and CLmOB_0 
would g iv e  a b e t te r  perform ance by using  an ap p ro x im atio n  f o r  th e  
tra n s m is s io n  zero s  o f  w/17 v e ry  c lo s e  to  th e  o r ig in .  I t  i s  a ls o  noted  
t h a t  CL_JDB_q o r CLmOB_0 both have a v e ry  good perform ance and so both  
a re  t o le r a n t  to  v a r ia t io n s  in  th e  a i r c r a f t  param eters w ith  re s p e c t to  
th e  dropback c r i t e r io n .
5 . 5 . 6 . 2  CONTROL RATE EFFORT r)
The c o n tro l r a te  e f f o r t  re q u ire d  by each c o n tro l law  is  compared in  
ta b le s  5 .2  and 5 . 3 ,  below ,
TABLE 5 .2  -  CONTROL RATE EFFORT t)
FOR THE OPTIMAL CONTROL LAW DESIGN
FC CL..SB CL_OB_w 0 1 0 DO 1 Si CL_OB_0
(deg/sec) (deg/sec) (deg/sec) (deg/sec)
V n : nmax n  .m m nmax 17 .mi n n max lin 17max
3 -72 28 -72 27 -72 27 -72 28
6 -72 30 -72 32 -72 32 -72 32
9 -96 43 -95 43 -95 42 -95 43
13 -144 65 -145 64 -145 64 -145 65
17 -78 30 -78 29 -78 32 -78 30
From both ta b le s  i t  i s  c le a r  t h a t  th e  p o le  p lacem ent c o n tro l law  
design demands le s s  c o n tro l r a te  e f f o r t  than  th e  o p tim a l c o n tro l law  
d e s ig n , and t h a t  was a lre a d y  expected from  th e  a n a ly s is  o f  c h a p te r  3 
and 4 . I t  i s  a ls o  observed t h a t  fo r  e i t h e r  c o n tro l la w , b a s e lin e  o r
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o b s e rv e r-b a s e d , th e  c o n tro l r a te  e f f o r t  i s  much th e  same i r r e s p e c t iv e  
o f  th e  cho ice  o f C L mSB, CL_OB_w, CL_OB_q o r CL_OBm0 c o n tro l la w s .
TABLE 5 .3  -  CONTROL RATE EFFORT 17
FOR THE POLE PLACEMENT C.LAUI DESIGN
FC CL_.SB CL_OB_w CL_OB_q CL_OB_0
(deg/sec) (deg/sec) (deg/sec) (deg/sec)
V  .m in T]max V .m 1 n Vmax ^min nmax 17 .m 1 n TJmax
3 -56 16 -56 16 -55 16 -56 16
6 -62 27 — 61 27 -64 27 -64 27
9 -95 48 -95 48 — 95 49 — 95 51
13 -84 32 -83 32 -83 32 -83 32
17 -83 40 -80 40 -80 42 -81 41
5 . 5 . 6 . 3  CONTROL EFFORT T]
The minimum c o n tro l e f f o r t  re q u ire d  f o r  each c o n tro l law  design  i s  
summarized in  ta b le  5 .4  below ,
TABLE 5 .4  -  CONTROL EFFORT in  degrees
FC 1¥ 3 6 9 13 17
CL_SB P.P.C.L.
-10.0 -11.4 -17.8 -16.1 -15.0
O.C.L. -13.6 -13.9 -18.0 -27.2 -14.5
CL_OB_w P.P.C.L. -10.0 -11.4 -17.8 -16.0 — 15.0
O.C.L. -13.6 -13.9 -18.0 -27.0 -14.4
CL_OB_q P . P.C . L. -10.0 -11.4 -17.8 -15.8 -15.0
0 . C . L . -13.6 -13.9 -18.0 -27.0 -14.5
CL_OB_0 P.P.C.L. -10.0 -11.7 -17.8 -16.1 -15.0
O.C.L. -13.6 -14.4 -18.0 -27.2 -14.4
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A gain , th e  p o le  p lacem ent c o n tro l law  design re q u ire s  le s s  c o n tro l  
e f f o r t  than  th e  o p tim a l c o n tro l law  d e s ig n , and ag a in  th e  c o n tro l  
e f f o r t  i s  much th e  same f o r  both c o n tro l law  designs i r r e s p e c t iv e  o f  
th e  cho ice  o f  CL__SB, CL_OB__w, CL_OB__q o r CL_OB__0 c o n tro l la w s .
5 .6  INTERIM CONCLUSIONS AND OBSERVATIONS
From th e  s tudy  perform ed i t  was observed t h a t  th e  c o n tro l law s  
CL__OB_w, CL„OB_q and CL_OB_0 can o f f e r  th e  same le v e l  o f  f l y in g  
q u a l i t ie s  and s t a b i l i t y  in  th e  e v e n t t h a t  a f u l l  complement o f  sensors  
i s  n o t a v a i la b le .  T h a t i s ,  th e y  a re  a b le  to  m a in ta in  th e  same CAP as 
o b ta in ed  w ith  CL_SB, th e  same perform ance w ith  re s p e c t to  dropback  
c r i t e r io n  ( ex c e p t CLmOB_w ) and th e  same perform ance w ith  re s p e c t to  
th e  p h a s e -ra te  c r i t e r io n .  I t  was obvious from  th e  a n a ly s is  t h a t  
CL_OB__q and CL_OB__0 g iv e  a b e t te r  perform ance than  CL__OB_w, b u t o n ly  
w ith  re s p e c t to  th e  dropback c r i t e r io n .  So in  th e  e v e n t o f  a sensor 
f a i l u r e  i t  i s  b e s t to  f i r s t  sw itch  to  CL_OB_q o r CL_OB_0, and o n ly  in  
th e  e v e n t o f  a second f a i l u r e  to  sw itc h  to  CL__OB_w. A lthough i t  has 
n o t been re p o rte d , th e  maximum p itc h  r a te  q h a n d lin g  p aram eter i s
m
about th e  same w ith  each c o n tro l law  as i s  th e  s tead y  s ta te  p i t c h - r a t e  
q . I t  has a ls o  been v e r i f i e d  t h a t  o th e r  response p aram ete rs , such
s s
as norm al lo ad  f a c t o r ,  a l t i t u d e  and an g le  o f  a t ta c k  in  a l l  th e  
o b server-b ased  c o n tro l laws e v a lu a te d  m a in ta in  a s im i la r  response to  
CL__SB. In  c o n c lu s io n , c o n tro l law  CL__OB_w needs some im provem ent in  
o rd e r to  be a b le  to  m a in ta in  th e  same dropback perform ance as CL_SB. 
An improvem ent cou ld  be t r i e d  by d es ig n in g  th e  o b server by th e  second 
m ethod, t h a t  i s ,  by using  an ap p ro x im atio n  to  th e  tra n s m is s io n  ze ro s  
t h a t  a re  v e ry  c lo se  to  th e  o r ig in  in  th e  s -p la n e .
W ith  re s p e c t to  th e  number o f  param eters to  be schedu led , i t  has been 
n o tic e d  t h a t  CLmOBmw re q u ire s  o n ly  8 p a ra m e te rs , CLmOB__q re q u ire s  12 
and CL__OB_0 re q u ire s  1 0 , so in  t h is  re s p e c t CL_0B__w has an advantage  
over CLm0B_q and CL_OB_0, a f a c t  t h a t  suggests t h a t  th e  second method 
used to  design th e  o b server in  g e n e ra l re q u ire s  more param eters  to  be 
scheduled w ith  f l i g h t  c o n d it io n . T h e re fo re  i t  has been dem osntrated
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t h a t  th e  in c o rp o ra t io n  o f  an o b server o p e ra tin g  on one o u tp u t v a r ia b le  
o n ly  can c o n fe r  some a n a ly t ic a l  redundancy to  th e  o r ig in a l  c o n tro l law  
d e s ig n , w h i ls t  m a in ta in in g  th e  same s t a b i l i t y  le v e l  and f ly in g  
q u a l i t ie s  o f  th e  b a s e lin e  c o n tro l la w .
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6 THE FAILURE ANALYSIS OF THE CONTROL LAWS AND 
ROBUSTNESS TO GAIN VARIATIONS
6 .1  INTRODUCTION
Having designed th e  c o n tro l law s to  m eet th e  re q u ire m e n ts , a f a i l u r e  
a n a ly s is  was c a r r ie d  o u t to  e v a lu a te  th e  e f f e c t  o f  lo o s in g  feedback  
p a th s . The c o n tro l laws were a ls o  in v e s t ig a te d  to  see how ro b u s t th e y  
a re  w ith  re s p e c t to  g a in  v a r ia t io n .  T h a t i s ,  i f  th e  c o n tro l law  g a in s  
exp erien ce  some v a r ia t io n  how does t h is  v a r ia t io n  a f f e c t  th e  a i r c r a f t  
response and th e  a b i l i t y  o f  th e  augmented a i r c r a f t  to  m eet th e  
dropback c r i t e r io n ,  M IL-F8785C and phase r a te  c r i t e r io n .  F in a l l y ,  an 
in v e s t ig a t io n  was c a r r ie d  o u t to  e v a lu a te  th e  e f f e c t  o f  a f a i l u r e  in  
some o f  th e  feedback paths fo llo w e d  by th e  system s w itc h in g  from  one 
c o n tro l law  to  a n o th e r . In  p a r t ic u la r ,  when th e  a i r c r a f t  i s  w ork ing  
w ith  th e  b a s e lin e  c o n tro l law  and a sensor f a i l u r e  o ccu rs , then  th e  
a i r c r a f t  sw itch es  to  an o b server-b ased  c o n tro l la w . In  t h is  f i n a l  
study  th e  th re s h o ld  d e te c tio n  t im e , th e  tim e  e lapsed  from  th e  moment 
th a t  th e  f a i l u r e  happens u n t i l  th e  moment when th e  a i r c r a f t  sw itc h e s  
to  th e  re v e rs io n a ry  c o n tro l la w , was a ls o  v a r ie d  and sensor s ig n a ls  
were v a r ie d  to  re p re s e n t maximum, minimum, ze ro  and p ass ive  f a i lu r e s  
fo r  s tead y  f l i g h t ,  and m anoeuvering f l i g h t .
6 .2  CONDITIONS ANALYZED IN  THE STUDY
In  th e  a n a ly t ic a l  s tu d y  o n ly  th e  sensor based c o n tro l law s were  
considered  and th e  s tu d y  was s p l i t  in to  two cases :
( i )  c o n tro l law  im plem ented w ith  w and q sen so rs .
( i i )  c o n tro l law  im plem ented w ith  w, q and 0 sensors .
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In  th e  f i r s t  case two c o n d it io n s  were s tu d ie d  :
( 1 .1 )  com plete lo s s  o f  w feedback
(1 .1 1 )  com plete lo s s  o f  q feedback
In  th e  second case th e  fo llo w in g  c o n d itio n s  were s tu d ie d  :
( 1 1 .1 )  com plete lo s s  o f  q feedback
(1 1 .1 1 )  com plete lo s s  o f  0 feedback
In  t h is  case th e  c o n d it io n  o f  com plete lo s s  o f  w feedback was n o t
s tu d ie d  s in c e  i t  i s  th e  same as in  th e  f i r s t  case .
6 .2 .1  CONTROL LAW IMPLEMENTED WITH w AND q SENSORS
COMPLETE LOSS OF w FEEDBACK
In  t h is  case f ig u r e  6 .1  i s  th e  b a s e lin e  c o n tro l system f o r  th e
a n a ly s is .
dp -e
- £




AI RC RAF T
DYNAMI CS
figure 6.1 - control law structure implemented with w and q sensors
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The m ath em atica l model o f  th e  le a d  f i l t e r  can be w r i t t e n  a s ,
x =  a x +  b q ( 6 . 1 )
LF LF LF d p .....
q =  c x +  d q ( 6 . 2 )
d LF LF LF dp
and as a lre a d y  known e = q -  q (6.3)
q d
The c o n tro l law  i s ,
n =  -K  w -K  q -K  £ +  G q ( 6 . 4 )
'c w q £ q 0 d
q
W ith  G = [  0 K K 0 ] ,  then  ( 6 . 4 . a)
w q
n = —G x —K £ +  G q ( 6 . 4 . b )'c £ q o d
q
b u t when w feedback i s  lo s t  th e  c o n tro l law  becomes,
n =  -K  q -K  £ +  G q ( 6 . 5 )'c q £ q 0 d
q
o r ,w ith  G = [  0 0 K 0 ]  th e n , ( 6 . 5 . a)
f  q
n =  —G x —K £ +  G q ( 6 . 5 . b )'c f £ q 0 d
q
The a c tu a to r  model i s  rep resen ted  by th e  s ta te  e q u a tio n ,
x =  A x +  B n ( 6 . 6 )
A A A A 'c
XI  =  t  17 V 1 ( 6 . 7 )
a ' r)
The a i r c r a f t  m ath em atica l model i s  rep re s e n te d  by th e  s ta te  e q u a tio n ,
x =  A x +  [B Z 41 ]x  ( 6 . 8 )
A
w here, Z41T = [ 0 0 0 0 ]  ( 6 . 8 . a)
Tand, w ith  x = [ u w q 0 ]  ( 6 . 9 )
The A and B m a tr ic e s  a re  g iven  in  appendix A, th e  le a d  f i l t e r  was 
developed in  c h a p te r fo u r ,  th e  a c tu a to r  i s  a c tu a to r  n o .2 o f  c h a p te r 3 ,  
and th e  g a in s  were o b ta in ed  in  c h a p te r 4 . W ith  t h is  i s  mind th e  
c losed  loop  model i s  s im p ly ,
x = A x + B u  ( 6 . i o )
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w ith T rX =  [  X X X £
A LF q
] (6 .1 0 .a)
and, u =  q
dp
( 6 . 10.b )
A [B Z41] Z41 Z41
A =
-B  G A 
A f A
B G c 
A 0 LF
-B  K 
a  e
q ( 6. 1 0. c)
[0 0 0 0] [0 0] a
LF
0
[0 0 1 0 ]  [0 0] -C
LF
0
bt  == [ Z41 B G d b
A 0 LF LF
— d ]
LF
( 6 . 10 . d)
In  f ig u r e s  6 .2  and 6 .3  th e  tim e  h is to r y  comparison f o r  both  c o n tro l  
law  designs r e s p e c t iv e ly  a re  shown fo r  f l i g h t  c o n d it io n  6 . The 
r e s u lts  show t h a t  th e  f a i l e d  a i r c r a f t  has an in c re a s e  in  th e  s h o r t  
p e rio d  n a tu r a l freq u en cy  compared w ith  th e  b a s e lin e  a i r c r a f t ,  and th e  
f a i l e d  a i r c r a f t  has a decrease in  th e  s h o r t  p e rio d  damping r a t io  
compared w ith  th e  b a s e lin e  a i r c r a f t .  I t  has a ls o  been noted t h a t  th e  
f a i l e d  a i r c r a f t  no lo n g e r s a t is f ie s  th e  dropback c r i t e r io n ,  however 
th e  d e te r io r a t io n  i s  o n ly  s m a ll. T a b le  6 .1  shows th e  s h o r t  p e r io d  
dynamic param eters  compared.
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d e s ig n  1 '
 j.___
i •
! v feedback failed
figure 6.2 - pi t ch-rate time response of the aircra f t with optimal 
_________________ design at 20000 ft m a ch  0.70 with w feedback f a i 1ed
TABLE 6 .1  -  SHORT PERIOD DYNAMIC CHARACTERISTICS 
OF THE NON FAILED AIRCRAFT AND THE FAILED AIRCRAFT 




2 .5 9 1 .9 5 1 .7 42 .5 6 2 .1 3
failed
sp 0 .5 9 0 .5 90 .6 1 0 .5 9 0 .5 9
sp 
rad/ s 2 .1 92 .9 8 2.88 2 .0 0 2 .4 1
f a iled
sp
0 .5 2 0 .5 0 0 .5 1 0 .5 2 0 .5 1
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failedv  feedback
Pole placement c.lau - FC
10
figure 6.3 - pi t ch-rate time response of the aircraft wi t h  pole 
pla ce m en t  design at 20000 ft mach 0.70 w i t h  w feedback failed
The CAP i s  s a t is f ie d  w ith  both c o n tro l law  designs in  th e  f a i l e d  
c o n d it io n , and so th e  s t a b i l i t y  le v e l  i s  n o t changed s ig n i f i c a n t l y .
The s tu d y  a ls o  showed th a t  q , t  and q a re  v e ry  l i t t l e  changed w ith
m m  s s
re s p e c t to  th e  non f a i l e d  c o n d it io n . As a g e n e ra l co n c lu s io n  i t  can 
be s a id  t h a t  both designs dem onstrate  good to le ra n c e  to  t h is  k in d  o f  
f a i l u r e ,  in  p a r t ic u la r  th e  o p tim a l c o n tro l law  d e s ig n , i s  b e t t e r  s in c e  
i t s  K g a in  i s  lo w er than th e  correspond ing  K o f  th e  p o le  p lacem ent
w w
design  and so i t  i s  le s s  s u s c e p tib le  to  t h is  f a i l u r e .
6 . 2 . 2  CONTROL LAW IMPLEMENTED WITH w AND q SENSORS 
COMPLETE LOSS OF q FEEDBACK
In  t h is  case f ig u r e  6 .1  i s  th e  re fe re n c e  c o n tro l system a g a in . The 
le a d  f i l t e r  i s  th e  same as b e fo re , g iven  by ( 6 .1 )  and ( 6 . 2 ) ,  th e  
c o n tro l law  is  :
n = -G x -K £ +  G q ( 6 . 11 )
C £ q 0 d
q
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w ith  x =  [  u w q 0 ]  
and, 6 =  [  0 K K 0 ]
w q
Now th e  f a i l e d  c o n tro l law  is  g iven  by ;
G =  [  0 K 0 0 ]
f w
b u t, £ =  q -  q
q d
So when q feedback i s  lo s t  and then  
and th e  c o n tro l law  can be w r i t t e n ,
n =  -G  x ■— K £ +  G q'c f £ q o d 
q
The a i r c r a f t  i s  ag a in  g iven  by, 
x =  A x +  [B Z 41]x
£ =  - q .
q d
( 6 . 1 2 )
( 6 . 1 3 )
( 6 . 1 4 )
( 6 . 1 5 )  
( 6 . 1 6 )
( 6 . 1 7 )
( 6 . 1 8 )
and th e  a c tu a to r  by ,
X =  
A
A x  +  B 
A A > .
3
o
( 6 . 1 9 )
w ith
X I  = C n  ] ( 6 . 2 0 )
The c losed  loop model i s  g iven  by, x == A x +  B u ( 6 . 2 1 )




] ( 6 . 2 1 . a )
and u =  q
dp
Thus,
( 6 . 2 1 . b )
A [B Z41] Z41 Z41
A =







B G c 
A 0 LF
<6 . 2 1 . c )
Z14 Z12 0 —C
LF
Z14 Z12 0 a
LF
and,






The a n a ly s is  o f  th e  c losed  loop  c h a r a c t e r is t ic  e q u a tio n  when th e  
a i r c r a f t  i s  s u b je c t  to  t h is  k in d  o f  f a i l u r e  shows two p o les  a t  z e ro ,  
th a t  i s  s =  0 . Thus th e  system i s  n o t BIBO s ta b le .  T a b le  6 .2  shows a 
comparison between th e  c lo sed  loop p o les  lo c a t io n  o f  th e  non f a i l e d  
a i r c r a f t  and th e  f a i l e d  a i r c r a f t .
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TABLE 6 .2  -  CLOSED LOOP POLE LOCATIONS OF THE FAILED 
AND THE NON FAILED AIRCRAFT
FC H OPTIMAL CONTROL LAW
NON FAILED FAILED
6
- 1 . 5  ±  i  2 .0 7  
-0 .5 7 6  
-0 .0 1 8  
o
- 0 .7 5  ±  i  0 . 49  
-0 .0 0 2 6  ±  i  0 .0 6 6  
0 .0  
0
13
-1 .0 3 5  ±  i  1 .3 9  
-0 .4 6 2  
-0 .0 4 0  
0
-0 .6 0 4  ±  i  0 .4 4  
-0 .0 0 1 1  ±  i  0 .1 3 1 8  
0 
0
POLE P L A CE M EN T  CONTROL LAW
6
- 1 .4 5  ±  i  0 .5 0  
-0 .8 1 9  
-0 .0 1 7 5  
0
-1 .2 5 9
-0 .2 8 9




- 0 .5 5  ±  i  0 .5 4  
- 1 .3 0  
- 0 .0 3 7 8  
0
-1 .2 1 8  
- 0 .1 5 1 5  
0 .0 5 3  ±  i  0 .1 5 2  
0 
0
Note t h a t  a t  some f l i g h t  c o n d it io n s  th e  p o le  p lacem ent c o n tro l law
design has a p o le  lo c a te d  on th e  r ig h t  h a l f  s -p la n e , and t h a t  th e
s h o rt  p e r io d  c h a r a c te r is t ic s  a re  v e ry  d e te r io r a te d .  T h is  was expected  
s in ce  q feedback i s  a c r i t i c a l  feed b ack . As th e  system is  no lo n g e r  
BIBO s ta b le  th e  a i r c r a f t  response d iv e rg e s  v e ry  q u ic k ly .  In
c o n c lu s io n , i f  q feedback is  lo s t  th e  a i r c r a f t  w i l l  dem onstrate
dangerous c h a r a c te r is t ic s  i f  th e  c o n tro l law  i s  im plem ented as in  
f ig u r e  6 .1 .
6 .2 .3  CONTROL LAW IMPLEMENTED WITH w, q AND 0 SENSORS FOLLOWED BY 
COMPLETE LOSS OF q FEEDBACK
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figure 6.4 - control law structure implemented w it h  " w ", " q ", 
and " 0  " sensors
TThe s ta te  v e c to r  i s  ag a in  x = [ u w q 0 ]  ( 6 . 2 2 )
th e  c o n tro l law  i s  now, n =  -K  w -K  q —K e +  K Q +  G q ( 6 . 23 )
C w q £ < I  E d  0 d
q q
w ith ,  6 =  q , w here, ( 6 . 24 )
d d
n =  - G x + K  0 + G  q ( 6 . 2 5 )
'c e d o d
q
and, In  th e  f a i l e d  c o n d it io n  G = [ O K  K K ]  ( 6 . 26 )
w q 6
q
n =  - K w - K  0 +  K 6 +  G q ( 6 . 2 7 )
'C w £  E d  0 d
q q
o r ,  n =  -G  x +  K 0 +  G q ( 6 . 28 )'c f  £ d 0 d
q
w here, G = [ O K O K ]  ( 6 . 2 9 )
f  w E
q
The a i r c r a f t  s ta te  eq u a tio n  i s ,  x =  A x +  [B Z41] x ( 6 . 30 )
and th e  a c tu a to r  s ta te  e q u a tio n  i s ,  x = A x  + B n  ( 6 . 31 )
A A A A 'c
w ith  X^ = [  r) ]  ( 6 . 3 2 )
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The m a tr ic e s  A and B o f  th e  a i r c r a f t  model a re  c o n ta in ed  in  appendix  
A. Thus, th e  c lo sed  loop  model i s  g iven  by,
x — A x +  B u (6.33)
where x =  [  x  x x 6 ]
A LF d
( 6.33.a)
u =  q
dp
( 6 . 3 3 . b )
A —
A [B Z41] Z41 Z41
-B  G A B G c B K








B1 = [  Z41 B G d b d ]
A 0 LF LF LF
( 6 . 3 3 . d )
In  f ig u re s  6 .5  and 6 .6  th e  p i t c h - r a t e  tim e  response comparison f o r  th e  
o p tim a l c o n tro l law  design is  shown, f o r  f l i g h t  cases 3 and 6 
r e s p e c t iv e ly ,  f o r  th e  f a i l e d  and non f a i l e d  a i r c r a f t .  The f a i l e d  
c o n tro l law  no lo n g e r s a t is f ie s  th e  dropback c r i t e r io n  how ever, th e  
a i r c r a f t  rem ains s ta b le  a t  a l l  f l i g h t  c o n d it io n s . The r e s u lts  a ls o  
show t h a t  th e  s h o rt  p e r io d  damping i s  v e ry  much reduced w h i ls t  th e  
freq u en cy  i s  p r a c t ic a l ly  u n a ffe c te d . The p itc h —r a te  response w ith  th e  
f a i l e d  c o n tro l law  ta k e s  lo n g e r to  reach th e  s te a d y  s ta te  than  i s  th e  
case w ith  th e  non f a i l e d  a i r c r a f t .  In  c o n c lu s io n , a f a i l u r e  o f  q 
feedback is  n o t so c r i t i c a l  when th e  c o n tro l law  i s  im plem ented as in  
f ig u r e  6 . 4 .  However, i f  th e  im p lem en ta tio n  shown in  f ig u r e  6 .1  i s  





figure 6.5 - pitch-rate time response of the aircraft wi t h optimal 
_________________ design at 1000 ft mach 0.60 w i t h  q feedback failed
1 Optimal c.lau
q feedback failed
I i. A  desicfn
^  j ^ f T ”  T
 1 r --------------------1- ' - i
10
figure 6.6 - pitch-rate time response of the aircraft wi t h pole 
placement design at 20000 ft mach 0.70 w i t h  q feedback failed
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6 .2 .4  CONTROL LAW IMPLEMENTED WITH w, q AND 0 SENSORS FOLLOWED BY 
COMPLETE LOSS OF 0 FEEDBACK
The im p lem en ta tio n  co n s id ered  here i s  a ls o  t h a t  o f  f ig u r e  6 . 4 ,  b u t  
s in c e  0 feedback i s  lo s t  i t  i s  necessary  to  w r i t e ,
G =  I  O K K 0 J ( 6 . 3 4 )
f w q
O therw ise th e  e q u a tio n s  a re  e x a c t ly  th e  same as in  s e c tio n  6 . 2 . 3 ,  
ex c e p t t h a t  i t  i s  necessary  to  use ( 6 . 3 4 )  in s te a d  o f  ( 6 . 2 9 )  in  th e  
c losed  loop  m odel. The a n a ly s is  shows t h a t  in  t h is  case th e  s te a d y  
s ta te  response c h a r a c te r is t ic  o f  ( q /q  ) ^  1 i s  no lo n g e r m a in ta in e d .
dp
R e fe r r in g  to  th e  c h a r a c te r is i t c  eq u a tio n  o f  th e  c losed  loop  system , i t  
i s  e v id e n t  t h a t  th e  s t a b i l i t y  i s  m a in ta in e d  in  a l l  f l i g h t  c o n d it io n s  
w ith  th e  o p tim a l c o n tro l law  d e s ig n , b u t n o t w ith  th e  p o le  p lacem ent 
c o n tro l law  d e s ig n . T a b le  6 .3  shows a comparison o f  th e  p o le s  f o r  
th e  two c o n tro l law  d es ig n s .
TABLE 6 .3  — CLOSED LOOP POLES COMPARISON FOR THE 
FAILED AND NON FAILED C.LAW AT FC #  9
OPTIMAL CONTROL LAW
NON FAILED FAILED
- 1 .1 5  ±  i  1 .5 7 - 2 .8 8
-0 .3 1 7 -0 .4 1 6
-0 .0 1 7 6 -0 .0 0 7 1  ±  i  0 .0 1 5 6
0 0
POLE P LA CEMENT CONTROL LAW
NON FAILED FAILED
- 1 .8 9  ±  i  0 .2 1 -4 .6 7
-0 .3 9 8 - 0 .2 3
-0 .0 1 6 -0 .0 5 6 7
0 0 .0 2 8 5
0
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W ith  re s p e c t to  s t a b i l i t y  ro b u stn ess , th e  o p tim a l c o n tro l law  i s  more 
ro b u s t than  th e  p o le  p lacem ent c o n tro l law  w ith  t h is  k in d  o f  f a i l u r e  
because, in  no one f l i g h t  c o n d it io n  th e  o p tim a l design  g iv e s  a 
p o s it iv e  p o le  in  th e  s -p la n e . However t h is  k in d  o f  f a i l u r e  i s  n o t so 
im p o rta n t as th e  o th e rs  s tu d ie d , s in c e  i f  6 feedback i s  lo s t  i t  i s  
p o s s ib le  to  o b ta in  6 by in te g r a t in g  q ( p i t c h - r a t e  ) ,  so i t  i s  
p o s s ib le  to  say t h a t  in  t h is  re s p e c t, f ig u r e  6 .4  i s  a ls o  a redundant 
im p lem en ta tio n  o f  f ig u r e  6 .1 .
6 .3  ROBUSTNESS TO GAIN VARIATIONS
Now i t  i s  u s e fu l o b ta in  some id e a  o f  how ro b u s t o r t o le r a n t  th e  
c o n tro l law s a re  w ith  re s p e c t to  v a r ia t io n s  in  th e  m agnitude o f  th e  
designed g a in s . To perfo rm  t h is  e v a lu a t io n  th e  c o n tro l law  
im p lem en ta tio n  i s  t h a t  d e scrib ed  in  f ig u r e  6 .1 .  The c lo sed  loop  model 
i s  g iven  by ( 6 .1 0 )  ex c e p t t h a t  in s te a d  o f  using  Gf ( 6 . 5 . a ) ,  G i s  used 
as in  ( 6 . 4 . a ) .  The g a in s  cons idered  in  th e  s tu d y  a re  K , K , K and
w q £
q
G . Two c o n d it io n s  have been a n a ly ze d , th e  f i r s t  i s  c a l le d  +10% and 
o
is  o b ta in ed  by m u lt ip ly in g  th e  nom inal g a in s  by 1 .1 0 ,  th e  second one 
i s  c a l le d  —10%, and is  o b ta in e d  by m u lt ip ly in g  th e  nom inal g a in s  by 
0 .9 0 .  So, as th e  nom inal c o n tro l law  is  g iven  by
G =  [  K K K ]  ( 6 . 3 5 )
nom w q £
q
G as G (6.3 5. a)
0 O
nom
th e  c o n d it io n  o f  10% is  o b ta in ed  by w r i t in g ,
G = 1 .1 0  G (6.36)
+10% nom
G =  1 .1 0  G (6 .3 6 .a)
0 , 0
+10% nom
and th e  c o n d it io n  o f  -10% i s  o b ta in ed  by w r i t in g ,
G -  0 .9 0  G ( 6 . 3 7 )
-10% nom




So a l l  g a in s  a re  v a r ie d  s im u lta n e o u s ly  by th e  same p e rc e n ta g e . 
O b vio u s ly  a more d e ta i le d  s tu d y  cou ld  be perform ed by v a ry in g  one g a in  
a t  a t im e . The r e s u lts  o f  t h is  s tu d y  show t h a t  th e  p o le  p lacem ent 
c o n tro l la w  design  is  more s e n s it iv e  to  t h is  k in d  o f  v a r ia t io n  in  th e  
g a in s  than  th e  o p tim a l c o n tro l law  design  when th e  s h o r t  p e r io d  
c h a r a c te r is t ic s  a re  c o n s id e re d . In  f ig u r e  6 . 7 ,  th e  p i t c h - r a t e  
freq u en cy  response o f  th e  o p tim a l c o n tro l law  design  i s  shown w ith  
nom inal g a in s  and w ith  th e  v a r ia t io n s  in  th e  g a in s . I t  i s  c le a r  t h a t  
an in c re a s e  in  th e  g a in s  r e s u lts  in  a s m a ll decrease in  g a in  and phase 
m arg in , t h a t  i s ,  about 10° in  phase m argin and 2 dB in  g a in  m arg in . 
F ig u re  6 .8  shows th e  correspond ing  p i t c h - r a t e  tim e  response o f  th e  
o p tim a l c o n tro l law  design  and f ig u r e  6 .9  shows th e  p i t c h - r a t e  tim e  
response o f  th e  p o le  p lacem ent c o n tro l law  d e s ig n . I t  i s  c le a r  t h a t  
s m a ll v a r ia t io n s  in  th e  g a in s  ( ±  10% ) has l i t t l e  e f f e c t  on c o n tro l  
law  perform ance w ith  e i t h e r  c o n tro l law  d e s ig n . T a b le  6 .4  g iv e s  some 
in d ic a t io n  o f  th e  v a r ia t io n  in  s h o r t  p e rio d  c h a r a c te r is t ic s  w ith  
nom inal g a in s  and w ith  th e  v a r ia t io n s .
TABLE 6 .4  -  SHORT PERIOD CHARACTERISTICS WITH GAIN 





(r a d / s e c )
c . p
-10% n o m i n a 1 + 10% -10% nom i n a 1 + 10%
Uo 2 . 4 2 2 .5 6 2 .7 1 0 .5 6 0 .5 9 0 .6 1
P.P.C.L 1 .5 8 1 .5 4 1 .0 2 0 .8 6 0 .9 4 0 .9 5
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*  . design
- 10X
/ / / Optimal C.Lau - FC # 3 -
/ Gain Uariations
/ ]/  J
-270 Phase (otVi 0
figure 6.7 - p i tc h -r a te  f r e qu e nc y  response of the a ircraft with 
optimal design at 1000 ft m ac h  0.60 w i t h  gain va r ia t io n s_______
design
- - 1 0 X - -
.Optimal C.Lau - FC » 3 - Gai
I » I I I
Aircraft - actuator - lead
is _ _
18
figure 6.8 - pi t ch - ra t e time response of the aircraft wi t h  optimal 
_________________ design at 1000 ft m ac h  0.60 w i t h  gain v a ri a ti o ns______
Pole Placement c.law -
Gain variations effects
leadAircraft - actuator
figure 6.9 - pitc h- r at e  time response of the aircraft wi t h  pole 
placement design at 1000 ft mach 0.60 w i t h  gain variations.
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The dropback c r i t e r io n ,  phase r a te  c r i t e r io n  and CAP co n tin u e  to  be 
s a t is f ie d  w ith  t h is  m agnitude o f  g a in  v a r ia t io n .  A more s earch in g  
stu d y  cou ld  be perform ed by in c re a s in g  th e  m agnitude o f  th e  g a in  
v a r ia t io n  to  f in d  th e  to le ra n c e  l im i t s  o f  th e  c o n tro l la w s . T h a t  
cou ld  be a u s e fu l s tudy  to  p erfo rm  s in c e  th e  g a in s  must be scheduled  
and some e r ro rs  m ig h t occur in  th e  sch ed u les . Thus th e  s tu d y  cou ld  
guide th e  d e s ig n e r by d e f in in g  th e  a c c e p ta b le  to le ra n c e  in  g a in  
s c h e d u lin g . The r e s u lts  a ls o  show t h a t  th e  c losed  loop p o le s  w ith  th e  
o p tim a l c o n tro l law  design  would seem to  be m a rg in a lly  b e t te r  w ith  
re s p e c t to  changes in  th e  c lo sed  loop p o les  lo c a t io n .
6 .4  INTERIM CONCLUSIONS
From th e  perform ed s tudy  some u s e fu l co n c lu s io n s  can be drawn :
i  The c o n tro l law  im p lem en ta tio n  shown in  f ig u r e  6 .4  i s  s a fe r  than  
th e  im p lem en ta tio n  shown in  f ig u r e  6 .1 .  I t  i s  a ls o  more ro b u s t  
to  th e  e f f e c t s  o f  q feedback f a i l u r e  w ith  re s p e c t to  th e  
m aintenance o f  s t a b i l i t y  , dropback c r i t e r io n  and phase r a te  
c r i t e r io n .
i i  The c o n tro l law  i s  much more ro b u s t w ith  re s p e c t to  th e  e f f e c t s
o f  f a i lu r e s  in  w feedback than  in  e i t h e r  q o r 0 feedback w ith
re s p e c t to  s t a b i l i t y  and f ly in g  q u a l i t ie s  m ain tenance. T h is  was
expected s in c e  th e  m agnitude o f  K i s  s m a lle r  than  th e  m agnitude
w
o f  K and K . In  p a r t ic u la r ,  th e  o p tim a l c o n tro l law  i s  more 
q £q
ro b u s t than th e  p o le  p lacem ent c o n tro l la w .
i i i  The o p tim a l c o n tro l law  i s  more ro b u s t w ith  re s p e c t to  feedback
g a in  v a r ia t io n s  and a ls o  to  feedback path  f a i lu r e s  than  th e  p o le  
placem ent c o n tro l la w .
I v  In  co n c lu s io n  th e  im p lem en ta tio n  o f  f ig u r e  6 .4  i s  a d v is a b le  w ith  
th e  o p tim a l d e s ig n , s in c e  i t  i s  s a fe r  and more ro b u s t.
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6 .5  THE SIMULATION STUDY
6 . 5 . 1  INTRODUCTION
The computer s im u la t io n  was used to  s tu d y  th e  dynamic f a i l u r e
c h a r a c te r is t ic s  o f  both c o n tro l law s t h a t  i s ,  th e  sensor based and th e  
observer—based. The s tu d y  cons idered  th e  fo llo w in g  f a i l u r e  modes;
( i )  The s ig n a l o f  a sensor f a i l s  to  z e ro , c a l le d  a ze ro  f a i l u r e .
( i i )  The s ig n a l o f  a sensor f a i l s  to  i t s  maximum p o s it iv e  o r
maximum n e g a tiv e  v a lu e , c a l le d  a hardover f a i l u r e .
( i i i )  The s ig n a l o f  a sensor f a i l s  to  i t s  p re s e n t v a lu e , c a l le d  a
p ass ive  f a i l u r e .
A lso two c o n d it io n s  have been cons idered  as fo l lo w s ,
(a )  s te a d y -s ta te —f l i g h t
T h a t i s ,  th e re  i s  no p i l o t  in p u t  and th e  a i r c r a f t  i s  co n s id ered  
to  be f ly in g  in  trimmed s te a d y  f l i g h t .  In  t h is  c o n d it io n  10 
seconds o f  f l i g h t  was s im u la te d  and th e  f a i l u r e  occurs a f t e r  0 .1 0  
seconds.
(b )  p i l o t  manoeuvering
T h a t i s ,  th e re  i s  a p i l o t  in p u t ,  ag a in  10 seconds o f  f l i g h t  have 
been s im u la te d , and th e  f a i l u r e  occurs a f t e r  0 .3 0  seconds.
The s tudy  was perform ed fo r  one f l i g h t  c o n d it io n  o n ly , 20000 f t  a t  
mach 0 . 7 0 .  The o p tim a l c o n tro l law  design  o n ly  was used. The s tu d y  
a ls o  cons idered  two v a lu e s  o f  f a i l u r e  d e te c t io n  th re s h o ld  tim e  , 0 .1 0  
seconds and 0 .3 0  seconds.
6 . 5 . 2  THE FAILURE DYNAMICS
The f a i l u r e  dynamics were s tu d ie d  by f i r s t  assuming th e  a i r c r a f t  to  be 
f u l l y  c o n tro lle d  by th e  sensor based c o n tro l la w . A f te r  a s h o r t
predeterm ined  tim e  a f a u l t  s i tu a t io n  was a p p lie d  and a f t e r  th e  
th re s h o ld  d e te c tio n  d e la y  th e  c o n tro l law  was re c o n fig u re d  to  an
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o b server based a l t e r n a t iv e  ( re v e rs io n a ry  c o n tro l law  ) .  F ig u re  6 .1 0  
shows th e  sequence o f  even ts  in  th e  s te a d y -s ta te —f l i g h t  s i t u a t io n .
time at whi c h the failure occurs
T
I t h r e s h o 1d 
I delay 
I time (T D H )I t 
|<----------------------
T-----:— I --------------------- :— I— — ---------------------------------------------------»
0 0.1 0.1 +T D H time (sec)
   »
4,
aircraft w o r k i n g  w i th  a 
s e c ondary control law 
( r e v er s io n ar y  c. law ) 
w i t ho u t failure conditions
figure 6.10 - sequence of events in the s te a dy-state flight 
failure conditions
In  t h is  s tu d y  f o r  reasons o f  s im p l ic i t y  th e  f a i l u r e  i s  assumed to  be 
in s ta n ta n e o u s , t h a t  i s ,  th e re  a re  no dynamics a s s o c ia te d  w ith  th e  
s ig n a l o f  th e  f a i l e d  sensor as i t  changes to  i t s  f a i l e d  v a lu e .
The s tu d y  have cons idered  p rim a ry  f a i lu r e s ,  which means t h a t  th e  
c o n tro l o f  th e  a i r c r a f t  sw itch es  from  th e  sensor based c o n tro l law  to  
an o b server-b ased  c o n tro l la w , and a ls o  secondary f a i lu r e s ,  which  
means t h a t  th e  c o n tro l o f  th e  a i r c r a f t  sw itch es  from  an o b server-b as ed  
c o n tro l law  to  an a l t e r n a t iv e  o b server-b ased  c o n tro l la w . F ig u re  6 .1 1  
i l l u s t r a t e s  th e  s i t u a t io n ,  fo r  p rim a ry  f a i lu r e s  and f ig u r e  6 .1 2  th e  
p o s s ib le  s itu a t io n s  f o r  secondary f a i lu r e s .
aircraft 
w ork i ng 
w i t h  the 
i n i t i a l  
c . 1 aw 
w i thout 
f a ilure
aircraft 
work i ng with 
the initial 
c .1 aw but 
w it h  failure 
condi t i ons
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o bs e rv e r - b a s e d  c.law
o bs e rv e r - b a s e d f a ilure
based on q output
w output happens
o b s e r v e r - b a s e d  c.law 
based on Q output
o bs e r v e r - b a s e d  c.law
o b s e rv e r- b as e d failure based on w output
c .1 aw based on
q output
happens
o bs e r v e r - b a s e d  c.law 
based on Q output
o b s e r v e r - b a s e d  c.law
o b s e rv e r- b as e d  
c .1 aw based on
f a ilure
based on w output
0  output
happens
o b s e r v e r - b a s e d  c.law 
based on q output
figure 6.12 - s ec ondary failure alter na t iv e s
sensor 
based 




o b s e r v e r - b a s e d  c .law 
based on w output
ob se r v e r - b a s e d  c.law 
based on q output
observer based c.law 
based on 0  output
figure 6.11 - p r imary failure alte rn a ti v es
The p i l o t  in p u t  used to  s im u la te  m anoeuvering i s  shown in  f ig u r e  6 .1 3  
to g e th e r  w ith  th e  sequence o f  even ts  re p re s e n tin g  th e  f a i l u r e  w ith  
p i l o t  in p u t .  T h is  in p u t  was chosen in  o rd e r to  be more re p re s e n ta t iv e  
o f  a t y p ic a l  f l i g h t  s i t u a t io n .
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time at w h i c h  the failure occurs
t
t hr eshold 
delay 








w o r k i n g  
w i t h the 
initial 
c . 1 aw 
w i thout 
f a ilure
a i rcraf t 
w o r k i n g  with 
the initial 
c .1 aw but 
w it h  failure 
cond i t i ons
time (sec)
a ircraft w o r k i n g  w i th  a 
s ec ondary control law 
( r ev e r s i o n a r y  c. law ) 
w i t h o u t  failure conditions
0.3 + TDH time (s e c )
figure 6.13 - sequence of events in the m a n o e u v e r i n g  flight 
failure conditions
6 . 5 . 2 . 1  PRIMARY FAILURES ANALYZED
In  o rd e r to  id e n t i f y  th e  cases an a lyzed  th e  fo llo w in g  shorthand  
id e n t i f i c a t io n  i s  adopted from  here  on. There a re  s ix  p o s s ib le  cases  
o f  p rim a ry  f a i lu r e s ,
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( i )  CL__SB  » CL_QB_w
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by sensor based c o n tro l law
( CL_SB ) and sw itch es  to  o b server-b ased  c o n tro l law  CL_OB_w, 
fo llo w in g  a f a i l u r e  o f  th e  q se n s o r. T h is  f a i l u r e  i s  id e n t i f i e d  
as SBOw__q, t h a t  i s ,  mode f a i l u r e  from  CL_SB to  CL_OB_w fo llo w in g  
f a i l u r e  o f  q sen so r.
( i i )  CL„SB  > C-LJJBjw
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by sensor based c o n tro l law
( CL_SB ) and sw itch es  to  o b server-b ased  c o n tro l law  CL__OB__w,
fo llo w in g  a f a i l u r e  o f  th e  0 s en so r. T h is  f a i l u r e  i s  id e n t i f i e d
as SBOwj 9 ,  t h a t  i s ,  mode f a i l u r e  from  CL_SB to  CLJJBjw fo llo w in g  
f a i l u r e  o f  0 sen so r.
( i i i )C L _ S B   » CL_OB„q
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by sensor based c o n tro l law
( CL__SB ) and sw itch es  to  o b server-b ased  c o n tro l law  CL__OB_q,
fo llo w in g  a f a i l u r e  o f  th e  0 sen so r. T h is  f a i l u r e  i s  id e n t i f i e d
as SBOq_0, t h a t  i s ,  mode f a i l u r e  from  CL_SB to  CL_OB_q fo llo w in g  
f a i l u r e  o f  0 sen so r.
r-
( i v )  CL_SB  > CL„OB_q
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by sensor based c o n tro l law
( CL__SB ) and sw itch es  to  observer—based c o n tro l law  CL_OB_q,
fo llo w in g  a f a i l u r e  o f  th e  w sen so r. T h is  f a i l u r e  i s  id e n t i f i e d
as SBQq_w, t h a t  i s ,  mode f a i lu r e  from  CL_SB to  CL__OB_q fo llo w in g  
f a i l u r e  o f  w sen so r.
(v )  CL„SB  > CL_OB_0
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by sensor based c o n tro l law
( CL_SB ) and sw itch es  to  o b server—based c o n tro l law  CL_OB_0,
fo llo w in g  a f a i l u r e  o f  th e  q sen so r. T h is  f a i l u r e  i s  id e n t i f i e d
as SBO0_q, t h a t  i s ,  mode f a i lu r e  from  CL_SB to  CL__OB_0 fo l lo w in g  
f a i l u r e  o f  q sen so r.
( v i )  CL_SB  » CL_OB__0
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by sensor based c o n tro l law
162
( CL__SB ) and sw itch es  to  o b server-b ased  c o n tro l law  CL_OB_0, 
fo llo w in g  a f a i l u r e  o f  th e  w s en so r. T h is  f a i l u r e  i s  id e n t i f i e d  
as SBO0_w, t h a t  i s ,  mode f a i l u r e  from  CL_SB to  CL__OB_0 fo llo w in g  
f a i l u r e  o f  w sen so r.
For th e  hardover f a i lu r e s  th e  fo llo w in g  l im i t in g  v a lu e s  a re  assumed,
0 = 5 0 °  0 = - 5 0 °
max min
q *  5 0 ° / s  q .
max n — —50 / S
a  = 3 0  a  =  -3 0
max min
These v a lu e s  a re  assumed f o r  th e  purposes o f  t h is  e x e rc is e , and a re  
re p re s e n ta t iv e  o f  a t y p ic a l  f a i l u r e .  In  a r e a l  design  s i t u a t io n  th e  
e n g in e e r w i l l  have access to  sensor d a ta  e n a b lin g  him to  p erfo rm  a 
more r e a l i s t i c  a n a ly s is .
6 . 5 . 2 . 2  SECONDARY FAILURES ANALYZED
S ix  secondary f a i l u r e  cases a re  a ls o  an a lyzed  and th ese  cases a re  
id e n t i f i e d  by th e  fo llo w in g  shorthand i d e n t i f i c a t io n ,
( i )  CL_0Bmw -------------> CL_0B„q
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by th e  o b server-b as ed  
c o n tro l law  ( CL_0Bmw ) and sw itch es  to  th e  o b serve r-b as ed  
c o n tro l law  CL_0B_q, o b v io u s ly  fo llo w in g  an a  sensor f a i l u r e  
id e n t i f i e d  s im p ly  by , 0w0q_w
( i i )  CL_0B_w -------------> CL„OB_0
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by th e  o b serve r-b as ed
c o n tro l law  ( CL__0B_w ) and sw itch es  to  th e  o b server-b as ed
c o n tro l law  CL__OB__0, o b v io u s ly  fo llo w in g  an a  sensor f a i l u r e  
i d e n t i f i e d  s im p ly  by , OwO0__w
(iii)C L__0B _q -------------> CL_0B_w
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by th e  o b server-b as ed
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c o n tro l law  ( CL_OB_q ) and sw itches  to  th e  ob server-b ased
c o n tro l law  CL__OB_w, o b v io u s ly  fo llo w in g  a q sensor f a i l u r e
id e n t i f i e d  s im p ly  b y , OqOw_q.
( i v )  CLJ)B_q ----------- » CL„OB_0
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by th e  o b server—based
c o n tro l law  ( CL_OB_q ) and sw itches  to  th e  ob server-b ased
c o n tro l law  CL_OB_0, o b v io u s ly  fo llo w in g  a q sensor f a i l u r e  
id e n t i f i e d  s im p ly  b y , OqO0__q.
(v )  CL„OB__0 ------ — > CL_OB__w
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by th e  o b server-b ased
c o n tro l law  ( CL„OB__0 ) and sw itches  to  th e  o b server-b ased
c o n tro l law  CL__OB__w, o b v io u s ly  fo llo w in g  a 0 sensor f a i l u r e
id e n t i f i e d  s im p ly  by , O0Ow_0.
( v i )  CL„OB„0 ------------» CL_OB„q
The a i r c r a f t  i s  i n i t i a l l y  c o n tro lle d  by th e  o b server-b as ed
c o n tro l law  ( CL_OB_0 ) and sw itches  to  th e  o b server-b ased
c o n tro l law  CL_OB_q, o b v io u s ly  fo llo w in g  a 0 sensor f a i l u r e
id e n t i f i e d  s im p ly  by , O0Oq__0 .
6 . 5 . 3  THE RESULTS AND CONCLUSIONS
For each f a i l u r e  mode 12 cases were s im u la te d  and th e  t o t a l  number o f
s im u la tio n s  perform ed was 1 4 4 . So i t  i s  im p r a t ic a l  to  show tim e
h is t o r ie s  re p re s e n ta t iv e  o f  a l l  cases . Thus a summary o f  th e  f in d in g s
o n ly  is  re p o rte d . The a n a ly s is  o f  th e  re s u lts  has shown t h a t  th e  most
hazardous case i s  th e  0 sensor f a i l u r e  mode, th e  q sensor f a i l u r e  i s
le s s  hazardous and th e  le a s t  hazardous is  th e  w sensor f a i l u r e .  T h is
i s  due to  th e  f a c t  t h a t  th e  g a in  K has a g re a te r  m agnitude than  th e
q
gain s  K o r K . The s im u la tio n s  were perform ed w ith o u t l im i t s  on 77 o r
w q
77. The a c tu a l a i r c r a f t  has th e  fo llo w in g  hard e le v a to r  c o n tro l  
l i m i t s ,
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8 = - 2 3 °  8 =  17°
e e
min max
8 =  —3 7 ° /s  6 =  3 7 ° / s
0 0
min max
However, in  th e  c o n te x t o f  th e  p re s e n t day tech n o lo g y  i t  i s  co n s id ered  
reasonab le  to  have a c o n tro l r a te  l i m i t  g re a te r  than  3 7 ° / s ,  and a 
reasonab le  v a lu e  i s  assumed to  be 1 0 0 ° / s .  In  o rd e r to  a vo id  dangerous  
f a i l u r e  t r a n s ie n ts  i t  i s  a d v is a b le  to  have a m p litu d e  l im i t e r s  on th e  
feedback paths o f  0 and q to  p r o te c t  th e  a i r c r a f t  in  th e  e v e n t o f  a 
hardover f a i l u r e .  The s im u la tio n s  have shown t h a t  in  th e  e v e n t o f  a 
hardover f a i l u r e  th e  a i r c r a f t  can ex p e rie n c e  a dangerous ly  h igh  lo ad  
f a c to r  and h igh  an g le  o f  a t ta c k .  S um ariz ing  th e  re s u lts  o b ta in e d , th e  
v a r io u s  f a i l u r e  modes can be grouped as d e scrib ed  in  ta b le  6 .5
TABLE 6. 5 -  FAILURE MODES
SENS O R FAILED
W q 0
P RIMARY SB0q_w SB0w__q SBOw_0
FAIL UR E S SBO0JW SBO0_q SBOq„0
S E C ON D AR Y 0w0q_w 0q0w_q O0Ow_0
F AILURES OwO0_w OqO0__q O0Oq__0
T a b le  6 .6  i l l u s t r a t e s  th e  maximum v a lu e s  o f  c o n tro l e f f o r t  and c o n tr o l  
ra te  e f f o r t  re q u ire d  in  th e  case SB0q_w, ta b le  6 .7  i l l u s t r a t e s  th e  
case fo r  SB0w__q and ta b le  6 .8  i l l u s t r a t e s  th e  case fo r  SBOw__0.
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TABLE 6 . 6  -  CASE SBOqjw -  STEADY FLIGHT
MAXIMUM CONTROL EFFORT REQUIRED
sensor 













-7.2 3.2 -78 46
0.10
amin
-3.3 6.8 -44 76
amax




TABLE 6 .7  -  CASE SBOw_q -  STEADY FLIGHT 
MAXIMUM CONTROL EFFORT REQUIRED
sensor







( d e g / s )
17max 
( d e g / s )
t h r e s h o 1d 
de 1 ay 
t ime ( sec ) 
TDH
qmax -13 9
-1 0 0 162
0 .1 0q .min -3 2 9 -2 9 0 162
zero -12 0 -6 6 38
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TABLE 6 .8  -  CASE SBOw_0 -  TDH =  0 .1 0  sec 
















-46 22 -500 324
0max




-61 22 -583 324
ze ro -14 0 -72 32
(A ) PRIMARY FAILURES
A com parison o f  SBOq_w w ith  SBO0_w shows t h a t  th e y  a re  p r a c t i c a l l y  
i d e n t ic a l  w ith  re s p e c t to  c o n tro l e f f o r t ,  c o n tro l r a te  e f f o r t ,  an g le  
o f  a t ta c k ,  lo ad  f a c t o r ,  p itc h  r a t e ,  p itc h  a t t i t u d e ,  a l t i t u d e  and 
fo rw ard  speed t r a n s ie n t  responses. They d i f f e r  o n ly  w ith  re s p e c t to  
dropback c r i t e r io n  perform ance, as p re v io u s ly  seen in  c h a p te r 5 where  
CL_0B_q and CL_OB__0 a re  compared w ith  CL_SB, and observer perfo rm an ce . 
S im i la r ly  comparison o f  SB0w__q w ith  SBO0_q and SBOw_0 and SBOq_0 le a d s  
to  b ro a d ly  s im i la r  c o n c lu s io n s .
(B ) SECONDARY FAILURES
A com parison o f  0w0q_w w ith  OwO0_w ag a in  shows id e n t ic a l  r e s u l t s ,  
s im i la r ly  when 0q0w__q i s  compared w ith  OqO0_q and when O0Ow_0 is  
compared w ith  O0Oq_0.
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(C ) PRIMARY AND SECONDARY FAILURES
A comparison o f  SBOq_w, SBO0_w, OwOq_w and OwO0_w le a d s  to  th e  same 
co n c lu s io n  as when SBOq_w is  compared w ith  SBO0_w as noted in  (A ) 
above. So th ese  fo u r  cases dem onstrate s im i la r  a i r c r a f t  response  
d u rin g  th e  f a i l u r e  t r a n s ie n ts ,  e x c e p t w ith  re s p e c t to  dropback  
c r i t e r io n  perfo rm ance , a fe a tu r e  which depends on th e  p a r t ic u la r  
c o n tro l la w , and o b server perfo rm ance, which a ls o  depends on th e  
p a r t ic u la r  o b server d e s ig n . The same co n c lu s io n  can be drawn when 
SBOw__q, SBO0_q, OqOw__q and OqO0__q a re  compared, and a ls o  when SBOw_0, 
SBOq__0, O0Ow_0 and O0Oqm0 a re  compared. So, from  a comparison o f  th e  
s im u la t io n  r e s u lts  i t  was concluded t h a t  in  o rd e r to  c o n tin u e  th e  
s tu d ie s  o f  f a i l u r e  c o n d it io n s  i t  i s  o n ly  necessary  to  ta k e  in to  
account th e  cases SB0q_w, SBOw__q and SBOw_0. These th re e  cases a re  
re p re s e n ta t iv e  o f  th e  t r a n s ie n t  c o n d it io n s  fo llo w in g  th e  f a i l u r e  o f  
each sen so r, t h a t  i s ,  th ese  th re e  cases a re  a lo n e  s u f f i c i e n t  to  
re p re s e n t th e  a i r c r a f t  s u b je c t  to  th e  f a i l u r e  c o n d it io n s  s tu d ie d .
R e fe r r in g  to  dropback c h a r a c t e r is t ic s ,  th e  fo llo w in g  was observed ,
( i )  CL__OB_w has a tendency to  g iv e  an exces s ive  o v e rs h o o t, dropback  
a t t i t u d e  around - 6 . 9 ° .
( i i )  CL_OB_q and CL__OB_0 have a good response w ith  re s p e c t to  dropback  
c h a r a c te r is t ic s ,  g iv in g  a reasonab le  dropback a t t i t u d e ,  1 . 2 °  
f o r  CL_OB_q and —1 .7 °  fo r  CL_OB_0.
I t  i s  im p o rta n t to  no te  t h a t  th e  above perform ances a re  o b ta in e d  
fo llo w in g  f a i l u r e  c o n d it io n s  and so th e y  a re  n o t th e  same as those  
o b ta in ed  w ith o u t f a i l u r e  c o n d it io n s . From th ese  o b s e rv a tio n s  i t  i s  
concluded t h a t  in  th e  e v e n t o f  a p rim a ry  f a i l u r e ,  th e  im p le m e n ta tio n  
o f  CL_OB_q o r CL__OB__0 must have p re fe re n c e  o ver th e  cho ice  o f  CL_OB_w. 
A comparison o f  th e  o b server response shows:
( i )  R e la t iv e  to  e s tim a te s  o f  u ( fo rw ard  speed ) ,  b e t te r  e s tim a te s  o f  
u a re  o b ta in e d  w ith  CL_OB_q and CL_OB_0.
( i i )  R e la t iv e  to  e s tim a te s  o f  w ( norm al v e lo c i t y  ) ,  c o n tro l la w s ,
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CL_OB_q and CL_OB_0 g iv e  th e  same accu rac y .
( i l l ) R e l a t i v e  to  e s tim a te s  o f  q ( p itc h  r a te  ) , CL_OB_0 i s  b e t te r
than  CL__OB_w.
( i v )  R e la t iv e  to  e s tim a te s  o f  0 ( p i t c h  a t t i t u d e  ) ,  CL„OB_q i s  b e t te r  
than  CL_OB_w.
Concerning th e  u e s t im a te s , i t  i s  a ls o  im p o rta n t to  no te  t h a t  even in  
th e  s te a d y  s ta te  f l i g h t  cases , th e re  i s  alw ays an e r r o r  in  th e  u 
e s tim a te  w ith  any o f  th e  designed o b s e rv e rs . T h is  f a c t  shows t h a t  
th ese  o b servers  a re  n o t a p p ro p r ia te  f o r  use w ith  a c o n tro l law  t h a t  
re q u ire s  th e  use o f  a u e s tim a te  in  a feedback p a th . Comparing th e  
p rim a ry  f a i l u r e  cases; SBOq__w, SBOq_0, SBO0_q and SBO0_w w ith  those  
o f  secondary f a i lu r e s :  OwOq_w, O0Oq_0, OqO0__q and OwO0_w, th e  u
e s tim a te s  a re  b e t te r  than  those o b ta in e d  fo llo w in g  th e  secondary  
cases . The e s tim a te s  o f  w, q and 0 a re  w ith o u t e r r o r  fo llo w in g  any o f  
th e  s te a d y  s ta te  f a i l u r e  cases .
The fo llo w in g  perform ance c h a r a c te r is t ic s  were a ls o  observed d u rin g  
th e  s im u la t io n  s tu d ie s  ;
( i )  F o llo w in g  a s te a d y -s ta te  f a i l u r e  c o n d it io n  th e  demand f o r  h igh  
c o n tro l e f f o r t  and c o n tro l r a te  e f f o r t  in c re a s e s  w ith  th e  
fo llo w in g  o rd e r o f  sensor s ig n a l f a i lu r e s  w, q and 0 .
( i i )  In  th e  case o f  a f a i l u r e  d u rin g  a p i l o t  in p u t ,  when any o f  th e  
sensors f a i l s  to  z e ro , th e re  i s  no s ig n i f ic a n t  d if fe r e n c e  in  
th e  c o n tro l e f f o r t  o r c o n tro l r a te  e f f o r t  re q u ire d .
( i i i )  The f a i l u r e  o f  th e  q sensor o r th e  0 sensor i s  fo llo w e d  by 
s a tu ra t io n  o f  c o n tro l and c o n tro l r a te  when th e  f a i l u r e  i s  o f  
th e  hardover ty p e , i r r e s p e c t iv e  o f  th e  i n i t i a l  s ta te  o f  th e  
a i r c r a f t .
( i v )  The le n g th  o f  th e  th re s h o ld  d e te c t io n  tim e  d e la y  has a much more 
c r i t i c a l  e f f e c t  fo llo w in g  th e  f a i lu r e s  o f  q o r 0 sen so rs .
(v )  When a sensor i s  f a i l e d  to  ze ro  th e  in f lu e n c e  o f  th e  th re s h o ld  
d e te c t io n  tim e  d e la y  i s  p r a t i c a l l y  in s ig n i f i c a n t .
( v i )  A f a i l u r e  o f  th e  w sensor does n o t in f lu e n c e  th e  a l t i t u d e  
response o f  th e  a i r c r a f t  s ig n i f i c a n t ly  compared w ith  th e  o th e r  
sensor f a i lu r e s .
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( v i i )  The 0 sensor f a i l u r e  le a d s  to  th e  g r e a te s t  d e te r io r a t io n  o f  th e  
f ly in g  q u a l i t ie s  o f  th e  a i r c r a f t ,  fo llo w e d  by th e  q sensor 
f a i l u r e  and th e  w sensor f a i l u r e  in  o rd e r o f  d e t e r io r a t io n .
C onsequently i t  i s  concluded t h a t  i t  would be a d v is a b le  to  in c lu d e  
some s a fe ty  d e v ic e , such as a l i m i t e r ,  on th e  feedback paths o f  q and 
0 . The main problem  id e n t i f i e d  was th e  s a tu ra t io n  o f  c o n tro l r a te
7 1e f f o r t ,  a fe a tu r e  a ls o  id e n t i f i e d  in  McRuer—Johnston-M yers . T h is
problem  occurs w ith  both  d e s ig n s , o p tim a l and p o le -p la c e m e n t and can
p ro b a b ly  be m in im ized  by d e s ig n in g  th e  c o n tro l law  by o p tim a l c o n tro l
methods b u t w ith  a m o d ifie d  perform ance in d e x , as suggested by 
18Lew is-S tevens . In  o rd e r to  design  th e  a m p litu d e  l i m i t e r  f o r  each 
feedback p a th , i t  i s  o n ly  necessary  to  p erfo rm  a s tu d y  o f  th e  
fo llo w in g  c o n d it io n s :
( i )  SBOq_w in  hardover f a i l u r e
( i i )  SBOw_q in  hardover f a i l u r e
( i i i )  SBOw_0 in  hardover f a i l u r e
F in a l ly ,  i f  th e  c o n tro l law s a re  to  be re c o n fig u re d  fo llo w in g  f a i lu r e s  
then  th e  s w itc h in g  lo g ic  should s e le c t  th e  c o n tro l law s in  th e  o rd e r  
p resen ted  in  f ig u r e  6 .1 4 .
aircraft
w
sw i tches q sw i tches
work ing to tosensor sensor
w it h fail CLOB_q fai 1 C L O B_ 0
CL_SB
aircraft q swi tches Q sw i tches
work ing to tosensor sensor




■ x swi tches
q sw i tches
work ing to tosensor sensor
w i th fail CLOB_q fai 1 CLOB_w
CL__SB
f i gure 6.14 suggested order of r ec o nf i g u r a t i o n  in the
event of sensor failures
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The o rd e r suggested in  f ig u r e  6 .1 4  i s  capab le  o f  c lo s e ly  m a in ta in in g  
th e  o r ig in a l  f ly in g  q u a l i t ie s  o f  th e  designed sensor based c o n tro l  
la w . Note t h a t  CL__OBjw i s  o n ly  im plem ented in  th e  case o f  a double  
f a i l u r e ,  t h is  i s  a r e s u l t  o f  th e  a n a ly s is  perform ed here  as w e l l  as in  
c h a p te r 5 which shows t h a t  CL_OB_w o f fe r s  th e  w o rs t perform ance  
compared to  CL__OB__q and CL_OB_0.
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7 COMPARATIVE FLIGHT CONTROL SYSTEM PERFORMANCE ANALYSIS
7 .1  THE REGULATOR CHARACTERISTICS
7 .1 .1  INTRODUCTION
The Gibson dropback c r i t e r io n  i s  concerned w ith  th e  t ra c k in g
perform ance o f  th e  c o n tro l la w , th a t  i s ,  th e  a b i l i t y  o f  th e  a i r c r a f t  
to  t ra c k  a re fe re n c e  in p u t .  I t  i s  a ls o  in te r e s t in g  to  e v a lu a te  th e  
a b i l i t y  o f  th e  f l i g h t  c o n tro l system to  re s to re  th e  s ta te s  i f  th ese  
a re  p e rtu rb e d . T h a t as p e c t i s  commonly assessed in  th e  a e ro n a u t ic a l  
in d u s try  by s im u la t in g  an a lp h a  re le a s e , t h a t  i s ,  s im u la t in g  th e  
a i r c r a f t  response f o r  an i n i t i a l  p e r tu rb a t io n  in  an g le  o f  a t t a c k ,  f o r  
th e  lo n g itu d in a l  case , and a b e ta  re le a s e , t h a t  i s  s im u la t in g  th e  
a i r c r a f t  response f o r  an i n i t i a l  p e r tu rb a t io n  in  s id e s l ip .  As th e
problem  co n sid ered  i s  th e  lo n g itu d in a l  case , an a lp h a  re le a s e  w i l l  be
used to  assess th e  re g u la to r  perform ance o f  th e  designed c o n tro l la w s . 
The a lp h a  p e r tu rb a t io n  used was a re le a s e  a t  t  =  0 from  an i n i t i a l  
c o n d it io n  o f  a  =  5° , and so an e q u iv a le n t  i n i t i a l  p e r tu rb a t io n  in  w 
was in tro d u c e d  in  th e  e q u a tio n s  o f  m o tio n , t h a t  i s ,  th e  s im u la t io n  is  
perform ed w ith  w (0 ) 4. 0 .
7 .1 .2  THE SENSOR BASED CONTROL LAW CL_SB
The s tu d y  was perform ed f o r  both  d e s ig n s , th e  p o le  p lacem ent c o n tro l  
law  design  and th e  o p tim a l c o n tro l law  d e s ig n . The com parison o f  both  
designs shows t h a t  th e  o p tim a l c o n tro l law  design  re s to re s  th e  
p e rtu rb e d  s ta te  w to  ze ro  f a s te r  than  th e  p o le  p lacem ent c o n tro l law  
d e s ig n . I t  was a ls o  n o tic e d  t h a t  th e  o p tim a l c o n tro l law  design  
p re s e n ts  a smoother response in  p itc h  r a te  and in  p itc h  a t t i t u d e  
compared w ith  th e  p o le  p lacem ent c o n tro l law  d e s ig n . In  f ig u r e  7 .1  
th e re  i s  a tim e  h is to r y  comparison f o r  both  designs a t  f l i g h t  
c o n d it io n  6 f o r  th e  same p e r tu rb a t io n .
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In  ta b le  7 .1  th e  c o n tro l e f f o r t  and c o n tro l r a te  e f f o r t  o b ta in e d  f o r  
each c o n tro l law  design  is  p re s e n te d . I t  has been n o tic e d  t h a t  th e  
p o le  p lacem ent c o n tro l la w  design  re q u ire s  more c o n tro l r a te  e f f o r t  
and a ls o  more c o n tro l e f f o r t .  T h is  was expected  s in c e  th e  m agnitude  
o f  th e  feedback g a in s  o f  th e  p o le  p lacem ent c o n tro l law  design  a re  
h ig h e r th an  th e  m agnitude o f  th e  feedback g a in s  o f  th e  o p tim a l c o n tro l  
law  d e s ig n .
TAB L E 7.1
CONTROL EFFORT AND CONTROL RATE EFFORT CO M PA R IS O N
FC t i
POLE P L AC EMENT OP TI M AL  CONTROL




(d e g / s e c )
" . i n
(deg)
\ i n
( d e g / s e c )
3 - 3 . 2 - 1 4 .4 - 3 . 3 - 1 3 .3
6 - 3 . 9 - 1 7 .8 - 3 . 4 - 1 3 .4
9 - 4 . 9 -2 1 .3 - 3 . 6 - 1 3 .3
13 - 5 . 5 - 2 6 .8 - 3 . 7 - 1 5 .6
17 - 3 . 9 - 1 7 .8 - 3 . 6 - 1 4 .2
7 .1 .3  THE OBSERVER BASED CONTROL LAW CL„OB_w
The same s im u la tio n s  were perform ed f o r  c o n tro l law  CL_OB_w designed  
by both m ethods, p o le  p lacem ent and o p tim a l c o n t r o l ,  and th e  f in d in g s  
a re  summarized as fo l lo w s ,
( i )  In  t h is  case th e  p itc h  a t t i t u d e  response, Q , ta k e s  more tim e  to  
re tu rn  to  ze ro  compared w ith  th e  case o f  CL_SB. T h is  happens 
w ith  both d e s ig n s , p o le  p lacem ent and o p tim a l c o n t r o l .
( i i )  The re g u la t io n  o f  w i s  th e  same as o b ta in e d  w ith  CL_SB f o r  both  
d e s ig n s , p o le  p lacem ent and o p tim a l c o n t r o l .
( i i i ) T h e  p itc h  r a t e ,  q , response i s  d i f f e r e n t  w ith  both d e s ig n s , t h a t  
i s ,  th e  t r a n s ie n t  response i s  d i f f e r e n t .  However, in  both  
designs th e  p itc h  ra te  re tu rn s  to  z e ro . These t r a n s ie n ts  e x p la in  
th e  f in d in g  ( i  ) .
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( i v )  The c o n tro l e f f o r t  and c o n tro l r a te  e f f o r t  o b ta in e d  w ith  CL_OB_w 
a re  lo w er than  th e  correspond ing  e f f o r t s  o b ta in e d  w ith  CL__SB.
(v )  W ith  re s p e c t to  th e  e s tim a te s  o f  u , q and 0 ,  i t  i s  q u ite  c le a r
t h a t  th ese  e s tim a te s  a re  n o t v e ry  p re c is e . T h is  i s  th e
e x p la n a tio n  f o r  th e  f in d in g s  m entioned above. The e s tim a te s  a re
n o t v e ry  p re c is e  due to  th e  o b s e rv e r, which in  t h is  case , has a 
p a ir  o f  complex p o les  lo c a te d  v e ry  c lo s e  to  th e  s -p la n e  o r ig in  ( 
t h a t  p a ir  o f  complex p o le s  corresponds w ith  th e  tra n s m is s io n  zero  
o f  th e  open loop  t r a n f e r  fu n c t io n  w/77 ) .
In  ta b le  7 .2  th e  c o n tro l e f f o r t  and c o n tro l r a te  e f f o r t  o b ta in e d  w ith  
each c o n tro l law  design  a re  shown, and in  f ig u r e  7 .2  th e  tim e
h is to r ie s  o b ta in e d  f o r  f l i g h t  c o n d it io n  6 w ith  th e  o p tim a l c o n tro l law  
design  a re  shown.
TABLE 7.2
CONTROL EFFORT AND CONTROL RATE EFFORT COMPAR I SO N
FC ff
POLE P LA C EMENT OPTIMAL CONTROL
^ i n
(deg)
" . i n




( d e g / s e c )
3 - 2 . 7 - 1 2 .8 - 2 . 6 - 1 0 .9
6 - 3 . 4 - 1 5 .5 - 2 . 8 - 1 0 .5
9 - 4 . 2 - 1 8 .9 - 3 . 0 - 1 2 .0
13 - 5 . 4 - 2 5 .4 - 3 . 3 - 1 3 .3
17 - 3 . 4 - 1 5 .0 - 2 . 9 - 1 1 .7
As n o tic e d  th e  re g u la t io n  c h a r a c te r is t ic s  p resen ted  by CL_OB_w a re  
l i t t l e  d i f f e r e n t  from  those o f  th e  CLJ5B. The d isad van tag e  h ere  is  
th a t  th e  p itc h  a t t i t u d e ,  0  , ta k e s  lo n g e r to  re tu rn  to  ze ro  than  i t  
does w ith  CL_SB. On th e  o th e r  hand, th e re  i s  th e  advantage o f  lo w er  




















































7 .1 .4  THE OBSERVER BASED CONTROL LAW CL„OB_q
The same a lp h a  re le a s e  s im u la t io n  was perform ed w ith  CL_OB__q w ith  both  
d e s ig n s , p o le  p lacem ent and o p tim a l c o n t r o l .  Here th e  tim e  h is t o r ie s  
o b ta in e d  r e p l ic a te  th e  perform ance o b ta in e d  w ith  CL_SB. T h is  f a c t  can 
be a t t r ib u t e d  to  th e  f a c t  t h a t  as can be seen on f ig u r e  7 .3 ,  th e  
e s tim a te s  o f  u , w and 0 a re  v e ry  p re c is e . In  ta b le  7 .3  th e  c o n tro l  
e f f o r t  and c o n tro l r a te  e f f o r t  o b ta in e d  in  t h is  case a re  p resen ted  and 
in  f ig u r e  7 .3  th e  tim e  h is to r ie s  o b ta in e d  w ith  o p tim a l c o n tro l law  
design  a t  f l i g h t  c o n d it io n  6 a re  shown.
TABLE 7.3
CONTROL EFFORT AND C O NTROL RATE EFFORT COMPAR I SO N
FC t i





n  .min 
(d e g / s e c )
3 - 3 . 2 - 1 4 .4 - 3 . 2 - 1 3 .3
6 - 3 . 8 - 1 7 .2 - 3 . 3 - 1 3 .3
9 - 4 . 9 - 2 1 .3 - 3 . 5 - 1 3 .8
13 - 5 . 5 - 2 6 .1 - 3 . 7 - 1 5 .5
























































7 .1 .5  THE OBSERVER BASED CONTROL LAW CLJ)B_0
The same a lp h a  re le a s e  s im u la t io n  was perform ed w ith  CL_OB__0 w ith  both  
d es ig n s , p o le  p lacem ent and o p tim a l c o n t r o l ,  and a g a in , as in  th e  case  
o f  CL_OB_q, th e  tim e  h is to r ie s  a re  v e ry  s im i la r  to  those o b ta in e d  w ith  
CL__SB. C e r ta in ly  t h is  i s  due to  th e  f a c t  t h a t  th e  o b server e s tim a te s  
a re  v e ry  p re c is e . In  ta b le  7 .4  th e  c o n tro l e f f o r t  and c o n tro l r a te  
e f f o r t  o b ta in e d  w ith  t h is  c o n tro l law  a re  p resen ted  and in  f ig u r e  7 .4  
th e  tim e  h is to r ie s  o b ta in e d  w ith  th e  o p tim a l c o n tro l law  design  a t  
f l i g h t  c o n d it io n  6 a re  shown.
T ABLE 7.4
CONTROL EFFORT AND CONTROL RATE EFFORT COMPA RI S ON
FC a
POLE PLACEMENT OPTIMAL CONTROL
(deg)
\ l n




(d e g / s e c )
3 - 3 . 1 - 1 4 .4 - 3 . 2 - 1 3 .9
6 - 3 . 8 - 1 7 .8 - 3 . 3 - 1 3 .3











































































































7 .1 .6  INTERIM CONCLUSIONS
From th e  s tu d ie s  c a r r ie d  o u t i t  can be concluded t h a t  both c o n tro l law  
designs a re  q u ite  good w ith  re s p e c t to  re g u la to r  perfo rm ance . The 
o p tim a l c o n tro l law  design  has a l i t t l e  b e t te r  perform ance s in c e  i t  
re s to re s  th e  d is tu rb e d  s ta te  ( w ) to  i t s  i n i t i a l  c o n d it io n  f a s te r  
than  th e  p o le  placem ent c o n tro l law  d e s ig n . A ls o , th e re  i s  an 
advantage w ith  th e  o p tim a l c o n tro l law  design  w ith  re s p e c t to  c o n tro l  
e f f o r t  and c o n tro l r a te  e f f o r t .  In  c o n c lu s io n , th e  o n ly  c o n tro l law  
t h a t  does n o t g iv e  an a c c e p ta b le  perform ance is  CL_QBjw, due to  th e  
responses o f  p itc h  r a te  ( q ) and p itc h  a t t i t u d e  ( 0 ) be ing  a l i t t l e  
d i f f e r e n t  from  those o f  CL_SB. T h is  can be c o rre c te d  by d e s ig n in g  th e  
ob server o f  CL_OBjw by th e  same method used to  design  th e  o b server o f  
CL_OB__q and CL_OB_0 as s ta te d  b e fo re . So, in  th e  e v e n t o f  a sensor 
f a i l u r e ,  th e  same o rd e r o f  r e c o n f ig u ra t io n  suggested in  c h a p te r 6 
showed be a p p lie d . I t  i s  a ls o  in t e r e s t in g  to  p erfo rm  th e  same s tu d y  
w ith  an i n i t i a l  p e r tu rb a t io n  in  p itc h  a t t i t u d e ,  0 , o r  in  th e  fo rw ard  
v e lo c i t y  u . T h a t i s ,  th e  same s im u la tio n s  f i r s t l y  w ith  0 ( 0 )  £  0 and 
second ly  w ith  u (o )  ^ 0 in  o rd e r to  assess th e  re g u la to r  perform ance  
when such p e r tu rb a tio n s  a re  in c lu d e d .
7 .2  EVALUATION OF THE CONTROL LAWS WITH THE 
FULL NON-LINEAR MODEL OF THE AIRCRAFT
7 .2 .1  INTRODUCTION
I t  i s  now in t e r e s t in g  to  re v ie w  th e  perform ance o f  both  c o n tro l law  
d es ig n s , p o le  p lacem ent and o p tim a l c o n t r o l ,  w orking  w ith  a n o n - l in e a r  
a i r c r a f t  m odel. The sensor based and th e  ob server based c o n tro l law s  
a re  in v e s t ig a te d  in  o rd e r to  g iv e  an in d ic a t io n  o f  th e  b eh av io u r o f  
th e  augmented a i r c r a f t  w ith  each c o n tro l law  d e s ig n . In  t h is  a n a ly s is  
o n ly  f l i g h t  c o n d itio n s  3 , 6 and 9 were used and th e  s tu d y  was
perform ed by s im u la tio n  o n ly . D uring  th e  s im u la tio n  th e  g a in s  o f  th e  
c o n tro l laws and th e  g a in s  o f  th e  o b servers  were m a in ta in e d  f ix e d .
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The a c tu a to r  used was a c tu a to r  n o .2 , d e scrib ed  in  c h a p te r 3 , and th e  
le a d  p r e - f i l t e r  used was d iscussed in  c h a p te r 4 , fo r  both c o n tro l law  
d e s ig n s . In  f ig u r e  5 .3  th e  c o n tro l law  s tru c tu re  used in  th e  
s im u la tio n s  is  shown f o r  th e  case o f  CL__SB, w ith  th e  e x cep tio n  t h a t  " 
a i r c r a f t  dynamics " , now im p ly  th e  n o n - l in e a r  a i r c r a f t  dynam ics. The 
p i l o t  in p u t  cons idered  i s  shown in  f ig u r e  5 . 4 . ,  in  o rd e r to  a llo w  
comparison w ith  th e  r e s u lts  o b ta in ed  w ith  th e  l in e a r  a i r c r a f t  m odel.
7 . 2 . 2  EQUATIONS OF THE NON-LINEAR AIRCRAFT HODEL
The n o n - l in e a r  model used in  th e  s im u la tio n s  was a s ix  degree o f
7 2freedom  a i r c r a f t  m odel, th e  eq u a tio n s  were o b ta in e d  from  Roskam , 
Mclean and H e f f le y  . T h is  model in c lu d e s  aerodynam ic c o e f f ic ie n t s  
which v a ry  d u rin g  th e  s im u la tio n  as fu n c tio n s  o f  Mach number, a l t i t u d e  
and an g le  o f  a t ta c k .  So a t  each in te g r a t io n  s tep  th e  aerodynam ic  
c o e f f ic ie n ts  a re  updated . The eq u atio n s  com pris ing  t h is  model a re  th e  
fo l lo w in g ,
u =  r V  -  q W - g  s in (0  ) + X /m +
T T T O
X * u  +  X w + X q  + X~ 6 ( 7 . 1 )
u w q Oe e
v  = p W  — r U  + g co s (0  )sin(<f>) +  Y /m +
T T T 0
Y v  + Y r  +  Y p  + Y * 0  +  Y* 6 ( 7 . 2 )
v r p Oa a Or r
w = (q UT -  p VT ) / ( 1  -  Z . )  +  [g  c o s (0 T ) s in (<*>)]/ ( I  -  Z . )  +
Z / ( I  -  Z . )  +  [Z *  u +  Z w  + Z q  +  Z . 6 e  3 / ( 1  -  Z . )  ( 7 . 3 )
0 w u v q Oe w
P = ( L ft v ) /  U +  L r  +  L p +  k p q -  k q r  +
p 1 I p 5 6
Lc Sa + L_ 5r (7.4)
Oa Or
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q = ( I  - I  )p r / I  -  I  (p 2-  r 2 ) / I  +  M* u + fl w +
x z y xz y u w
M. w + M q +  Mj 6e (7.5)
w q Oe
r  =  ( N _ v ) /  U +  N r  +  N p -  k q r  +  k p q +
p 1 r p 3 4
N* 6a +  N' 6r (7.6)
Oa Or
0  =  P +  [ q  s in ( 0 )  +  r  co s ( 0 ) ]j t g ( 0 T > ( 7 . 7 )
yj -  [q  s in ( 0 )  + r  c o s ( 0 ) ] /  c o s (0 t > ( 7 . 8 )
0 =  q c o s (0 ) -  r  s in ( 0 )  ( 7 . 9 )
The a u x i l ia r y  e q u a tio n s  a ls o  used a re  as fo l lo w s ,
U = U + u (7 . 10 )
T o
V =  V +  V  ( 7 . 1 1 )
T 0
W =  UJ +  W ( 7 . 1 2 )
T 0
a =  t g _ 1 (  W /  U )  ( 7 . 1 3 )
T T T
0 = 0 + 0  ( 7 . 1 4 )
T 0
U = 4 U2 +  V2 +  ( 7 . 1 5 )J2
T T
* =  V  /  U ( 7 . 1 6 )
P 1
(X =  w /  U ( 7 .  1 7 )
T
X = iV s in (0  ) ( 7 . 18 )
o o
Yq =  - U  c o s ( 0 q ) sin(<j>o ) ( 7 . 1 9 )
Z =  - A / C O S ( 0  ) C O S (0  )  ( 7 . 2 0 )
0 0 0
h = U^sinC©^) —V ^ s in (0 )  c o s (0 ^ ) -W ^ c o s ^ ) c o s (0 ^ ) ( 7 . 2 1 )
183
Mach = U /  V ( 7 . 2 2 )1 sound
The I n e r t i a  co n s tan ts  used in  th ese  eq u a tio n s  a re :
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lat 7 z





= I 2 / ( I I )
XZ X z (7
The aerodynam ic d e r iv a t iv e s  a re  a l l  d e fin e d  in  H e f f le y 11, and th e
com plete model i s  d e scrib ed  on th e  re p o r t  by O liv a  and Cook12, which  
a ls o  c o n ta in s  a comparison o f  th e  l in e a r  model and th e  n o n - l in e a r
model responses f o r  th e  same in p u t .  The l in e a r  model i s  a ls o
d e scrib ed  b r i e f l y  in  appendix A. However, fo r  com pleteness i t  i s  
rep ea ted  h e re . So th e  eq u atio n s  used in  th e  l in e a r  model a re  s im p ly  
g iven  by,
u =  X* u +  X w + X  q - W q - g  c o s (0  ) 0 +  X * Se ( 7 . 3 1 )
u w q 0 0 Oe
w = [ Z *  / ( 1 —Z . ) ]  u +  [  Z / ( 1 —Z . ) ]  w + [ ( Z  +  U ) / ( l —Z . ) ]  q +
u w w w q 0 w
-  [g s in (e  ) / ( l - Z . ) ]  0 +  [  Z_ / ( 1 - Z . )  ]  5e ( 7 . 3 2 )
0 w Oe w
q =  M*  u +  [ M . Z * / ( 1 —Z . ) ]  u +  M w +  [ M . Z  / ( 1 - Z . ) ]  w +
U  W U W  W W W W
M q +  [  M.  ( Z  +  U ) / ( l - Z . )  ]  q -  [ M .  g s in (0  ) / ( l - Z . ) ]  0 +
q w q O w  w O w
M * Se +  [ M . z .  / ( 1 - Z . )  ]  Se ( 7 . 3 3 )
Oe w Oe w
0 = q ( 7 . 34)
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A lthough o n ly  a comparison between th e  c o n tro l law  designs w orking  
w ith  th e  l in e a r  model and w ith  th e  n o n - l in e a r  model w ith  re s p e c t to  
th e  dropback c r i t e r io n  have been p erfo rm ed , th e  n o n - l in e a r  model is  
a ls o  u s e fu l fo r  o th e r  a n a ly s is .  For exam ple, to  e v a lu a te  perform ance  
w ith  an i n i t i a l  bank an g le  ( <p^  ) o r an i n i t i a l  s id e s l ip  an g le  ( J3 ) 
o r ,  w ith  a p i l o t  manoeuver n o t o n ly  w ith  e le v a to r  b u t a ls o  w ith  rudder  
o r a i le r o n s .  The model i s  a ls o  u s e fu l l  f o r  e v a lu a tin g  th e  perform ance  
o f  th e  o b servers  w orking  w ith  th e  n o n - l in e a r  m odel, and fo r  s tu d y in g  
th e  e f f e c ts  o f  g a in  s c h e d u lin g . A s tu d y  o f  a s tead y  tu rn  o r o th e r  
s tead y  manoeuver may a ls o  be perform ed w ith  th e  h e lp  o f  t h is  model in  
o rder to  assess th e  perform ance o f  th e  designed c o n tro l law s under 
these  c o n d it io n s . The main n o n - l in e a r  fe a tu r e  o f  th e  s im u la t io n  is  
th e  f a c t  t h a t  th e  aerodynam ic c o e f f ic ie n t s  a re  n o t m a in ta in e d  f ix e d  
d u rin g  th e  s im u la t io n , t h a t  i s ,  th e y  v a ry  w ith  t im e , an g le  o f  a t ta c k ,  
a l t i t u d e  and Mach number. A nother n o n - l in e a r  asp ec t o f  th e  model i s  
t h a t  s m a ll an g le  ap p ro x im a tio n s , f o r  exam ple, s in  0 ^ 0  have n o t been 
used. The n o n - l in e a r  model a ls o  in c lu d e s  cross coupled i n e r t i a l  te rm s , 
which a re  n o t v e ry  re le v a n t  in  th e  case o f  a c i v i l  a i r c r a f t .  The 
s im u la tio n s  were perform ed f o r  ze ro  i n i t i a l  c o n d it io n s , t h a t  i s ,  u ( 0 )  
= 0 ,  w ( 0 )  =  0 v ( 0 )  =  0 ,  p ( 0 )  =  0 ,  q ( 0 )  =  0 ,  r ( 0 )  = 0 ,  <£(0) =  0 ,
ip (0) =  0 and 0 ( 0 )  = 0 .
7 . 2 . 3  THE SENSOR BASED CONTROL LAW CL.SB
The tim e  h is t o r ie s  o b ta in ed  from  th e  s im u la tio n s  perform ed w ith  CL_SB 
a re  showed in  f ig u r e  7 .5  f o r  th e  p o le  p lacem ent c o n tro l law  design  and 
in  f ig u r e  7 .6  fo r  th e  o p tim a l c o n tro l law  d e s ig n . The tim e  h is t o r ie s  
showed in  f ig u r e  7 .6  can be compared w ith  those showed in  f ig u r e  5 .5  
o b ta in ed  w ith  th e  a i r c r a f t  l in e a r  m odel. From th e  s im u la tio n s  th e  
fo llo w in g  may be noted w ith  re s p e c t to  th e  same s tu d y  w ith  th e  l in e a r  
model:
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( i )  The c o n tro l e f f o r t  i s  p r a c t ic a l ly  unchanged.
( i i )  The same occurs fo r  th e  c o n tro l r a te  e f f o r t .
( i i i )  The peak p itc h  ra te  i s  a ls o  unchanged.
( i v )  The s tead y  s ta te  p itc h  ra te  qss o b ta in ed  w ith  th e  n o n - l in e a r
model i s  lo w er than  i t  was w ith  th e  l in e a r  m odel, which means 
t h a t  p o s s ib ly , an ad ju s tm en t o f  K is  necessary in  o rd e r to
eq
g u aran tee  t h a t  th e  c o n tro l law  co n tin u es  to  work w e l l  w ith  th e
non l in e a r  model and to  reco ver th e  same s tead y  s ta te  p itc h  
ra te  response.
(v )  The g e n e ra l tendency o f  th e  c o n tro l law  w orking w ith  th e  non
l in e a r  model i s  to  g iv e  a lo w er p itc h  a t t i t u d e  dropback than  
w ith  th e  l in e a r  m odel, which is  a consequence o f  ( i v )  above.
( v i )  The peak an g le  o f  a t ta c k  o b ta in e d  w ith  th e  non lin e a r -m o d e l is
lo w er than  i t  was w ith  th e  l in e a r  m odel, about 3° lo w e r .
( v i i )  The a l t i t u d e  and th e  lo ad  fa c to r  responses a re  unchanged.
I t  was th e re fo re  necessary  to  re p e a t th e  same s tu d y  w ith  g a in
sch ed u lin g  in  o rd e r to  assess i f  i t  i s  re q u ire d  to  a d ju s t  K o r n o t,
eq




























































7 .2 .4  THE OBSERVER BASED CONTROL LAW CLJJBjw
F ig u re  5 .7  shows th e  c o n tro l law  im p lem en ta tio n  fo r  t h is  case , a g a in , 
th e  o n ly  change i s  th a t  " a i r c r a f t  dynamics " im p ly  th e  n o n - l in e a r  
a i r c r a f t  dynam ics. The re s u lts  o b ta in e d  a re  compared w ith  those  
o b ta in ed  w ith  th e  l in e a r  m odel. In  t h is  case n o t o n ly  th e  perform ance  
o f  th e  c o n tro l law  is  e v a lu a te d  b u t a ls o  th e  o b server perfo rm ance. In  
f ig u r e  7 .7  th e  tim e  h is to r ie s  o b ta in ed  w ith  th e  p o le  p lacem ent c o n tro l  
law  design  a re  shown and in  f ig u r e  7 .8  those o b ta in ed  w ith  th e  o p tim a l 
c o n tro l law  design a re  p lo t te d .  The tim e  h is t o r ie s  o f  f ig u r e  7 .8  can 
be compared w ith  those showed in  f ig u r e  5 .8  o b ta in e d  w ith  th e  a i r c r a f t  
l in e a r  m odel. The o b s e rv a tio n s  d e r iv e d  from  th e  s im u la tio n s  a re  
summarized as:
( i )  The c o n tro l e f f o r t  i s  unchanged w ith  re s p e c t to  th e  l in e a r  
m odel, as in  th e , CL_SB case p re v io u s ly .
( i i )  The same occurs to  th e  c o n tro l r a te  e f f o r t .
( i i i )  The a t t i t u d e  dropback c h a r a c te r is t ic s  a re  much b e t te r  w ith  th e  
n o n - l in e a r  model due to  th e  f a c t  th a t  th e  s tead y  s ta te  p itc h  
r a te  i s  g re a te r  h e re , than i t  i s  w ith  th e  l in e a r  m odel.
( i v )  The maximum p itc h  r a te  i s  p r a c t ic a l ly  unchanged.
(v )  The norm al lo ad  fe e  co r, an g le  o f  a t ta c k  and a l t i t u d e  a re  a ls o  
p r a c t ic a l ly  unchanged.
( v i )  The o b server perform ance i s  b e t te r  w ith  re s p e c t to  Q e s t im a te ,  
than  i t  was in  th e  l in e a r  case . However, a t  some f l i g h t  
c o n d it io n s  th e  u e s tim a te  was d e te r io r a te d  compared w ith  th e  
l in e a r  m odel.
In  co n c lu s io n  here th e  perform ance is  b e t t e r  than  i t  was w ith  th e  
l in e a r  m odel, b u t i t  i s  necessary to  assess i f  t h is  i s  t r u e  when th e  




7 .2 .5  THE OBSERVER BASED CONTROL LAW CL_OB_q
The c o n tro l law  s tru c tu re  used i s  shown in  f ig u r e  5 .1 0 ,  ag a in  " 
a i r c r a f t  dynamics " ,  im p lie s  th e  n o n - l in e a r  a i r c r a f t  dynam ics. In  
f ig u r e  7 .9  th e  tim e  h is to r ie s  o b ta in ed  w ith  th e  o p tim a l c o n tro l law  
design a re  shown. The r e s u lts  showed in  f ig u r e  7 .9  can be compared 
w ith  those showed in  f ig u r e  5 .1 1  o b ta in ed  w ith  th e  a i r c r a f t  l in e a r  
m odel. From th e  s tu d y  perform ed w ith  CL__0Bmq th e  fo llo w in g  
o b s e rv a tio n s  were noted:
( i )  The c o n tro l e f f o r t  i s  unchanged compared w ith  th e  l in e a r  m odel.
( i i )  The same occurs to  th e  c o n tro l r a te  e f f o r t
( i i i )  W ith  both c o n tro l law  d es ig n s , p o le  p lacem ent o r o p tim a l 
c o n tr o l ,  th e  a t t i t u d e  dropback c h a r a c te r is t ic  i s  worse than  
t h a t  o b ta in ed  w ith  th e  l in e a r  a i r c r a f t  m odel.
( i v )  The s tead y  s ta te  p itc h  r a te  i s  o n ly  changed a t  f l i g h t  c o n d it io n  
9
(v )  The maximum p itc h  ra te  i s  p r a c t ic a l ly  unchanged
( v i )  The ob server e s tim a te  now is  worse than  i t  was w ith  th e  l in e a r  
m odel.
( v i i )  The an g le  o f  a t ta c k  o b ta in e d  is  about 2 ° lo w er than  i t  was w ith  
th e  l in e a r  m odel.
( v i i i )  Here th e  a l t i t u d e  response and lo ad  fa c to r  have s u ffe re d  a 
s m a ll change compared w ith  th e  l in e a r  m odel.
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7 .2 .6  THE OBSERVER BASED CONTROL LAW CL_OB_0
The im p lem en ta tio n  used i s  showed on f ig u r e  5 .1 3 ,  ag a in  using  th e  
n o n - l in e a r  a i r c r a f t  dynam ics. F ig u re  7 .1 0  shows th e  tim e  h is to r ie s  
o b ta in ed  w ith  th e  o p tim a l c o n tro l law  d e s ig n . The tim e  h is to r ie s  
showed in  f ig u r e  7 .1 0  can be compared w ith  those showed in  f ig u r e  5 .1 4  
o b ta in e d  w ith  th e  a i r c r a f t  l in e a r  m odel. From th e  r e s u lts  o f  t h is  
study th e  fo llo w in g  can be summarized,
( i )  Again th e  c o n tro l e f f o r t  i s  unchanged compared w ith  th e  l in e a r  
m odel.
( i i )  The same i s  observed fo r  th e  c o n tro l r a te  e f f o r t
( i i i )  The a t t itu d e -d ro p b a c k  c h a r a c te r is t ic s  a re  now worse than  those  
o b ta in ed  w ith  th e  l in e a r  a i r c r a f t  m odel. However, here  th e  
d e te r io r a t io n  i s  n o t so bad as in  th e  case o f  CL__0Bmq .
( i v )  The s tead y  s ta te  p itc h  r a te  i s  lo w er than  i t  was in  th e  l in e a r  
case .
(v )  The maximum p itc h  r a te  ( q ) i s  p r a c t ic a l ly  unchanged.
( v i )  The normal lo a d  fa c to r  and th e  a l t i t u d e  i s  p r a c t ic a l ly  
unchanged.
( v i i )  The an g le  o f  a t ta c k  o b ta in ed  is  in  g e n e ra l 2 ° lo w er than  t h a t  
o b ta in ed  w ith  th e  l in e a r  m odel.
( v i i i )  The o b server perfo rm ance, w ith  re s p e c t to  u , w and q e s t im a te s ,  
i s  worse than  th a t  o b ta in ed  w ith  th e  l in e a r  m odel.
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7 .3  INTERIM CONCLUSIONS
The r e s u lts  have shown th a t  c o n tro l law  CL_OB q would p ro b a b ly  re q u ire  
ad ju s tm en t in  o rd e r to  o b ta in  good re g u la t io n  o f  th e  a t t i t u d e  
dropback c h a r a c t e r is t ic ,  CL_OB_0 w i l l  a ls o  re q u ire  some ad ju s tm e n t, 
and f i n a l l y ,  CL__OB__w w i l l  p r a c t ic a l ly  n o t re q u ire  ad ju s tm e n t. 
However, t h is  is  o n ly  a p re l im in a ry  r e s u l t ,  s in c e  th e  s im u la tio n s  have 
been perform ed w ith  f ix e d  g a in s , and d u rin g  th ese  s im u la t io n  i t  was 
n o tic e d  t h a t  th e  a l t i t u d e  v a r ie d  by as much as 2000 f t  in  10 seconds 
and th e  Mach number v a r ie d  by about 0 .1 2  in  10 seconds. So i t  would  
be necessary to  re p e a t th e  s tudy  w ith  g a in  s c h e d u lin g , f o r  both th e  
c o n tro l law  g a in s  and th e  observer g a in s , in  o rd e r to  a q u ire  a more 
r e a l i s t i c  assessment o f  l i k e l y  perfo rm ance. Then a d e c is io n  cou ld  be 
made on w heter th e  ad justm ents  a re  r e a l ly  necessary o r n o t . In  
g e n e ra l i t  was n o tic e d  t h a t  th e  t r a n s ie n t  c h a r a c te r is t ic s  a re  
unchanged due to  th e  f a c t  t h a t  In  th e  t r a n s ie n t  response th e  an g le  o f  
a t ta c k ,  Mach number and a l t i t u d e  a re  p r a c t ic a l ly  th e  same as in  th e  
l in e a r  m odel, and so th e  c o n tro l e f f o r t ,  c o n tro l r a te  e f f o r t  and 
maximum p itc h  ra te  a re  n o t changed because th e y  occur a t  th e  b eg in in g  
o f  th e  a i r c r a f t  response by th e  o th e r way, th e  a t t i t u d e  dropback, 
s tead y  s ta te  p itc h  r a t e ,  s tead y  s ta te  an g le  o f  a t ta c k  and a l l  s tead y  
s ta te  param eters  a re  changed due to  i t s  occurence a t  th e  f i n a l  tim e  o f  
th e  s im u la t io n . In  g e n e ra l I t  has been n o tic e d  t h a t  th e  t r a n s ie n t  
c h a r a c te r is t ic s  a re  b a s ic a ly  th e  same as o b ta in ed  w ith  th e  a i r c r a f t  
l in e a r  m odel, and th e  s te a d y  s ta te  c h a r a c te r is t ic s  have changed a 
l i t t l e  b i t ,  t h is  can be e x p la in e d  by th e  above m entioned fa c ts  about 
Mach number v a r ia t io n  as a ls o  a l t i t u d e  and an g le  o f  a t ta c k .
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8  ALTITUDE HOLD AUTOPILOT DESIGN
8 .1  INTRODUCTION
One o f  th e  p i l o t ' s  many ta s k s  is  to  ho ld  a s p e c if ic  a l t i t u d e .  As an 
a id  to  keep ing  a i r c r a f t  from  c o l l id in g ,  those a i r c r a f t  on an e a s te r ly  
path  a re  re q u ire d  to  be on an odd m u lt ip le  o f  1000 f t ,  w h ile  those on 
a w e s te r ly  path  a re  re q u ire d  to  be on an even m u lt ip le  o f  1000 f t .  I t  
i s  th e re fo re  o f  some concern to  th e  p i l o t  t h a t  th e  a l t i t u d e  be h e ld  to  
w ith in  a few hundred f e e t .  A w e ll  t r a in e d  a t t e n t iv e  p i l o t  can e a s i ly  
accom plish t h is  ta s k  to  w ith in  ±  50 f t ,  and t h is  k in d  o f  to le ra n c e  is  
what th e  a i r  t r a f f i c  c o n t r o l le r s  exp ec t p i lo t s  to  m a in ta in . S ince  
t h is  ta s k  re q u ire s  th e  p i l o t  to  be f a i r l y  d i l i g e n t ,  s o p h is t ic a te d  
a i r c r a f t  o fte n  have an a l t i t u d e  ho ld  a u to p i lo t  to  perfo rm  th e  ta s k .  
T h is  system is  fu n d a m e n ta lly  d i f f e r e n t  from  th e  s t a b i l i t y  augm entation  
system designed in  th e  p rev io u s  ch ap te rs  o f  t h is  work in  t h a t  i t s  r o le  
i s  to  re p la c e  th e  p i l o t  fo r  c e r ta in  p e rio d s  o f  t im e , w h ile  th e  
p re v io u s  s t a b i l i t y  augm entation system r o le  i s  to  h e lp  th e  p i l o t  f l y .  
Dynamic s p e c if ic a t io n s ,  th e r e fo r e ,  need n o t be such th a t  p i lo t s  l i k e  
th e  a i r c r a f t ' s  " fe e l"  ; in s te a d , th e  design  should  p ro v id e  th e  k in d  o f  
r id e  th a t  p i lo t s  and passengers l i k e .  So th e  damping r a t io  should be 
in  th e  v i c i n i t y  o f  0 . 5 0 ,  b u t, fo r  a smooth r id e ,  th e  n a tu ra l freq u en cy  
should be lo w er than  th e  s h o rt  p e rio d  n a tu r a l fre q u e n c y . In  t h is  
c h a p te r th e  a u to p i lo t  w i l l  be designed by an o p tim a l c o n tro l m ethod, 
t h a t  i s ,  designed s p e c i f ic a l ly  by th e  LQR method to  work w ith  th e  
augmented a i r c r a f t ,  in c o rp o ra t in g  th e  in n e r  loop  c o n tro l law s designed  
in  th e  p rev io u s  c h a p te rs .
8 .2  THE DESIGN METHOD
In  o rd er to  design th e  a u to p i lo t  i t  i s  necessary  to  in c lu d e  th e  h e ig h t  
e q u a tio n  in  th e  m odel, which i s  w r i t te n  as ,
h — —w + U 0 ( a i )
0
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In  t h is  case th e  system must tra c k  a re fe re n c e  a l t i t u d e ,  des ig n ated  
h By th e  same procedure as used in  th e  design  o f  th e  in n e r  lo o p ,
ref
i t  i s  p o s s ib le  to  d e fin e  an a l t i t u d e  e r r o r ,
e =  h -  h ( 8 . 2 )
h ref
C o n sid erin g  now th e  a i r c r a f t  rep resen ted  by th e  s ta te  e q u a tio n ,
x =  fl x +  B r) ( 8 . 3 )
where x i s  s im p ly  xT = [ u w q 0 ]  ( 8 . 4 )
and th e  A and B m a tr ic e s  a re  g iven  in  appendix A. So eq u a tio n  8 .1  can 
be w r i t t e n  a s ,
h =  [ 0 - 1 0 U ] x  ( 8 . 5 )
o
As th e  design  i s  fo r  th e  augmented a i r c r a f t ,  th e  feedback g a in s  o f  
e i t h e r  s t a b i l i t y  augm entation c o n tro l la w , o p tim a l o r p o le  p lacem en t, 
are  w r i t t e n  a s ,
G =  [  0 K K K ]  ( 8 . 6 )
w q e
q
C o n s id erin g  th e  in n e r  loop  c o n tro l law  im plem ented as in  f ig u r e  6 .4  
th e  augmented a i r c r a f t  i s  rep resen ted  by th e  s ta te  e q u a tio n ,
x =  (A — BG) x +  B rjAp ( 8 . 7 )
Where 77^ ^ i s  th e  c o n tro l in p u t  to  th e  e le v a to r  re q u ire d  by th e  
a u t o p i lo t .  W ith  t h is  in  mind th e  com plete system can be re p re s e n te d  
as fo l lo w s ,
x =  A x +  B n +  E h ( 8 . 8 )
AP AP AP AP fAP ref
T
w here, x = [ x  h e ] = [ u w q 0 h £ l  ( 8 . 9 )
AP h h
BT = [  B 0 0 ]  ( 8 . 10 )
AP
ET = [ 0 0 0 0 0  - 1  ] ( 8. 11)
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and,
( A - B G ) 0 0
A
AP
[ 0 - 1 0 U ]
0
0 0 (8.12)
[ 0 0 0 0 ] 1 0
Thus, t h is  model in c lu d e s  th e  h e ig h t eq u a tio n  and the e r r o r  e q u a tio n .  
Using th e  LQR th e o ry  d e scrib ed  in  c h a p te r tw o, as g iv e n , fo r  exam ple, 
in  F r ie d la n d 13 and th e  o th e r  re fe re n c e s  concerned w ith  o p tim a l 
c o n t r o l ,  a perform ance in d ex  s im i la r  to  t h a t  used in  c h a p te r 3 w i l l  be 
ta k e n ,
co
V = f  (x T Q x + rjT  R rj ) d r  ( 8 . 1 3 )
AP J AP AP 'AP 'AP
0
In  t h is  case Q is  a m a tr ix  ( 6 x 6 )  and R is  a s c a la r .  The same design
p h ilo s o p h y , as a p p lie d  in  c h a p te r 3 fo r  th e  in n e r  loop o p tim a l c o n tro l
law  design  w i l l  be used h e re , t h a t  i s ,  o n ly  th e  s ta te  w i l l  be
w eighted  in  th e  s ta te  w e ig h t m a tr ix  Q o f  ( 8 . 1 3 ) .  Then Q w i l l  be taken
as a d ia g o n a l m a tr ix  w ith  zero s  in  th e  d ia g o n a l, ex c e p t th e  e lem ent
q which i s  d es ig n ated  q =  p and R w i l l  be taken  as u n ity  , t h a t  
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i s ,  R =  1 . A ga in , as in  th e  p rev io u s  d e s ig n , th e  param eter p was 
found by a p a ra m e tr ic  search u n t i l  a reasonab le  c o n tro l demand and 
a l t i t u d e  response was o b ta in e d . The a u to p i lo t  c o n tro l law  i s ,
n = -  6 x ( 8 . 1 5 )
'a p  a p  AP
where G^p is  g iven  by th e  s o lu t io n  o f  th e  LQR prob lem . W ith  th e  h e lp
o f  MATLAB, g iven  A , B Q and R , th e  feedback g a in  m a tr ix  i s  e a s i ly  
AP AP
found ,
G = [ G G G G G G  ] ( 8 . 1 6 )
AP u w q 0 h £
M h
As a reasonab le  c o n tro l demand is  d e s ire d  th e  design should n o t g iv e  
h igh  feedback g a in s  s in ce  h igh  ga in s  would re q u ire  h ig h e r c o n tro l  
demand and h ig h e r c o n tro l r a te  demand.
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As a g u id e lin e , fo r  a s tep  in p u t  in  h th e  a l t i t u d e  should reach the
r e f
re q u ire d  h in  20 to  30 seconds. A p a ra m e tric  s tudy was perform ed
ref
by v a ry in g  p in  th e  s ta te  w e ig h t m a tr ix  u n t i l  a reasonab le  h response
was o b ta in ed  as w e ll  as a reasonab le  c o n tro l e f f o r t .  T h is  s tu d y  was
perform ed by th e  method g iven  in  F r ie d la n d 13, t h a t  i s ,  by th e  choosing
p , o b ta in in g  th e  feedback g a in s , o b ta in in g  th e  tim e  response o f  h to  a
u n i t  s tep  in  h , and checking  to  see i f  th e  c o n tro l e f f o r t  and
ref
c o n tro l r a te  e f f o r t  a re  a c c e p ta b le  o r n o t. W ith  few c a lc u la t io n s  th e  
c o n tro l law  is  e a s i ly  o b ta in e d . The design  can be compared w ith  th e  
design  d escrib ed  by P o w e ll7 fo r  th e  same a i r c r a f t ,  which i s  a ls o  an 
o p tim a l c o n tro l d e s ig n . The d if fe r e n c e  th a t  P o w e ll’ s design  uses 
p ro p o r t io n a l feedback o n ly , t h a t  i s ,  th e re  is  no in t e g r a l  feedback o f  
th e  e r r o r  as used in  t h is  d e s ig n . In  f ig u r e  8 .1  th e  augmented
a i r c r a f t  cons idered  in  th e  design  is  shown, and in  f ig u r e  8 .2  th e







figure 8.1 - augmented aircraft dynamics used in the a ut o pilot 
de s i gn
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figure 8.2 - representan of the augmented aircraft from figure 
8 . 1  a n d  auilot control law.
I t  i s  im p o rta n t to  a p p re c ia te  t h a t  th e  augmented a i r c r a f t  was n o t 
assessed w ith  re s p e c t to  th e  dropback c r i t e r io n  o r CAP when th e  
a u to p i lo t  was engaged. I t  i s  c le a r  th a t  th e  a u to p i lo t  design  re q u ire s  
changed feedback ga ins  on w, q and 0 . However, as M IL -F -8785C  and th e  
Gibson dropback c r i t e r io n  a re  a p p lic a b le  to  th e  p i lo te d  f l i g h t  phases 
o n ly  a comparison o f  th e  ga in  v a lu e s  is  n o t re le v a n t  in  t h is  case . In  
o th e r w ords, when th e  a u to p i lo t  i s  engaged th e re  is  no p i l o t  in p u t ,  
s in ce  th e  a u to p i lo t  re p la c e s  th e  p i l o t .  I t  i s  c le a r  t h a t  th e  
a u to p i lo t  was designed to  work w ith  th e  augmented a i r c r a f t  as i f  th e  
augmented a i r c r a f t  was a new a i r c r a f t .  When th e  p i l o t  is  m anoeuvering  
th e  a i r c r a f t  th e  a u to p i lo t  i s  n o t engaged. Another comnent about th e  
design is  necessary , th a t  i s ,  as s ta te d  by F r ie d la n d  one can th in k  
th a t  th e  o b je c t iv e  is  to  m in im ize  8 .1 3 ,  however t h is  is  n o t th e  t r u e  
o b je c t iv e .  Equation  8 .1 3  is  used as a to o l  to  design  th e  a u t o p i lo t
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c o n tro l la w . In  t h is  way th e  p a ra m e tr ic  s tudy  perform ed w ith  both  
l n n : ; loop  c o n tro l laws and fo r  f l i g h t  cases 3 , 6 , 9 , 13 and 17 has 
determ ined a s u ita b le  p as
p = 1 x 1 0 "8
and t h is  was th e  p choosen in  t h is  d e s ig n . I t  i s  necessary to  say  
th a t  o th e r  v a lu e s  were a ls o  found t h a t  gave a c c e p ta b le  responses. 
However, h ig h e r feedback g a in s  were re q u ire d , so in  o rd e r to  have 
lo w er feedback g a in s  th e  above v a lu e  fo r  p was used.
8 .3  AUTOPILOT ANALYSIS
8 .3 .1  THE AUTOPILOT GAINS
The a u t o p i lo t  design  perform ed as d e scrib ed  gave th e  ga ins  p resen ted  
in  ta b le  8.1 f o r  th e  in n e r  loop designed by p o le  p lacem ent and in  
ta b le  8.2 fo r  th e  in n e r  loop  designed by o p tim a l c o n tr o l .
TABLE 8 .1  -  a u to p i lo t  g a in s  f o r  th e  po le  

















- i - ift s
3 -0 .0 0 0 4 0 .0 0 0 8 -0 .1 5 5 4 -0 .9 0 3 5 -0 .0 0 0 9 - 0.0001
6 -0 .0 0 0 5 0.0010 -0 .1 9 2 4 -1 .1 9 7 3 -0 .0 0 0 8 - 0.0001
9 -0 .0 0 0 8 0.0021 -0 .2 4 4 1 -2 .2 9 8 5 - 0.0011 - 0.0001
13 - 0.0012 0.0012 -0 .2 6 7 2 - 1.0220 - 0.0010 - 0.0001
17 -0 .0 0 0 7 0 .0 0 1 5 -0.2450 -1 .6 2 6 0 -0 .0 0 0 9 - 0.0001
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TABLE 8 .2  -  a u to p i lo t  g a in s  fo r  th e  o p tim a l 


















3 -0.0006 0.0009 -0.1356 -1.0124 -0.0010 -0.0001
6 -0.0008 0.0014 -0.1510 -1.3830 -0.0010 -0 .0 0 0 1
9 -0.0009 0.0023 -0.2441 -2.3253 -0.0011 -0.0001
13 -0.0020 0.0019 -0.2154 -1.3089 -0.0013 -0.0001
17 -0.0011 0.0019 -0.1978 -1.7929 -0.0011 -0.0001
I t  i s  in t e r e s t in g  to  note  t h a t  th e  design  perform ed by P o w e ll7 ,w hich
is  based o n ly  on p ro p o r t io n a l feedback a c tin g  in  u , w, q , Q and h ,
gave g a in s  G and G_ o f  much la r g e r  m agnitude than  th e  co rrespond ing  
q (7
v a lu e s  o b ta in e d  h e re . O bv ious ly  an a u to p i lo t  w ith  o n ly  f i v e  feedback  
v a r ia b le s  has th e  advantage t h a t  i t  o n ly  re q u ire s  f i v e  feedback g a in s , 
whereas s ix  ga ins  a re  re q u ire d  in  the  p re s e n t d e s ig n . However, i t  can 
be seen in  both t a b le s ,  8 .1  and 8 .2 ,  t h a t  th e  feedback g a in  G is
c o n s ta n t fo r  a l l  f l i g h t  cases , and so i t  i s  n o t necessary  to  be 
schedu led . From both ta b le s  i t  would appear to  b ep o s s ib le  to  use a 
c o n s ta n t G , G and G and so o n ly  G and G_ a re  re q u ire d  to  be
u w h q  v
scheduled as fu n c tio n  o f  f l i g h t  c o n d it io n . The tim e  responses o f  both  
designs a re  a ls o  compared, and i t  i s  seen t h a t  th e y  a re  v e ry  s im i la r ,  
th e  response o b ta in ed  by P ow ell i s  shown in  f ig u r e  8 .3 .  Perhaps i t  is  
u s e fu l ag a in  to  quote F r ie d la n d 's  word about th e  design method:
" A suitable approach for the designer would be to solve for the gain 
matrices G that result from a range of weighting matrices Q and R, and 
calculate ( or simulate ) the corresponding closed-loop response. The 
gain matrix G that produces the response closest to meeting the design 
objectives is the ultimate selection. "
So t h is  was th e  way in  which t h is  a u to p i lo t  design  was p erfo rm ed , th e  
method is  th e  same as t h a t  used in  c h a p te r 3 to  design th e  o p tim a l  
c o n tro l law  fo r  th e  in n e r  lo o p . A t t h is  p o in t  i t  i s  a ls o  in t e r e s t in g
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to  note th a t  th e  approach adopted would a ls o  p e rm it  th e  design o f  a 
feed fo rw ard  loop w orking on th e  in o u t  h i f  d e s ire d . So an
ref
in t e r e s t in g  e x e rc is e  would be to  design th e  a u t o p i lo t  in  th re e  
d i f f e r e n t  ways, t h a t  is  th e  s t r u c tu r e  adopted in  P o w e ll, th e  s tru c tu re  
adopted here and f i n a l l y  a s t r u c tu r e  th a t  a ls o  in c lu d e s  a feed fo rw ard  
lo o p .
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Step-response of altitude- 
hold autopilot.
Time, 3
8 .3 .2  THE EFFECT OF THE ACTUATOR
T h is  a u to p i lo t  design  was perform ed w ith o u t  th e  in c lu s io n  o f  the  
a c tu a to r  dynam ics. In  o rd e r to  in v e s t ig a te  i f  th e  a c tu a to r  has some 
in f lu e n c e  on th e  perfo rm ance , th e  a c tu a to r  model was in c lu d e d . Thus, 
th e  s ta te  eq u a tio n  fo r  th e  a c tu a to r  may be w r i t t e n  as b e fo re ,
x =  A x + b n  ( 9 . 1 7 )
A A A A C
w i t h  X T =  [  I ]  V  ]  ( 9 . 1 9 )
a  n
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Thus th e  a u to p i lo t  feedback g a in  v e c to r  becomes,
G =  [  G G G G 0 0 G G ]
AP u w q 6  h e h
(8 .1 9 )
and th e  a u to p i lo t  c o n tro l law  may be w r i t t e n  as
"o =  " gap c u w q 6 n vn h eh ]
( 8 . 2 0 )
The c lo sed  loop  model i s  then  g iven  by,
x  -  A x +  E  h
ref
( 8 . 2 1 )
w ith ,  x r =  [ u  W  q 0 17 £h ^ ( 8 . 2 2 )
u n h ,
A =
[  B Z41 ]  Z41
-B  GAP 
A




-B  G -B  G 
A h  A e
(8.23)
£ ' = [ 0 0 0 0 0 0 0  —1 3 (8.24)
and GAP g iven  by,
GAP = [  G (K + G ) (K +  G ) (K +  G_) 3
u w w q q e 0
q
( 8 . 2 4 . a)
w ith  t h is  model i s  p o s s ib le  to  see t h a t  th e  a c tu a to r  in f lu e n c e  i s  
c o m p le te ly  n e g lib le  on th e  a u to p i lo t  perfo rm ance.
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8 .3 .3  THE FREQUENCY RESPONSE AND TIME RESPONSE
In  f ig u r e  8 .4  and 8 .5  th e  a u to p i lo t  freq u en cy  responses a re  shown fo r
both in n e r  loop c o n tro l laws r e s p e c t iv e ly ,  t h a t  i s ,  po le  p lacem ent and
o p tim a l c o n t r o l ,  fo r  f l i g h t  c o n d it io n  6 . In  f ig u r e  8 .6  th e  a u to p i lo t
tim e  response f o r  a s tep  in p u t  in  h is  shown and can be compared
ref
w ith  f ig u r e  8 .3  which shows th e  same response fo r  th e  design perform ed
by P o w e ll7 fo r  p r a c t ic a l l y  th e  same f l i g h t  case . From th e  re s u lts  i t
can be seen t h a t ,  in  g e n e ra l, th e  po le  p lacem ent in n e r  loop design  has
a m a rg in a lly  g re a te r  bandwidth than th e  o p tim a l in n e r  loop c o n tro l law
d e s ig n . The o p tim a l in n e r  loop c o n tro l law  design  in  g e n e ra l has a
g re a te r  g a in  m argin than  th e  po le  p lacem ent d e s ig n . The r e s u lts  have
a ls o  shown t h a t ,  in  g e n e ra l, th e  po le  p lacem ent in n e r  loop c o n tro l law
design  has a f a s te r  response than th e  o p tim a l in n e r  loop  c o n tro l law
d e s ig n . In  f ig u r e  8 .7  th e  c o n tro l e f f o r t  fo r  both designs i s  compared
fo r  th e  same s tep  in p u t  in  h , and in  f ig u r e  8 .8  th e  c o n tro l r a te
ref
e f f o r t  fo r  both designs is  compared fo r  th e  same in p u t ,  a l l  f o r  f l i g h t
case 6 . I t  can be seen t h a t  th e  p o le  p lacem ent c o n tro l in n e r  loop
c o n tro l law  design re q u ire s  more c o n tro l e f f o r t  than  th e  o p tim a l in n e r
loop c o n tro l law  d e s ig n . However, as shown th e  c o n tro l e f f o r t  in  both
cases is  v e ry  lo w . In  f ig u r e  8 .S  th e  tim e  h is t o r ie s  o b ta in e d  by
s im u la tin g  th e  a u to p i lo t  w ith  o p tim a l in n e r  loop  c o n tro l law  design
are  shown fo r  a s tep  in p u t  in  h , f o r  th e  same f l i g h t  case , c le a r ly
ref
th e  responses a re  v e ry  smooth, and th e  lo ad  fa c to r  v a r ie s  by about ±  
0 .1  g , which means a v e ry  c o m fo rtab le  c o n d it io n  in  term s o f  r id e  
q u a l i t y .
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8 .4  INTERIM CONCLUSIONS
From th e  design  s tu d y  i t  can be concluded t h a t  th e  a u to p i lo t  responds 
q u ite  w e ll  in  term s o f  passenger r id e  q u a l i t y ,  as determ ined  from  th e  
f ig u re s  and a n a ly s is .  However, i t  was necessary  to  s im u la te  th e  
a u to p i lo t  w orking w ith  th e  n o n - l in e a r  a i r c r a f t  model in  o rd e r to  
o b ta in  a b e t te r  e v a lu a tio n  o f  th e  perform ance. I t  was a ls o  necessary  
to  assess th e  re g u la to r  perform ance o f  th e  a u t o p i lo t ,  as a lre a d y  done 
w ith  th e  in n e r  loop c o n tro l la w s , to  ensure t h a t  fo llo w in g  a 
d is tu rb a n c e , th e  h response does n o t exceed ±  50 f t .  A good fe a tu re  
o f  th e  design  i s  th e  lo w er g a in s  o b ta in e d , and as a consequence th e  
low er c o n tro l e f f o r t  and c o n tro l r a te  e f f o r t  re q u ire d . A s tu d y  w ith
o n ly  G_ and G schedu led , th e  o th e r g a in s  rem ain ing  f ix e d  was
v q
considered  u s e fu l in  o rd e r to  v e r i f y  i f  such s im p l i f ic a t io n  is
a c c e p ta b le . A ls o , i t  was necessary to  e s ta b lis h  th e  l im i t in g  v a lu e
o f  h t h a t  can be a p p lie d  w ith o u t compromising th e  perform ance, 
ref
8 .5  THE AUTOPILOT WORKING WITH THE INNER 
LOOP OBSERVER BASED CONTROL LAWS
8 .5 .1  INTRODUCTION
I t  i s  c le a r  th a t  in  th e  e v e n t o f  a sensor f a i l u r e  th e  sensor based 
c o n tro l law  would no lo n g e r be a v a i la b le  and so an o b server based 
c o n tro l law  would be w orking  in  th e  a i r c r a f t .  I t  i s  necessary  to  
v e r i f y  i f  th e  a u to p i lo t  can fu n c tio n  c o r r e c t ly  w ith  an o b server based 
c o n tro l la w , so in  th e  e v e n t o f  a sensor f a i l u r e  n o t o n ly  does th e  
in n e r  loop have a degree o f  redundancy b u t a ls o  th e  a u t o p i lo t .
8 .5 .2  THE MATHEMATICAL MODEL
Here th e  d e s c r ip t io n  o f  th e  m ath em atica l model used to  s tu d y  th e  
a u to p i lo t  w orking  w ith  th e  observer based c o n tro l la w s , CL_0B_w, 
CL_0B_q and CL_OB_0 a re  d escrib ed  as fo l lo w s ,
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To r e p r e s e n t  th e  a i r c r a f t  w o rk in g  w i t h  th e  o b s e r v e r  b ased  c o n t r o l  la w s  
th e  f o l l o w i n g  e q u a t io n s  a r e  u s e f u l ,
X1 = +  A12X2 + [B 1 ° ]  Xfi ( 8 ' 25)
X2 = fl21Xl  +  A22X2 + CB2 ° ] XA ( 8 ' 26)
w h e re  ,
i n  th e  c a s e  o f  CL__OB_w : x^  =  w C8.27)
><2 ~  C u 3 6  I  (8.28)
i n  th e  c a s e  o f  CL_OB_q : x^  =  q ( 8 . 2 9 )
X^ =  [ U W  0 ] (8.30)
i n  th e  c a s e  o f  CL__OB_0 : x^  =  6  ( 8 . 3 1 )
X* =  [ U W  q ] (8.32)
T he a c t u a t o r  i s  g iv e n  b y ,
XA = AAXA +  BAr>c ( a ' 331
Xfl ”  t  rj V  1 (8.34)
T h e  h e ig h t  e q u a t io n  i s ,
h =  [  0 - 1  0 U ]  x =  GW x .  +  GW x_ ( 8 . 3 5 )0 i  1 2 2
w h e re  ;
i n  th e  c a s e  o f  CL OB w : GW =  - 1  ( 8 . 3 6 )~  ~~ i
GW =  [ 0  0 U ]  ( 8 . 3 7 )
2 0
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In  th e  case o f  CL OB q : GW =  0 ( 8 . 3 8 )1
GW = [  0 - 1  U ] ( 8 . 3 9 )
2 0
In  th e  case o f  CL OB 0 : GW = U ( 8 . 4 0 )
~~ ~~ 1 0
GW = [ 0 - 1  0 ] ( 8 . 4 1 )
2
The a u to p i lo t  h e ig h t e r r o r  e q u a tio n  i s  g iven  by,
£ = h -  h ( 8 . 4 2 )
h ref
The observer I s  g iven  by,
z  =  F z  +  G +  [ H 0 ]  X ft ( 8 . 4 3 )
where ;
in  th e  case o f  CL_0B_w : x2 = L x^ +  z ( 8 . 4 4 )
x2 = [  u q 0 ]  (8 .4 5 )
In  th e  case o f  CL_0B_q x =  M x^ + N z ( 8 . 4 6 )
X2 =  [  U W  0  ]  ( 8 . 4 7 )
in  th e  case o f  CL__OB_0 : x =  M x^ + N z ( 8 . 4 8 )
* 2 = C u w q ]  ( 8 . 4 9 )
The ga ins  o f  th e  in n e r  loop c o n tro l law  a re  g iven  by,





i n  th e  c a s e  o f  CL_OB_w G =  K ( 8 . 5 1 )
1  w
G =  [ 0  K K ]  ( 8 . 5 2 )
2 q £
i n  th e  c a s e  o f  CL 0B_q G =  K ( 8 . 5 3 )
1  q
G =  [ 0  K K ]  ( 8 . 5 4 )
2  w £
i n  th e  c a s e  o f  CL OB 0  G. =  K ( 8 . 5 5 )
™  _  -j. £
q
G =  [ 0  K K ]  ( 8 . 5 6 )
^ w q
'h e  g a in s  o f  th e  a u t o p i l o t  a r e ,
Gflp =  [  G G G G G G ]  ( 8 . 5 7 )
AP u w q 0  h £
h
and s o ,
in  th e  c a s e  o f  CL__0B_w G =  G ( 8 . 5 8 )
AP w
1
Gflp =  t  G G Gfl 3 ( 8 . 5 9 )n r  u q U
2
in  th e  c a s e  o f  CLm0B_q G =  G ( 8 . 6 0 )
n r  a
1 M
GAP = C Gu Gv G0 ]  <B- 61)2
in  th e  c a s e  o f  C L_0B J9 G^p =  G@ ( 8 . 6 2 )
1
G =  [  G G G ]  ( 8 . 6 3 )
r i r  u w q
2
w i t h  th e s e  d e f i n i t i o n s  th e  f u l l  c o n t r o l  la w  can  be e x p re s s e d  a s ,
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i  case CL OB w
%  = ~ SA *1  “  (V  GAP > Z -  Ghh "  Ge £ ,
2 h
( 8 . 6 4 )
w here, Gfi =  (Gx + Gfip ) + (G2 + Gfip ) L
1 2
( 8 . 6 5 )
i i  case CL_OB_q and CL_OB_0
n = —G. x — (G + G . _ ) N z — G h — G c 'c A 1 2 AP h e i ( 8 . 6 6 )
w here, Gft = (G1 + Gftp ) +  (G2 + Gflp ) M ( 8 . 6 7 )
Thus th e  c losed  loop model fo r  CL_OB_w, CL_OB_q and CL_OB_0 can be 
rep resen ted  by,
( 8 . 6 8 )
w ith ,
*  -  C xx x x h e z ] ( 8 . 6 9 )
£  = [  0 Z31 Z21 0 - 1  Z31 3 ( 8 . 7 0 )
u -  h
ref
( 8 . 7 1 )
in  th e  case o f  CL OB w ,
/? =
A. A .0 [B 0311 12 ** 1
A_. A00 [B_ Z313 Z31 Z3121 22 L 2 J
Z13
Z31
-BAGA Z23 A A
GW1 GW2 Z12
Z13 Z12
-B aG -B aG ~Ba (G0+Ga„ ) A h  A e A 2 AP
Z13
Z13
0 [H Z313 Z31 Z31
( 8 . 7 2 )
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In  th e  case o f  CL_OB_q and CL__OB_0 ,
n 12 CB1 0 ] 0 0 Z13
fl21 22 [B2 Z31] Z31 Z31 Z31
~ baga 223 aa - b agA h - b agA ch - SA(G2+GAP >N2
GW.1 gw2 Z12 0 0 Z13
0 Z13 Z12 1 0 Z13
G 0 [H Z31] Z31 Z31 F
8 .5 .3  THE RESULTS OBTAINED WITH CONTROL LAW CL„OB_w
A comparison between th e  responses o b ta in ed  w ith  th e  b a s e lin e  system  
c o n tro l law  CL_SB w ith  a u to p i lo t  and CL_OB_w w ith  a u to p i lo t  show 
e x c e l le n t  agreem ent. In  f ig u r e  8 .1 0  and 8 .1 1  th e  freq u en cy  response  
o b ta in ed  fo r  f l i g h t  case 6 i s  shown, and can be compared w ith  f ig u r e
8 .4  and 8 .5  r e s p e c t iv e ly  showing a v e ry  good match between d e s ig n s . 
In  f ig u r e  8 .1 2  th e  a l t i t u d e  tim e  response fo r  a re fe re n c e  s tep  in p u t  
i s  shown w ith  CL_0B_w and can be compared w ith  f ig u r e  8 .6 ,  ag a in  
showing a v e ry  good match between both d es ig n s . The f a c t  t h a t  th e  
responses match e x a c t ly  con firm s th e  s p e c ia l p ro p e r t ie s  o f  th e  
D o y le -S te in  o b server and a llo w  th e  same redundancy p ro v id ed  f o r  th e  
in n e r  loop  c o n tro l laws to  be extended to  th e  a u t o p i lo t .  Here a 
comment is  In  o rd e r; as seen b e fo re , th e  D o y le -S te in  observer designed  
fo r  th e  in n e r  loop c o n tro l law s does n o t o f f e r  a v e ry  p re c is e  e s tim a te  
o f  u , fo rw ard  v e lo c i t y .  However, t h is  does n o t have a s ig n i f ic a n t  
in f lu e n c e  due to  th e  f a c t  th a t  th e  a u t o p i lo t  g a in s  t h a t  depend on u 
a re  v e ry  s m a ll. In  f ig u r e  8 .1 3  th e  ACSL s im u la tio n  perform ed w ith  
c L_0B__w and a u to p i lo t  is  shown fo r  f l i g h t  case 6 , fo r  th e  a i r c r a f t  
w ith  o p tim a l In n e r  loop  c o n tro l la w . A comparison w ith  f ig u r e  8 .7  
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8 . 5 . 4  THE RESULTS OBTAINED WITH CONTROL LAW CL_OB_q
In  f ig u re s  8 . 1 4  and 8 .1 5  th e  a l t i t u d e  freq u en cy  response o b ta in e d  w ith
th e  a u to p i lo t  w orking w ith  th e  CL_OB_q in n e r  loop c o n tro l law  is
shown, and can be compared w ith  f ig u re s  8 .4  and 8 .5  r e s p e c t iv e ly .
Again a v e ry  good agreem ent between both is  a p p a re n t. In  f ig u r e  8 .1 6
th e  a l t i t u d e  tim e  response fo r  a s tep  o f  h i s  shown and can be
ref
compared w ith  f ig u r e  8 .6 ,  showing a v e ry  good match between b o th . The 
ACSL s im u la tio n s  o b ta in ed  fo r  f l i g h t  case 6 , w ith  in n e r  loop  c o n tro l  
law  CL_OB_q designed by o p tim a l c o n tro l a re  in  f ig u r e  8 .1 7 ,  and can be 
compared w ith  f ig u r e  8 .7 ,  w ith  a v e ry  good s im i la r i t y  between b o th . 
In  co n c lu s io n  i t  i s  c le a r  t h a t  th e  a u to p i lo t  works s a t i s f a c t o r i l y  w ith  
CLmOB_q. I t  can be seen t h a t  th e  u e s tim a te s  a re  b e t te r  here  than  
w ith  CLmOB_w, as a lre a d y  expected from  th e  in n e r  loop a n a ly s is .
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figure 8.14- altitude f r e q u e n c y  r e sp o ns e  of the autopilot at 
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8 . 5 . 5  THE RESULTS OBTAINED WITH CONTROL LAW CLJ)B_0
Here ag a in  a comparison o f  th e  r e s u lts  w ith  th e  b a s e lin e  c o n tro l law  
has shown a v e ry  good agreem ent. In  f ig u r e  8 .1 8  and 8 .1 9  th e  a l t i t u d e  
freq u en cy  response o b ta in ed  w ith  th e  a u to p i lo t  w orking  w ith  th e  
CL_OB_0 in n e r  loop c o n tro l law  is  shown which can be compared w ith  
f ig u re s  8 .4  and 8 .5  re s p e c t iv e ly .  Again a v e ry  good agreem ent between  
both i s  e v id e n t . In  f ig u r e  8 .2 0  th e  a l t i t u d e  tim e  response fo r  a s tep  
o f  h is  shown and can be compared w ith  f ig u r e  8 .6 ,  ag a in  showing a
ref
v e ry  good match between b o th . The ACSL s im u la tio n s  o b ta in e d  fo r  
f l i g h t  case 6 , w ith  in n e r  loop c o n tro l law  CL_OB_0 designed by o p tim a l 
c o n tro l a re  in  f ig u r e  8 .2 1 ,  and can be compared w ith  f ig u r e  8 .7 ,  
in d ic a t in g  a p e r fe c t  match between b o th . In  co n c lu s io n  i t  is  
c le a r  t h a t  th e  a u to p i lo t  works w ith  CL_OB_0 q u ite  s a t i s f a c t o r i l y .
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figure 8.18- altitude fr e q u e n c y  r esponse of the autopilot at 
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9 . CONCLUSIONS AND OBSERVATIONS.
( i )
(11)
( i l l )
( i v )
(v )
( v i )
CONCLUSIONS
The o p tim a l c o n tro l law  design is  much e a s ie r  to  a d ju s t  than  
th e  p o le -p la c e m e n t c o n tro l law  d e s ig n . T h is  was a ls o  th e  case 
when th e  a c tu a to r  m odel, th e  phugoid m odel, o r even when th e  
le a d  pre  f i l t e r  was added to  th e  system . In  a l l  th ese  cases 
th e  o p tim a l design was v e ry  f r ie n d ly  and easy to  ac c e p t new 
changes.
The m agnitude o f  th e  fe e d fo rw a rd  g a in  o b ta in ed  by th e  o p tim a l 
c o n tro l design method i s  g re a te r  than  th e  m agnitude o f  th e  
fe e d fo rw a rd  g a in  o f  th e  p o le -p la c e m e n t design  m ethod. A
g re a te r  fe e d fo rw a rd  g a in  causes g re a te r  c o n tro l r a te  e f f o r t  and 
c o n tro l e f f o r t .  T h is  was due to  th e  methods by which each g a in  
was o b ta in e d .
The o p tim a l c o n tro l law  design  is  alw ays more ro b u s t than  th e  
p o le -p la c e m e n t c o n tro l law  design  w ith  re s p e c t to  s t a b i l i t y  
re q u ire m e n ts . The reason fo r  t h is  i s  t h a t  in  th e  design  process  
th e  o p tim a l c o n tro l method does n o t in tro d u c e  so many changes 
as th e  p o le  p lacem ent method. T h a t i s ,  i t  ach ieves  a b e t te r  
balance w ith  re s p e c t to  c losed  loop  p o le  lo c a t io n s  , c o n tro l
e f f o r t  and in  m eeting  th e  design c r i t e r i a .
The p o le -p la c e m e n t c o n tro l law  design  is  more ro b u s t than  th e  
o p tim a l c o n tro l law  design  w ith  re s p e c t to  th e  Gibson a t t i t u d e  
dropback c r i t e r io n  when a d d it io n a l  dynamics a re  in c lu d e d  in  th e  
lo o p .
The p o le -p la c e m e n t c o n tro l law  design  alw ays has a g re a te r  
phase and g a in  m argin than th e  o p tim a l c o n tro l law  d e s ig n .
The method used to  design th e  o b server o f  c o n tro l law s CL OB q 
and CL_OB 0 , lead s  to  an o b server w ith  a b e t te r  perform ance
than th e  o b server o f  c o n tro l law  CL OB w.
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( v i i )  W ith  re s p e c t to  a i r c r a f t  param eter v a r ia t io n s ,  th e  o p tim a l 
c o n tro l law  design i s  more ro b u st than  th e  p o le -p la c e m e n t  
c o n tro l law  d e s ig n . When both c o n tro l law s were d es ig n ed , th e  
a i r c r a f t  HATLAB model was used however, when both c o n tro l laws  
were s im u la te d  th e  ACSL a i r c r a f t  model was used, and in  t h is  
case th e  o p tim a l designs m a in ta in ed  b e t te r  perform ance compared 
with th e  p o le  p lacem ent d es ig n s .
( v i i i )  The c o n tro l law s CL_OB_q and CL_OB_0 have b e t te r  o v e r a l l  
perform ance than c o n tro l law  CL__OB__w. T h is  can be a t t r ib u te d  
to  th e  method used in  th e  observer designed fo r  each c o n tro l  
la w . The complex p o les  o f  th e  observer used in  CL_OB_w a re  
v e ry  c lo se  to  th e  o r ig in  o f  th e  s -p la n e , so th e  o b server has 
much more in f lu e n c e  on th e  system dynamics than  th e  o b servers  
used in  CL_OB_q and CL_OB_0.
( i x )  The b a s e lin e  c o n tro l law  CL__SB im plem ented w ith  sensors fo r
an g le  o f  a t ta c k  a ,  p i t c h - r a t e  q , and p i t c h - a t t i t u d e  0 is
more ro b u s t, and i s  a ls o  s a fe r  than  c o n tro l law  CL_SB
im plem ented w ith  sensors o f  an g le  o f  a t ta c k  a ,  and 
p i t c h - r a t e  q o n ly .
(x )  The o p tim a l c o n tro l law  design is  more ro b u s t w ith  re s p e c t to 
feedback g a in  v a r ia t io n s  and feedback path  f a i lu r e s .
( x i )  The o rd e r o f  c o n tro l law  re c o n f ig u ra t io n  in  th e  e v e n t o f  a
sensor f a i l u r e  should be, CL_OB_q, CL_O8_0 and f i n a l l y  CL_OB_w. 
T h is  is  th e  o rd e r t h a t  guarantees th e  b e s t m aintenance o f  
f ly in g  q u a l i t ie s  and s t a b i l i t y  c h a r a c te r is t ic s .
( x i i )  Gain sch ed u lin g  is  e a s ie r  to  im plem ent w ith  th e  o p tim a l c o n tro l  
law  design than  i t  is  w ith  th e  p o le -p la c e m e n t c o n tro l law
d e s ig n . O b v io u s ly , th e  f a c t . t h a t  i s  c o n s ta n t f o r  a l l  f l i g h t
"q
cases in  th e  o p tim a l design s im p l i f ie s  th e  re q u ire m e n t.
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( x i i i )  The c o n tro l law  im plem ented w ith  w, q and 0 sensors and 
designed by th e  o p tim a l c o n tro l method i s  th e  b e s t o p tio n  s in c e  
i t  i s  th e  one t h a t  o f fe r s  th e  b e s t perform ance and s a fe ty ,  and 
i t  accepts  changes v e ry  e a s i ly .
( x iv )  I t  appears t h a t  th e  o p tim a l c o n tro l method is  a d v is a b le  to  
design  t h is  k in d  o f  f l i g h t  c o n tro l system , s in ce  th e  approach  
fo llo w e d  in  th e  design  by th e  p o le  p lacem ent method has n o t  
worked so w e ll  as exp ec ted . The id e a  o f  c losed  loop  p o le  
a l lo c a t io n  p resen ted  in  c h a p te r 3 does n o t o f f e r  th e  same 
tra n s p a re n c y  as th e  o p tim a l c o n tro l design  method o f f e r s .  In  
a d d it io n ,  when d e s ig n in g  th e  c o n tro l la w , n o t ju s t  one s e t  o f  
th e  p a ir  o f  w e ig h tin g  m a tr ic e s  ( Q and R ) a re  a b le  to  m eet th e  
c r i t e r i a ,  b u t v a r io u s  s e ts  o f  ( Q, R ) and so I t  i s  a more 
f l e x i b l e  method.
9 .2  SUGGESTIONS FOR FURTHER WORK
( i )  I t  i s  necessary to  design  c o n tro l law  CLJDB w by th e  same 
method as used f o r  CLmOB q and CL_OB_0 In  o rd e r t h a t  a 
m ean in g fu l comparison o f  th e  c o n tro l laws may be made.
( i i )  I t  i s  e s s e n t ia l  to  s tu d y  th e  b eh av io u r o f  th e  c o n tro l law s w ith  
th e  n o n - l in e a r  model o f  th e  a i r c r a f t  and w ith  f u l l y  scheduled  
g ain s  in  th e  c o n tro l law  and th e  o b s e rv e r.
( i i i )  I t  i s  in te r e s t in g  to  s tudy  th e  a l lo c a t io n  o f  p o les  o f  th e  
observer in  c o n tro l laws CL_OB_q and CL_OB_0, t h a t  i s  th e  
ap p ro x im atio n  - 0 .0 1  in  CL_QB_q and —4 in  CL_0B 0 .
( i v )  I t  i s  necessary to  s tu d y  th e  e f f e c t s  o f  c o n tro l r a te  s a tu r a t io n  
and c o n tro l d isp lacem ent s a tu r a t io n ,  t h is  can be done by
1 As im u la t io n  as describ ed  in  Lew is-S tevens , and th e  use o f
l im i t e r s  in  th e  feedback p a th s , o r as a b e t te r  o p tio n  t r y  a new
d e s ig n , based on a perform ance in d ex  t h a t  w e ig h ts  th e  c o n tro l
r a te  , c o n tro l d isp lacem ent and a ls o  g a in  m agn itude , as
“18p resen ted  in  Lew is-S tevens
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(v )  I t  may be in te r e s t in g  to  design an o b server based c o n tro l law
w ith  a f u l l  o rd e r D o y le -S te in  o b server in s te a d  o f  th e  reduced  
o rd er form  used in  t h is  s tu d y .
9 .3  CLOSING COMMENTS
In  co n c lu s io n  th e  designed c o n tro l laws have been assessed w ith  
re s p e c t to  v a r io u s  c r i t e r i a .  However, a b e t te r  s tu d y  should be 
perform ed e v a lu a tin g  th e  perform ance o f  th e  c o n tro l law s w ith  th e  
gain s  o f  th e  c o n tro l laws and o b s e rv e rs , sch ed u lled  w ith  f l i g h t  
c o n d it io n  to g e th e r  w ith  th e  n o n - l in e a r  a i r c r a f t  m odel. A f te r  t h is  a 
f i n a l  e v a lu a tio n  can be conducted by th e  im p lem en ta tio n  o f  th e  c o n tro l  
laws in  a s im u la to r  and assessing  th e  augmented a i r c r a f t  w ith  a p i l o t  
in  th e  lo o p . The o p tim a l c o n tro l method o n ly  in tro d u c e s  th e  necessary  
changes in  o rd e r th a t  th e  augmented a i r c r a f t  meets th e  c r i t e r i a .  
A lt e r n a t iv e ly ,  th e  p o le  placem ent method in tro d u c e d  unecessary  
changes, t h is  was p a r t ic u la r ly  v is ib le  when both methods were assessed  
w ith  re s p e c t to  th e  Gibson phase r a te  c r i t e r io n .  Unless th e  d e s ig n e r  
has a v e ry  s tro n g  " f e e l  " o f  where to  lo c a te  th e  c losed  loop p o le s , 
i t  i s  p re fe ra b le  to  design  th e  f l i g h t  c o n tro l system by th e  o p tim a l 
c o n tro l method. T h is  i s  s p e c ia l ly  so w ith  re s p e c t to  th e  in t e g r a t o r  
p o le  in  th e  c o n tro l law  system . A f i n a l  comment i s  in  o rd e r about th e  
D o y le -S te in  o b s e rv e r. I f  th e  system has r ig h t  h a l f  p lan e  zero s  th e  
procedure may s t i l l  w ork, as d escrib ed  in  M a c ie jo w s k i7 4 , p a r t ic u la r ly  
i f  th e  zero s  l i e  beyond th e  o p e ra tin g  bandwidth o f  th e  system as 
f i n a l l y  d es igned . T h is  comment Is  re le v a n t  because in  th e  case o f  th e  
a i r c r a f t  l a t e r a l - d i r e c t io n a l  model th e re  may be r ig h t  h a l f  p lan e  zero s  
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APPENDIX A
AIRCRAFT MATHEMATICAL MODEL 
AND FLIGHT CONDITIONS USED IN  THE WORK
The f l i g h t  c o n d it io n s  used in  t h is  work a re  id e n t i f i e d  in  ta b le  A - l .  
I t  can be seen t h a t  in  g e n e ra l o n ly  f l i g h t  cases 3 , S, 9 , 13 and 17 
have been used th ro u g h o u t th e  u o le  w ork, w ith  o c c a s io n a l m ention o f  
cases 1 , 5 , 8 , 12 and 16 in  ch ap te r 3 .
TABLE A - l  IDENTIFICATION OF THE FLIGHT CASES
FC # A lt i tu d e Mach FC # A lt i tu d e Mach
( f t  )
number
( f t  )
number
1 1000 0 -3 0 10 40000 0 .8 5
2 1000 0 .5 0 11 40000 0 .9 0
3 1000 0 .6 0 12 10000 0 .3 0
4 1000 0 .7 0 13 10000 0 .4 0
5 20000 0 .5 0 14 10000 0 .5 0
6 20000 0 .7 0 15 10000 0 .7 0
7 20000 0 .8 0 16 30000 0 .5 0
8 40000 0 .7 0 17 30000 0 .7 0
9 40000 0 .8 0 18 30000 0 .9 0
The a i r c r a f t  model was o b ta in ed  d i r e c t ly  from  H e f f le y 11 and fo r  th e  
lo n g itu d in a l  model i s  g iven  by th e  s ta te  space e q u a tio n ,
x = A x +  B n ( a . l )
LM LM LM LM '
w ith ,  x j  =  [  u w q 0 ]  (a.2 )
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LM
a ■■■.• - - a ■ a   a“ 11., 12 13 14
a a' a ’ a 1 21 22 23 24
a_ . a _ . a __ a . .  31 32 33 34
a41 a42 a43 a44
( a . 3)
BLM ** bH  b21 b31 b41 ^ ( a . 4 )
The reduced o rd e r s h o rt  p e rio d  model i s  rep resen ted  by,
x =  A x +  B n 





i— —i cto ^22 23
3__ 3__32 33
(a.7)
K o  =  C b21 b31 3 (a.a)
w ith  th e  c o e f f ic ie n ts  a . . and b . . g iven  by :
ij ij
*  " 9  s i n  0 0
a =  X a —   -........ -
11 u 24 i  _  z
w
a i 2  — *w  *  *
M +  M Z u w u
a =  X — L*J a =13 q 0 31 1 -  Z .
w
237
The aerodynam ic s t a b i l i t y  d e r iv a t iv e s  used a re  r e fe r re d  to  bo d y-axes ,
1 1and th e  d e f in i t io n  o f  each d e r iv a t iv e  is  c o n ta in ed  in  H e f f le y  and in
12O liva -C o o k . The A and B m a tr ic e s  o f  th e  a i r c r a f t  fo r  f l i g h t  
c o n d itio n s  3 , 6 , 9 , 13 and 17 , a re  a ls o  l i s t e d  in  t h is  appendix in  
ta b le  A-2 and A -3 , f o r  th e  MATLAB a i r c r a f t  model and f o r  th e  ACSL
a i r c r a f t  m odel. In  ta b le  A-4 th e  param eter T i s  l i s t e d  f o r  th e
v2
f l i g h t  cases p resen ted  in  t h is  w ork. In  ta b le  A-5 th e  t r im  an g le  o f  
a t ta c k  and s tead y  s ta te  v e lo c i t y  a re  l i s t e d  fo r  f l i g h t  cases 3 , 6 , 9 ,  
13 and 1 7 . In  ta b le  A-6 th e  c o e f f ic ie n t s  o f  th e  s ta te  m a tr ix  and th e  
c o e f f ic ie n ts  o f  th e  c o n tro l m a tr ix  a re  l i s t e d  fo r  f l i g h t  cases 1 , 5 , 
8 , 12 and 1 6 , as used in  th e  MATLAB a i r c r a f t  m odel.
TABLE A—2 -  COEFFICIENTS OF THE STATE MATRIX
FC 3 6 9 13 17
M ATLAB -0 .0 0 8 2 0 -0 .0 0 4 8 0 -0 .0 0 4 1 0 -0 .0 0 5 7 0 -0 .0 0 3 5 0
11
ACSL -0 .0 0 7 2 9 -0 .0 0 4 2 4 -0 .0 0 3 6 4 -0 .0 0 5 0 4 -0 .0 0 3 1 3
M ATLAB 0 .0 6 2 7 0 0 .0596 0 0 .0516 0 0 .1075 0 0 .0 4 8 0 0
12
ACSL 0 .0 5 5 5 7 0 .0528 2 0 .0457 0 0 .0952 0 0 .0 4 2 5 0
MATL A B -7 .6 8 8 5 0 -2 1 .5 2 8 7 -6 0 .5 1 0 -6 4 .8 0 0 0 -5 5 .2 2 0 0
a„ _ 13
ACSL -7 .6 8 8 5 0 -2 1 .5 2 8 7 -6 0 .5 1 6 -6 4 .8 0 5 9 -5 5 .2 2 6 0
MATLAB -3 2 .1 9 0 0 -3 2 .1 2 5 8 -3 2 .1 0 0 -3 1 .8 3 0 0 -3 2 .0 9 0 0
al4
ACSL -3 2 .1 9 7 9 -3 2 .1 8 5 8 -3 2 .1 0 0 -3 1 .8 3 3 9 -3 2 .0 9 8 0
MATLAB -0 .1 4 6 2 0 -0 .1 2 4 3 0 -0 .0 8 8 1 -0 .1 2 6 6 0 -0 .1 1 4 0 0
a^„21
ACSL -0 .1 2 9 0 0 -0 .1 0 9 8 8 -0 .0 7 7 9 -0 .1 1 1 8 2 -0 .1 0 1 3 7
MATLAB -1 .0 3 6 0 0 -0 .6 6 6 0 0 -0 .3 7 0 3 -0 .5 8 9 6 0 -0 .4 8 0 0 0
22
ACSL -0 .9 1 5 1 0 -0 .5 8 9 4 0 -0 .3 2 7 8 -0 .5 2 0 9 3 -0 .4 2 5 7 0
23
MATL AB 6 8 4 .9 6 73 2 .76 9 7 6 8 .5 0 431 .29 0 6 9 6 .7 0 0
ACSL 6 8 2 .3 7 731 .31 5 7 6 7 .8 2 430 .06 2 6 9 5 .7 8 7
MATLAB -0 .3 8 3 1 0 -0 .9 7 1 7 -2 .5 4 5 0 -4 .9 6 3 0 0 -2 .5 8 4
a_ „ 24
ACSL -0 .3 8 1 7 3 -0 .9 6 9 7 -2 .5 4 2 8 -4 .9 4 9 2 1 -2 .5 8 1
31
M ATLAB -0 .0 0 0 1 0 0 .0001 0 0 .0 0 .0 0 0 4 0 .0 0 0 1 0 0
ACSL -0 .0 0 0 0 5 0 .0 0 0 0 7 -0 .0 0 0 0 3 0 .0 0 0 4 0 .0 0 0 0 6 4
MATLAB -0 .0 0 2 3 0 -0 .0 0 1 8 0 -0 .0 0 1 1 0 -0 .0 0 1 9 0 -0 .0 0 1 4 0
32
ACSL -0 .0 0 2 2 7 -0 .0 0 1 7 7 -0 .0 0 1 0 4 -0 .0 0 1 8 3 -0 .0 0 1 3 7
MATL A B -1 .0 0 9 5 0 -0 .7 0 7 0 0 -0 .4 4 3 4 0 -0 .5 5 2 2 0 -0 .5 0 6 0 0
33
ACSL -0 .9 8 4 5 7 -0 .6 8 9 8 0 -0 .4 3 2 6 7 -0 .5 3 8 7 0 -0 .4 9 4 3 0
MATLAB 0 .0001 0 0 .0002 0 0 .0003 0 0 .0008 0 0 .0 0 0 3 0
34
ACSL 0 .0000 8 0 .0 0 0 1 6 0 .0 0 0 2 8 0 .0007 7 0 .0 0 0 3 2
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TABLE A—3 COEFFICIENTS OF THE CONTROL MATRIX
FC ...  3.■ ....■ 6 ........ 9 13 17
bl l
MATLAB 0 .3 9 3 7 0 0 .9783 0 1 .6389 0 2 .5200 0 1 .9 1 8 0 0
ACSL 0 .3488 0 0 .8667 0 1 .4519 0 2 .2326 0 1 .6 9 9 5 8
b21
M ATLAB -3 5 .3 2 7 0 -3 3 .5 4 3 7 -2 0 .9 8 0 0 -1 6 .9 8 0 0 -2 4 .4 0 0 0
ACSL -3 1 .1 7 9 9 -2 9 .6 5 9 0 -1 8 .5 7 6 0 -1 5 .0 0 3 9 -2 1 .5 8 8 0
b31
M ATLAB -1 .9 9 1 4 0 -1 .9 1 7 3 0 -1 .2 1 0 0 0 -0 .9 7 3 0 0 -1 .4 1 9 0 0








3 1 .0 0 1 1 .7 2
6 1 .5 8 5 2 .1 3
9 2 .8 5 8 3 .0 9
13 1 .7 9 12 2 .1 6




\-S  TRIM ANGLE OF ATTACK 
STEADY STATE VELOCITY
FC # V ae 0
( f t / s e c ) ( deg )
3 6 6 7 .6 0 .6 6
6 7 2 5 .8 1 .7 0
9 7 7 1 .5 4 .5 0
13 4 3 0 .1 8 .7 0
17 6 9 6 .3 js» • CD O
TABLE A-6  
COEFFICIENTS OF THE STATE MATRIX AND CONTROL MATRIX
FC 1 5 8 12 16
11 -0 .0 0 9 3 0 -0 .0 0 1 8 0 0 .0 0 0 3 0 0 .0023 0 0 .0 1 1 9 0
a„ ^ 12 0 .1473 0 0 .0904 0 0 .0 3 9 2 0 0 .1271 0 -0 .0 1 0 4 0
a* ^13 -5 4 .5 6 5 0 -6 1 .3 7 5 0 -8 6 .9 2 3 7 -8 3 .0 9 8 0 -8 5 .4 9 0 0
a* -14 -3 1 .7 6 0 0 -3 1 .9 7 0 0 -3 1 .9 3 0 0 -3 1 .1 1 7 0 -3 1 .7 2 0 0
21 -0 .1 5 3 3 0 -0 .0 8 3 2 0 -0 .0 9 3 5 0 -0 .1 4 6 1 0 -0 .1 1 3 0 0
22 -0 .6 1 7 7 0 -0 .4 9 8 1 0 -0 .3 4 1 5 0 -0 .4 8 9 2 0 -0 .3 9 7 0 0
a_ _ 23 3 3 4 .6 9 5 1 8 .54 0 6 6 8 .71 9 3 1 4 .25 0 4 9 0 .4 5 0
24 -5 .4 3 8 0 0 -3 .8 8 0 0 -4 .1 7 9 6 -8 .4 7 8 4 0 -5 .6 0 0
31 0 .0005 0 0 .0 0 0 3 0 .0 0 0 1 0 .0005 0 0 .0 0 0 2
32 -0 .0 0 2 0 0 -0 .0 0 1 7 0 -0 .0 0 1 0 0 -0 .0 0 1 5 0 -0 .0 0 1 2 0
a~~33 -0 .5 6 7 6 0 -0 .4 9 4 0 0 -0 .3 5 3 8 0 -0 .4 2 2 1 0 -0 .3 4 9 0 0
a~n34 0 .0012 0 0 .0 0 0 5 0 0 .0004 0 0 .0012 0 0 .0 0 0 6 0
bl l 2 .1314 0 2 .2767 0 2 .2268 0 2 .5890 0 2 .4 3 2 0 0
b21 -1 3 .2 9 0 -1 9 .4 4 1 5 -1 7 .2 8 6 -9 .9 7 1 -1 4 .1 1 9
b31
-0 .7 5 8 2 -1 .1 0 5 -1 .0 2 2 9 -0 .5 9 1 -0 .8 4 2
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APPENDIX B
DERIVATION OF GIBSON ATTITUDE DROPBACK EQUATION
In  t h is  appendix th e  Gibson a t t i t u d e  dropback eq u a tio n  used in  c h a p te r
c p
3 , eq u a tio n  ( 3 .1 4 ) ,  o b ta in ed  from  Cook i s  e x p la in e d . In  o rd e r to  
o b ta in  an eq u a tio n  fo r  a t t i t u d e  dropback, DB, in  term s o f  th e  a i r c r a f t  
s ta te  d e s c r ip t io n  th e  fo llo w in g  a n a ly s is  i s  u s e fu l .  The Laplace  
tra n s fo rm  o f  th e  a i r c r a f t  s ta te  eq u atio n s  may be w r i t te n  a s ,
s x ( s ) =  A x ( s ) + b r j(s ) ( b . i )
q (s )  =  c ’ x ( s ) ( b . 2 )
Where th e  o u tp u t m a tr ix  c ’ d e fin e s  th e  s in g le  o u tp u t v a r ia b le  q ( s ) .
E lim in a t in g  x (s )  from  th ese  eq u atio n s  enab les  p itc h  ra te  o u tp u t to  be
d e fin e d  in  term s o f  th e  e le v a to r  ang le  in p u t .
q (s )  = c * ( s i  -A )  1 b r j (s ) (b .3 )
The s tead y  s ta te  v a lu e  o f  p itc h  ra te  response q to  a u n i t  s tep  in p u t
ss
i s  g iven  by w r i t in g  ?7(s )  = 1 /s  and a p p ly in g  th e  f i n a l  v a lu e  theorem  
to  e q u a tio n  ( b .3 ) ,  Thus
q ( t )  = l im  (s  q (s )  ) =  l im  [ c * ( s I - A ) -1 b ] ( b .4 )
t-> 00 s 0 s 0
q __ =  q ( t )  =  - c ’ A“ 1b (b .5 )
5 5
t -» CO
Dropback may be d e fin e d  from  th e  t y p ic a l  s tead y  s ta te  p itc h  a t t i t u d e  
response, shown on f ig u r e  ( b . l  ) ,  to  a u n i t  e le v a to r  an g le  in p u t .
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figure b .;1 ;and . f 1 i ght path angle responses
 to'a'unit step elevator angle input___________
G iv e n  t h e  s t a t e  e q u a t io n s :
x ( t )  «  A x ( t )  +  br7( t )  ( b .6 )
q(t) = c' X(t) (b .7)
t h e  p i t c h  r a t e  re s p o n s e  i s  g iv e n  b y ,
^  f
q ( t )  =  c * e  x ( t Q)  +  c  J " ■ " 0 ( t -T )b r ) (T :)d r  ( b . a )
to •—
M a k in g  t h e  a p p r o p r i a t e  s u b s t i t u t i o n  f o r  t h e  t r a n s i t i o n  m a t r i x  < J > (t-tQ)
A.ct-t ) 1 A(t-T)
q ( t )  =  c * e  x ( t Q)  +  C*J e  b]7 (T )d T  ( b . 9 )
t0
Now, A , c *  and  b a r e  c o n s t a n t ,  f o r  a  u n i t  s te p  i n p u t ,  r j ( t )  =  1  ,  and  
t a k i n g  t Q *  0 ,  e q u a t io n  ( b . 9 )  may b e  w r i t t e n  a s ,
At 1 A(t-T)




q ( t )  =  c ’ e x (0 )  + c ’ e
-AT
J  0
( b . 11)
At
q ( t )  =  c 'e  x (0 )  + c , ft"1[  eA t-  I  ]  b (b.12)
Assuming ze ro  i n i t i a l  c o n d it io n s  such t h a t  x (0 )  =  0 , th e n ,
q ( t )  =  c , A "1[ e At -  I ]  b = c ’ A '1 eAt b -  c ’ A-1 b ( b.13)
S u b s t itu t in g  f o r  c ’ A_1b from  e q u a tio n  ( b .5 )
q ( t )  =  c , A” 1eA tb + qss (b .14)
In te g r a t in g  eq u a tio n  (b .1 4 )  g iv e s  p itc h  a t t i t u d e  response to  a u n i t  
step  e le v a to r  in p u t ,  th u s ,
0 ( t )  = J  q ( t )d T  = J  [ c ’ f l - 1 ekx b + qss ] d r (b . 15)
6 ( t )  -  c ’ A"z [  eAT -  I ] b  +  q t
SS ( b . 16)
The s tead y  s ta te  p itc h  a t t i t u d e  response may be o b ta in ed  by l e t t i n g  





P rovided  t h a t  A d e s c rib e s  an a s s y m p to tic a lly  s ta b le  m a tr ix .  Thus,
q = - c ’ A-2  b + q tss ^ss C b . 18)
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The p itc h  a t t i t u d e  response d e s c rib e d  by e q u a tio n  (b .1 8 )  i s  shown on 
f ig u r e  ( b .2 ) ,  and i t  is  c le a r  t h a t  dropback is  d e fin e d  by,
DB = - c *
- 2  
A b ( b . 19)
figure b.2 - steady state pitch a ttitude response
Now using th e  a i r c r a f t  model based on th e  reduced o rd e r p itc h  ra te  
response t r a n s fe r  fu n c t io n ,
q (s )
n ( s ) ( s +  2 r g) s sp sp
2  ^W ) 
sp
( b . 2 0 )
and using  th e  methods fo r  system r e a l is a t io n  th e  s ta te  space 
d e s c r ip t io n  o f  th e  a i r c r a f t  may be d e fin e d  in  c o n t r o l la b le  companion 
form  w ith  s t a t e ,  in p u t  and o u tp u t m a tr ic e s  as fo l lo w s ,
A =
sp
- 2 r  (j
sp sp
( b . 21)
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b = ( b . 2 2 )
e* =  [ K K T ] ( b . 23 )
q q U Z
Using ( b .2 1 ) ,  (b .2 2 )  and (b .2 3 )  in to  (b .1 9 )  i t  i s  o b ta in ed  ;
DB _  2 ^ SP= T -   zz- ( b . 2 4 )6 2q G)
s s sp
Which is  e q u a tio n  (3 .1 4 )  used in  th e  design o f  th e  p o le  p lacem ent 
c o n tro l law  d es ig n .
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APPENDIX C
RESPONSE TRANSFER FUNCTIONS OF THE BASIC AIRCRAFT
In  t h is  appendix th e  po les  and th e  tra n s m is s io n  zero s  o f  th e  fo llo w in g
response t r a n s fe r  fu n c tio n s  o f  th e  b a s ic  a i r c r a f t  a re  l i s t e d ;
w/rj , q/r)  and 0/77
which were o b ta in ed  from  th e  com plete model :
x  =  A  x  +  B  7 7
Tw ith ,  x = [  u w q 0 ]
as d e scrib ed  in  appendix A.
FC # 3 1000 f t  -  MACH 0 .6 0
POLES - 1.02 ±  i 1 .2 5  , -0 .0 0 4 9  ±  i  0 .0 5 8 0
T . Z .  o f  w / 7 7 -0 .0 0 4 6  ± i0 .0 8 1 4  , - 3 9 .6 2
T . Z .  o f  q / 7 7 -0 .9 8 5 9 , -0 .0 1 7 5 0.0
T . Z .  o f  Q/r) -0 .9 8 5 9 , —0 .0 1 7 5  , 0 0
FC # 6 20000 f t  -  MACH 0 .7 0
POLES 1 0 cr> CO 1+ i  1 .1 5  , -0 .0 0 2 8  ±  i  0 .0 7 0 0
T . Z .  o f  w / 7 7 -0 .0 0 3 5 ± i  0 .0 7 3 5  , -4 2 .5 9
T . Z .  o f  q / 7 7 -0 .6 2 2 6 , -0 .0 1 6 7 0.0
T . Z .  o f  0 / 7 7 -0 .6 2 2 6 , -0 .0 1 6 7 CO
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FC # 9 - 40000 f t  -  MACH 0 .8 0
POLES - 0 .4 0  ± i  0 .9 0  ’ , -0 .0 0 3 2  ±  1 0 .0 5 1 6
T .Z .  o f  w/77 - 0 .0 0 3 8 ± 1 0 .0 5 9 0  , -4 4 .7 6
T .Z .  o f  q/77 - 0 .3 3 8 0 , -0 .0 1 7 3 0.0
T . Z .  o f  e /1 7 - 0 .3 3 8 0 , -0 .0 1 7 3  , 00
FC # 13 - 10000 f t - - MACH 0 .4 0
POLES - 0 .5 6  ± i  0 .9 1 -0 .0 0 6 1  ±  1 0 .1 1 5 8
T .Z .  o f  w/77 -0 .0 0 6 5 ±  1 0 .097 8  , -2 5 .2 7




T .Z .  o f  e / 7 7 -0 .5 3 0 8 9 -0 .0 3 0 7 00
FC # 17 - 30000 f t  -  MACH 0 .7 0
POLES - 0 .4 9  ± 1 0 .9 8  , -0 .0 0 3 6  ±  1 0 .0 7 0 9
T .Z .  o f  w/77 -0 .0 0 4 4 ±  1 0 .0 7 2 2  , -4 1 .0 0
T .Z .  o f  q / 7 7 -0 .4 4 3 9 , -0 .0 1 5 5 0.0
T .Z .  o f  e /7 7 -0 .4 4 3 9 , -0 .0 1 5 5 00
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APPENDIX D
PARAMETERS OF THEOBSERVER WHEN THE OUTPUT IS  w
In  t h is  appendix th e  param eters f o r  th e  D o y le -S te in  observer when th e  
o u tp u t i s  norm al v e lo c i t y ,  y =  w, a re  l i s t e d .  The ob server eq u a tio n s  
used in  t h is  case a re ,
z =  F z  +  G y  +  H r )  
x2= L y +  z
As known, in  t h is  case H =  0 a t  a l l  f l i g h t  c o n d it io n s , so i t  i s  o n ly  
necessary to  l i s t  F , G and L. H ere , th ese  m a tr ic e s  a re  g iven  fo r  
f l i g h t  c o n d it io n s  3 , 6 , 9 , 13 and 1 7 .
-0 .0 1 1 1 -0 .0 2 9 2 -0 .0 7 8 1
0 .0 5 6 4
L6 "
0 .0 5 7 2
4  =
0 .0 5 7 7
o • o
o•o o•o
' -0 .1 4 8 4  ‘ ' -0 .0 7 8 6  ‘
0 .0 5 7 3
4 7  =





0 .0 4 8 2  ' 0 .0 3 1 4  ‘ ■ -0 .0 0 4 0  '
-2 .1 7 7 4
4  “ -2 .3 9 8 4 4  = -2 .5 6 1 9
0 .0 5 6 4 0 .0 5 7 2 0 .0 5 7 7
' -0 .0 2 1 8  ' ' -0 .0 1 5 2  '
-1 .4 1 7 1
4 7  =
-2 .3 5 9 7
0 .0 5 7 3 0 .0 5 8 2
4 =
-0 .0 0 9 9  -0 .0 5 5  -3 2 .1 9
0 .0 0 8 2  -3 9 .6 2  0 .0 2 1 7
0 . 0  1 . 0  0 . 0
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-0 .0 0 8 4  -0 .1 5 7 5  -3 2 .2 1
F - =  0 .0 0 7 2  -4 5 .5 9  0 .0 5 5 7■'■ D ■ ' 1 " ...... ......... ......... .....
0 . 0  1 . 0  0 . 0
F9 =
-0 .0110  -0 .4 7 6 9  -3 2 .2 9
0 .0 0 5 0  -4 4 .7 6  0 .1 4 7 1
0 . 0  1 . 0  0 . 0
F13
-0 .0245  -0 .7 9 2 3  -3 2 .5 6
0 .0 0 7 7  -2 5 .2 6  0 .2 8 5 2
0 . 0 0  1 . 0  0 . 0
F17 =
-0 .0125  -0 .4 5 4 8  -3 2 .2 9
0 .0 0 6 7  -4 1 .0 2  0 .1 5 0 6
0 . 0  1 . 0  0 . 0
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APPENDIX E
PARAMETERS OF THE OBSERVER WHEN THE OUTPUT IS  q
In  t h is  appendix th e  param eters fo r  th e  D o y le -S te in  o b server when th e  
o u tp u t i s  p itc h  r a t e ,  t h a t  i s ,  y = q , a re  l i s t e d .  The o b server  
eq u a tio n s  used in  t h is  case a re ,
z =  F z  +  G y  + H r )
X2=  H y +  N z
In  t h is  case a c o n s ta n t G was used in  th e  design a t  a l l  f l i g h t  
c o n d it io n s , i . e .  GT= [  1 1 1 ] ,  and so i t  i s  necessary to  g iv e  F , H, M 
and N o n ly . H ere , these  m a tr ic e s  a re  l i s t e d  fo r  f l i g h t  c o n d it io n s  3 ,  










H9 “ 0 .0




0 .0 H17 = 0 .0
-0 .0 0 6 9 -0 .0 0 5 5
3 5 .4 2 2 .6 4 2 .1
1 2 .6 MS * 1 2 .9 Mg - 6 .6 8
-0 .0 1 9 1 o o - 0 .0 2
9 .2 2 2 .6









-6 5 8 .5
-1 .4
-102.6
7 0 4 .5
0 .0 3
-4349






















N =  13
17255
-4 2 6








-6 2 5 5  -1 3 2 .8  -6 1 6 5
-1 5 8 8  742 1540
- 1 . 9  0 .0 2  2 .9
The F m a tr ic e s  h e re , as a lre a d y  known, a re  a l l  d ia g o n a l, and so th e y  
a re  th e  fo l lo w in g ,
F3 =
-0 .0175  0 .0  0 .0
0 .0  -0 .9 8 5 9  0 .0
0 . 0  0 . 0  - 0 . 0 1
F6 =
-0 .0167  0 .0  0 .0
0 .0  -0 .6 2 2 6  0 .0  
0 . 0  0 . 0  - 0 .0 1
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- 0 .0 1 7 3  0 .0  0 .0
= 0 .0  -0 .3 3 8 6  0 .0
0 . 0  0 . 0  - 0 . 0 1
P13
-0 .0307  0 .0  0 .0
0 .0  -0 .5 3 0 8  0 .0
0 . 0  0 . 0  - 0 . 0 1
F17 =
-0 .0155  0 .0  0 .0
0 .0  -0 .4 4 3 9  0 .0
0 . 0  0 . 0  - 0 .0 1
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APPENDIX F
PARAMETERS OF THE OBSERVER WHEN THE OUTPUT IS  Q
In  t h is  appendix th e  param eters fo r  th e  D o y le -S te in  o b server when th e  
o u tp u t i s  p itc h  a t t i t u d e ,  y = 0 , a re  l i s t e d .  The observer eq u atio n s  
used in  t h is  case a re ,
z = F z  + G y  + H r ]
X2== N y + N z
In  t h is  case a c o n s ta n t G was used a t  a l l  f l i g h t  c o n d it io n s , i . e .  GT 
= [  1 1 1 ] , and so i t  is  necessary to  g iv e  F , H, M and N o n ly .
H ere , th ese  m a tr ic e s  a re  g iven  fo r  f l i g h t  c o n d it io n s  3 , 6 , S, 13 and 
17 .
13
M =  13
" -0 .0 0 0 1  ' 0 .0 0 0 1  ' " -0 .0 0 0 1  '
-0 .0 0 0 8 H6 " -0 .0 0 2 0 H9 “ -0 .0 0 1 9
0 .1 4 3 3 0 .1 3 1 2 0 .0 8 0 4
0 .0 0 .0 0 0 1  "
0 .0 0 0 5 HX7 “ 0 .0 0 0 5
0 .0 6 6 5 0 .0 9 4 7
' - 7 .3 1 ‘ - 2 2 .3 7 - 6 4 .8
73 7 .6 2 M6 “ 791 «9 = 8 3 1 .5
2 .9 5 3 .2 6 3 .5 3
' - 7 3 .3 5 ' - 5 9 .8
4 9 1 .2 " l7  "
7 5 7 .3
3 .4 1 3 .4 6
4 3 .6 2  - 3 3 .2  2 .5 8
-6 7 6 .9  4 .8 8  2 4 6 .7
0 .5 2 2  -0 .0 0 2  - 1 3 .9
4 4 .6  -3 3 .7 4  6 .9 1
-4 6 6 .6  6 .7 9  -2 5 5 .4




N! 7  =
4 1 .5  - 3 4 .8  1 9 .6
-2 7 5 .9  9 .0 7  -2 6 0 .9
0 .0 8 1  -0 .0 0 2 2  -1 5 .0 5
4 7 .5 5  - 3 5 .1  3 8 .1
-2 4 3 .2  8 .8  -2 5 5 .4
0 .1 3 8 3  -0 .0 0 7 9  -1 4 .6 2
3 3 .6 4  - 3 3 .5  2 0 .3 8
-3 2 0 .9  8 .7 1  -2 5 7 .3 8
0 .1 2 7 9  -0 .0 0 3 6  -1 4 .9 8





-0 .9 8 5 9  0 .0  0 .0
0 .0  -0 .0 1 7 5  0 .0
0 .0  0 .0  - 4 . 0
-0 .6 2 2 6  0 .0  0 .0
0 .0  -0 .0 1 6 7  0 .0
0 .0  0 .0  - 4 . 0
-0 .3386  0 .0  0 .0
0 .0  -0 .0 1 7 3  0 .0
0 .0  0 .0  - 4 . 0
-0 .5308  0 .0  0 .0
0 .0  -0 .0 3 0 7  0 .0
0 .0  0 .0  - 4 . 0
-0 .4439  0 .0  0 .0
0 .0  -0 .0 1 5 5  0 .0
0 .0  0 .0  - 4 . 0
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